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Preface

By relieving the brain of all unnecessary work, a good neotasets it free to concentrate
on more advanced problems.

Alfred North Whitehead

This book provides an introduction to Communicating Sequential Psese@CSP)
and its use as a formal method for concurrency. The CSP approach has begnusetel
in the specification, analysis and verification of concurrent and real-tintersgs and for
understanding the particular issues that can arise when concurrency istptepeovides a
good notation which enables specifications and designs to be clearly ex@aedsettlerstood,
together with a supporting theory which allows them to be analyzed anhstacbe correct.

Concurrent systems are complicated: they consist of many components mvhich
execute in parallel, and the complexity arises from the combinationsg$ m which their
parts can interact. The design of such systems requires ways of keepingrifeeaetions
under control. Concurrency by its very nature introduces phenomempagsent in sequential
systems, such as deadlock and livelock. Deadlock can arise when a number of eatsgoa
each awaiting an interaction from some other component before they can thests®itinue.
Livelock arises when components descend into an endless sequence of interactn am
themselves, excluding any other components and the outside worlde Pheserties arise
not from individual components but from the way they are combinechdgterminism can
also arise naturally in parallel compositions, for example when race tiomsliarise. The
presence of time adds another dimension to the complexity. A theoryneficency such as
CSP provides a way of understanding and thereby controlling such pleer@om

vi PREFACE

The language of CSP is appropriate for capturing system descriptidiffea¢nt stages
in the development process:

e Specificationsdescribe the required or expected behaviour of a system or component.
These may be captured within the language of CSP.

e Designdecisions are concerned with how components might be combined to peovide
system meeting a particular specification.

e Implementation descriptions contain only those aspects of the language of CSP that
can be directly converted into program code.

These levels are notrigid. It may be difficult to tell whether a CSP detoniis a specification
or an abstract design, or to distinguish a more detailed design frommermentation. This
allows a stepwise development from specification to implementatioce sith intermediate
stages may be considered as designs which progressively fill in more detelbenefit of
using a single language is that different levels of description can beaed and related
within a single framework.

Even individual features of the language may be used at a number of diffeveis.
Parallel combination may be used at the level of specification to denote ctinjurat the level
of design to describe a concurrent architecture, and at the level of implearitatiescribe
how processes must synchronize. Internal choice likewise is appropriagecifications
to denote a disjunction of possibilities, at the level of desigmtticate that a number of
approaches may be appropriate to provide some service, and at the levelerientation
when run-time nondeterminism is present. Other operators of thedgegare appropriate
only at some stages of the development process. Event abstraction ispnoprégte in
specifications, since it is concerned with internalizing events—and inteveats should not
appear in specifications. Itis used in design, when describing the sewdwomplex systems
which have some internal detail.

The language has been evolving since its inception, even recently as appliciie
model-checking tool FDRto real problems shows which operators are useful in practice, and
motivates new operators and alterations to existing ones.

Organization

This book is organized into four parts. Parts | and Il are concerned véthriimed language
and theory of CSP, and Parts Ill and IV are concerned with the introductitme into the
language and underlying theory. Part | introduces the core languageRy)fe€Slaining in
operational terms how CSP processes might execute. Chapter 1 discussesrétiecton
of processes, introduces the labelled transition system approach to oparaémantics, and
covers the sequential part of the language: the performance of eventsampautput, and

1developed and marketed by Formal Systems Europe Ltd



PREFACE Vii

the various forms of choice. Chapter 2 provides the ways in which prooesmség combined
in parallel and introduces the various forms of concurrency into theukgey Chapter 3
completes the discussion of the language, introducing the variousetimt mechanisms
provided by CSP, and the ways in which flow of control can be described.

