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Abstract: In this work, we discuss some aspects of the
use of the Green's functions expanded in eigenfunc-
tions. To this end, we completely solve a Dirichlet
problem based on Poisson's equation in plane polar
coordinates. The problem geometry and boundary
conditions were chosen so as to show up the features
investigated, including an uncommon eigenvalue
problem. We make an attempt to fill up a gap in the
literature with the systematic and detailed calculation
presented here.
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1) Introduction

Green's functions are often determined as an ex-
pansion in eigenfunctions. Depending on the number
of spatial dimensions, two or more sets of orthogonal
eigenfunctions may become available. An issue which
surely arises is that of deciding which of the sets is the
more appropriate. This question is addressed in this
work. It is shown that the choice of the eigenfunctions
is of special importance for problems with non-
homogeneous boundary conditions.

To this end, we solve Poisson's equation in a half-
disk under non-homogeneous Dirichlet boundary con-
ditions employing, obviously, the plane polar coordi-
nates. This problem also enables the discussion of
several features concerning the Green's function
method. In special, an uncommon eigenvalue problem
is encountered, whose spectrum is continuous, in spite
of the fact that the problem domain is bounded.

Section 2 contains the formulation of the problem
considered as well as of its solution in terms of
Green's function. Section 3 presents the calculation of
Green's function as expansions in two kinds of eigen-
functions. Section 4 describes the determination of the
problem solution in terms of the Green's functions
calculated in Section 3. Section 5 concludes the body
of the paper with a discussion of the results.

2) Formulation of the Problem and
of the Solution

It is well established ( References [1, Sec. 12.8],
[3, Sec. 11.9], [4, Sec. 1.10] and [5, Sec. 7.2]) that the
solution of Poisson's equation under the Dirichlet
boundary condition,

Vw(p)=-4nf(p) [peAl, (1

v(p)=g(p) [pedA], 2
where 4 is a domain of R? and 04 is its boundary,
is given by
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where G(p|p") [ p’ € A]is the solution of

VG(p|p)=-4n8(p-p) [peAl, (4

GBI =0 [peddl, )

being 0G / On the normal derivative, equal to 7#-VG ,
with the unit normal vector # directed outward from
Aatapointof 04.

Let A4 be the half-disk shown in Figure 1 below. In

this geometry, the plane polar coordinates p and ¢ are
the most suitable. For the boundary conditions also
given in that figure, (1) and (2) become

Vi (p,0) =4z f(p.0) (6)
v(1,0)=g(9) , @)
v(p,00=0, w(p,7)=g.(®), (®)



with 0< p<1 and 0< ¢ < 7. Likewise, Equations
(4) and (5) now read
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=—z/p)s(p-pNdp-9¢), (9

(0| p,)

GlLe|p,e)=0, (10)

G(p,0| p,9)=G(p,7|pe)=0, (11)

with p’ and ¢’ varying as p and ¢ vary. The solu-

tion of our problem [the problem defined by (6) to (8)]
is, in accordance with (3),

v(p.0) =y (p.0)+yi(p.0)+y . (p.p) . (12)

where the source term is given by

(13)

71
v, = [ 6010001001 p0d iy
00
and the boundary terms, by
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Figure 1 — Specification of the domain
A and of the boundary data g(¢) for the
problem defined by (1) and (2).

3) Calculation of Green's Function

To calculate G, we consider two subregions of 4,
those obtained with either a radial division, p < p’

and p> p’, or a sectorial division, @ < ¢’ and
@ > @' (Figure 2 below). Let us consider the radial
division first. In each of them p # p', and d(p—p’)

vanishes, that is, the PDE for G given by (9) is homo-
geneous and can be solved by means of the method of

separation  of  variables. = Thus, substituting
G = R(p) F(p) , we obtain
2 pr ’ ” _
(P°R"+pR)/R + (F"/F)=0, (16)

—u

where we have recognized that the second term must
be a constant, —z . The separated ODE F" + u F(p)

=0 is to be solved in each subregion under the
boundary conditions F(0) = F(x)=0 [derived from

(11)]. This problem (with homogeneous ODE and
boundary conditions) is an eigenvalue problem, whose

solutions are easily found to be x, = n? (n=1,23-")
and F,(¢)=sinng (Reference [1, Sec. 8.2]). [Notice
that the ODE for R(p) which can be separated does

not lead to an eigenvalue problem; in fact, on the
common boundary at p = p’ of both subregions, %o-

mogeneous conditions cannot be derived!]

p<p p>p'
Figure 2 — The two ways the problem

domain is divided in two subregions:
radially (p < p’, p> p') and sectori-

ally (p< o', 9> ¢').