Part Il introduces the semantic models which provide ways of undeistatite lan-
guage in terms of how processes can behave, and which provide foundatispsdification
and verification techniques. Chapter 4 provides the simplest model, wiat®gsas obser-
vations, and illustrates the denotational approach, particularly the @@ysion is treated.
Chapter 5 introduces the approach taken to specification of processes, adépeos®omposi-
tional proof system based upon the traces model for verification of safgiggies. These two
chapters between them exemplify the approach taken throughout the baokittimg a deno-
tational semantics for CSP, and for specifying and verifying processept€té introduces a
more detailed kind of observation, thiable failurewhich allows analysis of phenomena such
as nondeterminism and deadlock. The stable failures model is closely relateddassical
failures-divergencemodel—they are identical for divergence-free processes—and provides
a cleaner introduction to the notion of failures. Chapter 7 covers théi@aali specifications
that this model permits; and provides a proof system for their veriioafrinally, Chapter 8
introduces thdailures-divergences-infinite tracesodel which allows guestions of liveness
and arbitrary nondeterminism to be properly addressed. This model istems®n of the
traditional failures-divergences model to handle unbounded nondetenmand relates more
crisply to the timed models introduced later in the book.

In Part Ill, time is introduced into the CSP language. Chapter 9 presentéanguage
constructs to describe timeouts, delays, and timed interrupts, anid@satimed operational
semantics for the enhanced language which describes how processes are to leel exécut
respect to the explicit passage of time. Chapter 10 considers in greatetloepéture and
character of the timed labelled transition systems used to provide CBR tirited operational
semantics.

Part 1V provides an understanding of the language in terms of timedwattgers. Chap-
ter 11 introduces timed observations in termsmkd failuresand presents the corresponding
semantic model, together with the timed failures denotational semanti€Si Chapter 12
discusses the use of timed failures as a basis for specification of realetimeements, and
covers a specification macro language for expressing common timed specifidatios. It
also provides a compositional proof system for verification of timesitiga systems with
respect to such specifications. Finally, Chapter 13 draws together tineeagind timed ap-
proaches to CSP through the theoryiofewise refinemenand shows how to exploit the links
between the various models in order to combine analyses at different I¢edistoaction.

Notes on work related to CSP and to timed CSP appear at the end of Parts | and 11l
respectively, and notes on the development of the theory appear at the eartsdf Bnd IV.
Exercises on the material appear at the end of each chapter.

The book has an associated web site
http:/iwww.cs.rhbnc.ac.uk/books/concurrency

on which answers to many of the exercises can be found (some with restrictess), as well
as a variety of other course material related to this book.

viii  PREFACE
Course suggestions

This book is intended primarily as a textbook, aimed at final year undergtesiand post-
graduates. As such, it can support a variety of courses on CSP.

Traditional CSP: The first two parts of the book are self-contained, and provide aodogtion
to the language and theory of untimed CSP. These two parts (leavitigeoditficult material
of Chapter 8) can form the basis of a one semester postgraduate or advaneegadhte
course on concurrency. The tool support provided by ProBe and FIDRnkiance any such
course significantly. If used, emphasis should be placed on procesgedrggecification at
the expense of property-oriented specification, and the main modelsdowithbe the traces
model and the stable failures model. There may even be some time at thiteedaurse to
cover an introduction to timed CSP.

Concurrent and real time systems A less formal course covering issues in concurrency
can instead concentrate on the language of timed and untimed CSP and ignseentéimtic
models. Parts | and 11l of the book between them introduce and explafalti@SP language,
and are self-contained. This course would still benefit from introdptsces as a basis for
verification (and traces refinement in FDR), and a discussion of deadlock aemjetice,
though failures and divergences semantics would most likely be beyoschipe.

Real time concurrency. The third and fourth parts of the book comprise a one-semester
course on real time CSP, or the basis for a course on design of readystems. Parts Il|
and IV rest to some extent on previous exposure to CSP, and ideallyoitrse would follow

a course based on the first half of the book. However, the required CSeaatntained as
the course progresses by dipping into the earlier parts as and when necastbergost of a
slower pace. These two parts are self-contained and mostly independerficst thalf (apart
from Chapter 13, which covers the relationship between untimed and tim@jl CS

Semantic approaches

In this book the CSP language is introduced operationally: CSPamugare defined in terms
of how they are to be executed. This is for purely the purposes oarapbn—experience
has shown the author that CSP operators are easier to understand initiattyexplained
through operational semantics. However, the CSP approach is denotatiorelre, the
design of the language is driven by denotational considerations, anchiegismd analysis
should be carried out at the level of the appropriate denotational mdde. operational
presentation is essentially for elucidation of the language. Different semamproaches have
relative strengths and weaknesses, and there are benefits to be gained framngpthbm,
as elucidated in Hoare and He’s programme to unify theories of progranid@hg

The denotational semantics will associate a CSP program with askesefvationshat
may be made of it while it is executing. The denotational observatielagerto executions
given by the operational semantics and may be extracted directly. Howewdretiefits of
the denotational approach derive fromasmpositionahature: the observations of a program
may also be deduced from the observations of its components, withooeadyto refer to the
operational semantics directly.
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Different kinds of observation give rise to different semantic madele four models
introduced in this book—the traces model, the stable failures moddhilnres-divergences-
infinite traces model, and the timed failures model—all arise from preiyely more detailed
observations of processes, but all models have the same underlyiogagitiy: a process is
determined by what may be observed of it. A progiais always associated with the set

{obs: OBS] P ‘exhibits’ obs}

where the type of observatid@dBSdetermines the model.

An important theme running through this book concerns the reldtiprizetween the
untimed and the timed versions of CSP. The untimed language particidantroduced in
such a way as to make its relationship with the timed language plain. bblois takes the
view that analysis of system behaviour is appropriate at a numberal§lef/abstraction, and
provides a unified framework for the results to be combined. Timesyshave a number
of functional or logical properties which are independent of time conafibers, and these
are best treated within the more abstract untimed models without cathgngnnecessary
additional baggage of timing information where it is not needed. Timepggties which rely
on the timed behaviour must necessarily be verified in the less abstract world, but the
relationships between the different levels of abstraction allow resulte tarried from one
level to another.

There are a number of reasons for taking this approach. The untimed ikenore
abstract, enabling simpler proofs. It is also more mature, so thereris emperience within
the CSP community in analyzing and verifying untimed CSP descriptantsthere are more
case studies. A third reason concerns computer aided verification, whichastlyesailable
for untimed CSP in the form of the Failures Divergences Refinement checkeb&D#hich
is not yet available for timed CSP.

The models presented in this book are those that best support thg tidgonewise
refinement. In particular, the inclusion of infinite behaviours sufgpa much cleaner link
between the untimed and the timed levels of abstraction, and enables thatbialexploited
in the design and development of concurrent real time systems.

Steve Schneider
Royal Holloway
May 1999
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Sequential processes

1.1 EVENTS AND PROCESSES

Any approach to describing the world must concentrate on features of intéxeshitects,
engineers, economists, cartographers, biologists, physicists, anglitamscientists all cat-
egorize and describe the world from their own particular point of vieppropriate to the
phenomena they are trying to understand and control. They will foctisase aspects of the
world relevant to their study.

This book is concerned with the description and analysis of systems wbidist of
interacting components. In such systems it is the myriad possbifitir interaction between
components that are difficult to understand. Since we are interestedipat anderstanding
such systems, but also in designing them, the description languagevilisedluence how
we think about systems, and will dictate the way in which these systéliisevdesigned.

The language of Communicating Sequential Processes (CSP) was desigmied for
scribing systems of interacting components, and it is supported byderlyimg theory for
reasoning about them. The conceptual framework taken by CSP is to consigeoments,
or processesas independent self-contained entities with particular interfaces throhigh w
they interact with their environment. This viewpointis composiéi in the sense that if two
processes are combined to form a larger system, that system is again a &&lieentity
with a particular interface—a (larger) process. This is the frameworkiged by CSP for
analyzing the world.

ExampLE 1.1 Thekitchen of afast-food outlet might be considered as a processteltiaice
will include the door through which the ingredients come in, thenteuwhere the cooked
food is passed to the till staff, and the tannoy on which orders come in.

2 SEQUENTIAL PROCESSES

Another process within the fast-food outlet is the customer servies ahe interface
here will include the tills, the till counter where the customersdas placed, the tannoy for
relaying orders to the kitchen, the food counter for picking up foadgd there by the kitchen.

The kitchen and the customer serving area may be considered as distinct@spaads
this separation may be appropriate from the management and company orgarppiit of
view. Furthermore, their combination will also be a process, whdsefate will include the
tills, the till counter, and the door through which ingredients camtethe kitchen.

The kitchen itself need not be considered as an atomic process, and may instead be
viewed as a combination of more primitive processes, such as a griegspa deep-fry
process, a microwave process, and an ingredients-sort-and-dispiogess. O

Since a process interacts with other processes only through its intetfadmportant
information in the description of a process concerns its behaviouhaninterface. In
describing systems made up of interacting components and analyzing the effetbeir
interaction, the appropriate level will abstract away the internal waarkof the process and
will focus on its activity at the interface: its external activity.