The eigenfunctions above can be use to express
Green's function as a linear superposition of terms of

the type R, (p)F,(p) = R,(p)sinng:

G(p.@| pro) =Y R, (p)sinng . (17)

n=1

To determine the functions R,(p) (whose depend-
ence on p' and @' is implicit), we substitute the
above expansion into the PDE given by (9), obtaining



Y[R+ p R~ 0/ o R, () ] sinng
n=1

=-(4z/p)8(p-p)d(p-9) , (18)

from which we infer that the term enclosed by brack-
ets are the coefficients of the Fourier sine series of the
function on the right-hand side over the interval
(0,7) , that is,

Ry +p 'R, —(n/ p)’R,(p) =
271 -4r )
—I [—8(p—p')8(¢—¢’)]smn¢ do
TJdo P

=—(8sinng)d(p-p)/p . (19)

This is an Euler equation, which is homogeneous
in each half-ring (where p=#p’). Its solution is (Ref-

erence [3, Sec. 1.6])

Ay, P+ B (p<p)
R, (p) = { (20)

Ay P+ By (P> p)

The four constants above are determined by impos-
ing the following four conditions (Reference [1, Sec.
12.2]):

(1) Finiteness at the origin, which is achieved by
setting B;, =0.

(i) The condition R,(1)=4,, +B,, =0 which
follows from (10).

(iii) The continuity condition R(p'") = R(p'") at
p=p',since G=RF is a potential and, therefore,
must be a continuous function. Observe the notation
prt=prre, with e > 0.

(iv) The jump discontinuity condition for the de-
rivative of R(p),

R(p™)=R(p") = (-8sinng) / pr,
obtained by integrating (19) in the neighborhood of
p', from p'~ to prt.

Once the calculation of (20) is completed, its sub-
stitution into (17) yields

G"(p. | pp) =

2 _4 Y .
27/32 (Pl = pS") sinng'sinng | @21

n=1

where p_(p.) is the smaller (larger) of pand p’. We
will use the symbol ™ to indicate the calculation of

Green's function considering the radial division of 4.

Let us calculate Green's function again, this time
considering the region 4 divided in the two sectors
p<¢@' and ¢ > ¢@'. In both of them, it is now for
R(p) that an eigenvalue problem arises with the sepa-
ration of variables G = R(p) F(¢), because of the
homogeneous condition R(1) =0 [deduced from (10)]
on the boundary at p =1 of both sectors. We thus
separate the ODE p?R"+ pR'+ AR(p) =0 by equat-
ing the first term in (16) to the constant —A4 .

The eigenvalue problem so obtained can be con-
verted to a familiar one by changing the independent

variable to u=-Inp. It becomes R+ AR(u)=0,
with R(0)=0 and u >0, where R(u) = R[p(u)] and
. The well known eigenvalues and eigen-
Ay = k?
R.(p)= sin(lnp)], with £ >0 (a continuous spec-

pu)=e"
functions are and ﬁk (u) =sinku [or

trum: cf. Reference [1, Sec. 8.7]). In many instances, it
is better to work with the new variable u, in terms of
which (9) reads

’G o°G
— t—=—478w-u)d(p-9p),  (22)
ot 0¢? e

where G(u, ¢ |u',¢") = Glp(u),@ | p'u), 1 .

The calculation of G proceeds in the same manner
described above. We substitute the expansion

Guglwg)= | Fsinkude (23)
0
into (22) to obtain

I [F - k> F ()] sinku du
0
=—4rd(u—-u)d(p—-9¢’) .

Then, by using the Fourier sine integral formula
(Reference [2, Sec. 64]), we calculate the term in the
integrand which is enclosed by brackets, obtaining the
equation



Fk”_ksz((ﬂ) =

EJ- [-478u—u)8(p—¢)]sinkudu
TJdo

=-8sinku'd(p—9") . 24)
Next, we solve it separately in each sector,
F (o) Ay, coshkp + By, sinh ke (p< @)
= Ay, coshkep + By, sinhkgp (¢ > @)

and determine the four constants imposing the four
conditions: (i) F;(0)=0 and (ii)) F,(7x)=0 [both

from the boundary condition (11)]; (iii) F(¢'") =
Fi(p') (continuity at ¢=¢'); (iv) F (p'")~
Fk'((p'_) =—8sinku’ (jump discontinuity of F}(p) at
@ = @', derived by integrating (24) in the neighbor-
hood of ¢, from @'~ to @'").

Finally, we substitute the F,(¢) so determined
into (23):

(_;V(us(D | M’,(p') =

['e]

J‘ 8sinku sinku’sinhke_ sinhk(z—¢@. ) dk
k sinhkrx

., (25)

0

where @_(¢.) is the smaller (larger) of ¢ and ¢-’.

The symbol ", like a sector, indicates that G was cal-
culated considering 4 divided in two sectors.

4) The Solution in terms of the Cal-
culated Green's Function

We develop below only the boundary terms
vi(p,¢) and y_(p,p) in (12); the source term
v (p,p) is pretty well discussed in the literature
(e.g., Reference [4] ).

Looking at (14) and (15), we see that we need to
calculate 0G/0p’ at p'=1 and O0G /0@’ at ¢p'=r .