The interface of a process will be described as a setvehts An event describes a
particular kind of atomic indivisible action that can be performed ofesafl by the process.
In describing a process, the first issue to be decided must be the sents which the process
can perform. This set provides the framework for the descriptioneptbcess.

ExAMPLE 1.2 A printer can accept jobs, and it can print them. Its interface may be given as
the set{acceptprint}. 0

ExampLE 1.3 Atelephone ha$2 buttons, a handset, and a bell. The handset may be lifted
or replaced. Its interface might be given as the set

{1,2,3,4,5,6,7.8,9,0, #, x, handselift, handsetreplace ring}
This set is precisely the ways in which the telephone can interact with itoenvent. O

ExampLe 1.4 Alift system which serves flooito 3 has arup button on each floor (apart
from the top), alownbutton on each floor (apart from the bottom) argbéo.i button for each
floor, within the lift. It also has doors at each floor which can open and cleiselly, it has
an emergenchalt button within the lift. Its interface will be described by the follmg:

{up.0,up.1,up.2,down1,down2, down3,

gota0,gota1, goto.2, gota3,

open0, close0, openl, closel, open2, close2, open3, close3,
halt}

All interaction with the lift is via this set of events. O
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print
faccept

Fig. 1.1 A machine with buttons

accept rint

Fig. 1.2 A black box with wires

Processes may be thought of in a number of ways: a machine with a colletion
buttons corresponding to the events in its interface, as in Figureralternatively as a black
box with a collection of wires corresponding to the events in its fater, as illustrated by
Figure 1.2.

The interface given for a process can be considered as its static specificatdymamic
specification describes how it will actually behave at its interface. A procdidsemilling to
engage in interface events only at particular times. More generally, thérigenonstraints
on the sequences of events that it can engage in. For example, the lift irpEex&uz would
be required to alternate on the opening and closing of doors. The dypamiof the process
description will describe its permissible patterns of events.

Transitions

An operational semantics provides a way of interpreting a language—ofistefjpough

executions of programs written in that language. It describes an operatimteistanding of
the language. CSP is concerned with the performance of events, so theoraesmantics
will describe at what stages events may occur.

The operational semantics in fact defines how a CSP interpreter should exdtcute.
provides the first possible execution steps (if any) for any CSP pmptegether with an
expression of the subsequent behaviour in the form of another G®Rgs. An execution

step will be described in terms &fbelled transitionf the formP; 4 P,, whereP; and

P, are both processes. This describesaasition from P; to P, or equivalently a change

in state. The label describes the action which accompanies this transition. It can be either
an external event (frorR,'s interface), a termination event (introduced on Page 11), or it
might be an internal action which indicates that no interface event accompanied the change
of state. The set of all possible external events is dendte . will range overS U {v', 7},
which is written¥:7. Roman variableag, b, ¢, will be used for events that must be external:
they range oveE U {v'}, which is abbreviate&* .

4 SEQUENTIAL PROCESSES

u
around

own

Fig. 1.3 The finite state machine f@ andU

The labelled transitio;, % P, asserts that there is an executiorPgfwhich begins
with the occurrence of the event and its subsequent behaviour is that of proé¢gssThe
operational semantics offers a way of stepping through executionsamatst time. Since any
execution unfolds one step at a time, this operational semantics pralides information
necessary to step through an execution. At every stage, the rules willmeterinext possible
steps (if any) for the execution.

ExampLE 1.5 The following system has two statd3andU, and three transitions between
them:

«D3BuU
.UaroundU

o U down D
This describes the finite state machine of Figure 1.3. O

Event names will be written in lower case, and process names written in upper case.

Inference rules

An inference ruleallows thedeductiorof a predicate from a collection of other predicates. It
will be of the following general form:

antecedent

antecedem ) B
- [ side conditior]
conclusion

This rule allows the conclusion to be deduced if all of the antecedentsuareaind the side
conditionis also true. In the special case where there are no antecedents @edoodition,
then the conclusion may be immediately deduced.

A number of conclusions which may all be drawn from the same set of antesedant
be listed as conclusions one after the other beneath the line. This esaidalternative to
writing a separate rule with the same antecedents and side condition fazaaathsion.
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Inference rules will be used in two ways in this book. Firstly, ruleg/be given to for-
malize inferences concerning particular kinds of predicate. These rules carepeimtntly
checked by considering the meaning of the predicate. For example, thidlodies Ponens
can be given in this way:

p
p=aq

q

If pandq are both logical statements, thbtodus Ponensllows g to be deduced from the
pair of statementp andp = g. The proof rule can be checked for soundness by considering
the possible meanings pfandqg: when both antecedents are true, then so too must be the
conclusion.

The law of the excluded middle is an example of a rule with no antecedents

pv-p

The inference rules given in the later chapters concersangpecifications are of this kind:
an independent definition of tleatrelation is given, and the rules are sound with respect to
this definition, and provide ways of reasoning about it.

Rules may also be usediomaticallyto definepredicates. For example, if the relation
‘is a parent of’ is already known, then a pair of rules can be used to define the reléian
ancestor of”;

pis an ancestor of q
gis a parent of r

p is an ancestor of r

pis an ancestor of p

The relation is an ancestor of’ is defined to hold between two people precisely when the
rules can be used to deduce this. Technically, it is the smallest relaticedalosler these
inference rules.

Structured operational semantics are conventionallx defined in this wayhisndgil
be the approach taken in this book. The ternary reléfipn— P, betweenP;, Py, andy,
asserts that there is a transition labejidaketweerP; andP,. The relation— will be defined
axiomatically through inference rules. A proc&scan perform a transition toP» precisely
when the relatiorP, LN P, can be deduced from the rules.

The operational semantics is just this relation between terms of the lamgndgevent
labels.

6 SEQUENTIAL PROCESSES

1.2 PERFORMING EVENTS

The simplest process of all BTOP This process is never prepared to engage in any of its
interface events. It might be used to describe the fast-food outletilfi@s closed down, or
a broken printer that cannot accept or print jobs.

The operational semantics f8TOPare extremely simple. It has no event transitions.
Any execution ofSTOPwill be unable to make any progress, and will remain in the same
state forever. An explicit description of its interface will describeqisely what it is unable
to perform.

Event prefix

If Pis a CSP process, arade X is an event in the interface &, then the following new
process may be constructed:

a—P

It is pronounceda thenP’.  This process is initially able to perform onlg, and after
performinga it behaves aP. The labelled transition semantics captures this understanding:

(a=pP) & p

There are no antecedents and no side condition to this rule. It is alwagaskehat
a — P may perform ara transition and subsequently behavePas

ExampLE 1.6 A one-shot printer is described by the process
PRINTER = accept— print - STOP

Initially it is able only toaccepta job, after which it will behave agrint — STOR This
subsequent process is ablgtit a job, after which no further action is possible. Its complete
maximal execution is described as

accept— print - STOP
| accept
print - STOP

J print
STOP

The corresponding finite state machine is given in Figure 1.4. O
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accept rint

Fig. 1.4 The finite state machine f@RINTER

accept rint

PRINTER

shutdown

O

Fig. 1.5 The finite state machine f®#RINTER

Choosing between events

If AC X is a set of events, and for eaaln A the proces®(a) is defined, then a new process
can be defined:

x: A= P(x)

This is called a menu choice, or prefix choice, since a menu of eddsteffered as a prefix
to the subsequent behaviour. It is pronouncefldm A thenP(x)’. This process is prepared
initially to engage in any of the events in the setAfter an eventiis chosen, the subsequent
behaviour is that of the proceB$a) corresponding to the eveat

ExampLE 1.7 A printer which initially has &hutdowroption as well as aaccepbption can
be described using this form of choice. The initial choice is betvaeerpandshutdown The
process followingacceptis to beprint — STOR and the behaviour subsequenstatdown
is simply STOR This situation may be described as follows:

PRINTER = x: {acceptshutdown} — P(x)
where
P(accep} = print —» STOP

P(shutdown = STOP
The corresponding finite state machine is given in Figure 1.5. O

Prefix choice allows a notation for conditional choices to be introduc&®. In a choice
x: A = P(x), the definition ofP(x) might involve a conditional. For example, the printer of