Using (21) first, we obtain

M

) 19 ') =
a/y(/?(zil )

0 ~—4 ,. . N .
-_— e " =p! s ne’'sinn
ap,nz:lnmp p'")sin ng'sinng
pr=1
= —82 p" sinng'sin np
n=1
and
oG"
(pplp,m) =
op’
=4 . .
== 2. — P (Pl —p.")sinng'sinng
Op' o n o

= -4 (=)' pl (pL - pS")sinng .

n=1

Substituting these results into (14) and (15) , we
obtain

v'(p.p) =Y 1, P sinng (26)
n=1
1& ., .
vi(p.p)=—Y (-D)'L(p)sinng ,  (27)

n=l

where

27 .
Vin = —j g (@) sinng'de’
TJdo

1
I,(p) = IO g (P pZ(pl—p")dp'l pr .

Now using (25) to calculate 0G / dp’ at p’=1 and
0G/0p'" at ¢'=m, we get

Vv

o |

L) = | —e"— | dk
ap,(pcol ?) { 6u,j
0

8sin ku sin ku’sinh kg_ sinh k(7 —@.)
k sinh krx w0

o0

a _SJ‘ sin ku sinh kg_sinh k(7 —¢.)
sinh k7

dk .

0

and



Vv

G o [

| phr) = | —| dk

oo (ps@| pti7) {aq),j
0

8sin ku sin ku'sinh kg sinh k(7 — ")
k sinh k7 o

o0

:_8J' sin ku sin ku' sinh kg d

sinh k7
0

Substitution into (14) and (15) gives

k1
W (o)== jdk SR ), )
0
[ sinhk
Vi (p.0) = —j RS2y @sinkng), (29)

0

where

I,(p) = j dp'g, (p)sinh kp_ sinh k(z—p.)
0
20 _ .
Ve (k)= —.[ du' g, () sinku’ .
T

5) Discussion of the Results
a) Notice that, using (26) and (29),

v'(Lo) =Y. y,sinng =g (p) ,

n=1

v (por) = j dk (k) sinku = g,(p) ;

but, using (28) and (27),

sin(kIn1)

1 0,
sinh k7 K(9)=

mﬂ@-ﬂ!&

v (p,m) = 2( D" sinnz I,(p)=0 .

n 1

Therefore, the part y,(p, @) of the solution, due to the
non-homogeneous boundary data g;(¢) [cf. (12) and

(14)], is better given by w"(p,p) [which is built with
the Green's function given by (21)], since it converges
to that data, what does not happen with " (0,) . For
a similar reason, the part y,_(p,9) of the solution is

better given by . (p,9).
As a matter of fact, if the boundary data are func-
tion of some variable, Green's function "is better"

expanded in the eigenfunctions which depend on that

variable.
In the above, we just say "is better" instead of
"must be", because both ™ and y" converge eve-

rywhere in the (open) domain 4, and w is known on
the boundary 04. Therefore, the fact that

v (=y{" + ) cannot reproduce the boundary data
g.(p) and v (=y," +y,) cannot reproduce the
data g;(p) would be of no consequence if it were not
a corollary that the convergence of w and y," in 4
will be more difficult to achieve than that of v, and

w|", respectively.

b) The Green's function G"(p,p| p',p) can be
expressed in closed form. In fact, simplifying the nota-
tion by defining p=p_p. =pp, g=p./p,,
d=@'—¢p and s=¢@'+¢, we can develop (21) as

follows:

G"(p,p| po) =

=-2>"(p"/n)cosnd +2_ (¢"/n)cosnd

n=1 n=1

+ 22 (p"/n) cosns —22 (¢"/n)cosns . (30)
n=1 n=1
However, notice that
—22 (¥"/ n)cosnf = —2Rez (z"/'n)
n=l n=1
=2Re{log(l1-z)} = 2In|1-z|
=In(1-2rcos@+r*) , (31)



¢ and the well known Taylor's series of

where z = ré'
log(1-z) was used. (In the above, we distinguish
between the complex logarithmic function and the real
one by employing the notations log and In, respec-
tively). We can, therefore, use the formula in (31) to
replace each series in (30) by a logarithmic term, thus
accomplishing our intent of expressing Green's func-

tion in a closed form:

G"(p.p|plo) =
= In(1-2pcosd+p*)—In (1-2gcosd +¢°)

—In (1—2pcoss+p2)+1n (1—2qcoss+q2) .

c) The integral which furnishes the Green's func-
tion év(u,(o|u',¢7'), in (25), can be evaluated by
considering it along the closed contour of the k-plane
shown in Figure 3 below (where the radius tends to

infinite: R — o). It is a simple matter to show that

GV (u,p|u', @) =(1/2)271 ) Res(ni) =

n=1

- Z (8/ n) sinh nu sinh nu’ sinng_ sinng, .

n=l

Imk k,,=mi (mel)

are the poles of
the integrand of

G (u,p|u', @)

4ie

Figure 3 — The closed contour used to
evaluate the real integral in (25) with the
help of the residue theorem.
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