8 SEQUENTIAL PROCESSES

the example above might hafadefined by

P(x) = print — STOP if x = accept
STOP otherwise
or even by
if x = accept
then print - STOP
elseSTOP

Neither of these is strictly within the language of CSP. Rather, theganstructions used in
the definition of a parameterized proc&sg). However, they are conventionally used within
CSP descriptions, resulting for example in a descriptioRRINTER as follows:

PRINTER = x: {acceptshutdowry — if x = accept
then print - STOP
elseSTOP

In the case where the choice geis finite, of the form{a;, a, . .. an}, the branches of
the choice may be listed explicitly as follows:

a; — P(ay)
| as = P(a2)
| @ — P(an)
ExawmpLe 1.8 The printer above can be written as follows:

PRINTER = accept— print - STOP
| shutdown— STOP

The events offered by the choice are listed explicitly. O
ExAmPLE 1.9 A printer which begins with atartupevent:

PRINTER = startup— (accept— print - STOP
| shutdown— STOR

The choice is offered after the first event. m|
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In the case where the skis empty, the choice is equivalent87OR No initial events
are possible, so there can be no subsequent behaviour.

The transitions fok : A — P(x) are given by the following rule:

[aeA]
(x: A= P(X) 25 Pa)

For eacta € Athere is a corresponding transition. There are no other transitions.

Compound events

Events are considered to be atomic and indivisible in their occurrenceeVoya single event
may still contain various pieces of information, so events can have donceise. An example
of this has already been given in Example 1.4, where events are structutesiiyd of event

they are, together with the floor they are concerned with. Another instan@estructured

eventis given by a communication channel which carries messages. In ordetebualoes/

being communicated along chaneeeach possible communication is described as a separate

possible event.v in the interface of the process. If a proc&hbkas an input channéi that
carriesOs andls, then bottin.0 andin.1 will appear in the interface set & The evenin.0
describes the appearance of valuen channeln. Eventsin.0 andin.1 are distinct events,
though the intention is to consider them both as inputs of particalaeg along channéi.

If cis a particular channel name, afds thetypeof the channel—the set of values that
may be passed along it—then the §et | t € T} will be the set of events associated with
For convenience this will be denoted. More generally, itis often useful to allow a Cartesian
generalization of the ‘dot’ separator to sets. For exangpieS.T = {c.d.st|se SAte T}.
ExampLE 1.10 The alphabet of the kitchen given in Example 1.1 might be given by

door.l U countetF U tannoyO

wherel is the set of all possible ingredients;is the set of food dishes, ar@lis the seet of
possible orders. m]

Input and Output
If cis a channel name of typle andv is a particular value of typ€, then the CSP expression

cv— P
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describes a process which is initially willing to outpuélong channet, and subsequently
behave a®. This means that the only event it is initially willing to performds, and its
transition semantics is

(cv—>P) =% P

This process has the same behaviouras» P, butthe intention of the designer in considering
it as output is made explicit. It is simply a convenient syntactidrtiion.

If processe®(x) are defined for eache T then the CSP input expression
c?x: T — P(x)

describes a process which is initially ready to accept any vahfeype T along channet.
Its subsequent behaviour, describeddfy), is determined by the valuethat it receives as
input.

S [veT]
(©x: T = P(X) <% P(v)

ExamPLE 1.11 A ‘squaring’ server could be described by
in?x: N — out/(x*) - STOP
The output value is the square of the input. O

ExampLE 1.12 If JOBSIs the set of all possible print jobs that can be accepted by a printer,
then a more detailed description of a one-shot printer would be

PRINTER = acceptj: JOBS— print!j — STOP

ExampLE 1.13 A multiplication server could be described by
in?m: N — in?n: N — outl(m= n) — STOP

or alternatively by
in?(m,n) : (N x N) — out(m=n) — STOP

The first process takes in one input followed by another, and then prodoaastput. The
second process requires the pair of numbers to be submitted as a single in O
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Successful termination

Successful termination is the point that a process reaches when its exdmgioompleted.
The process representing this state is

SKIP

which can do nothing except indicate that it has reached termination. It achiesdsy
performing the special termination event It does nothing else.

SKIP % STOP

The event/ is a special event used purely to denote termination, so it is not a meffrther o
universal set of events. It therefore cannot appear as an event pr@fix P, or as one of the
choices in a menu choice: such processes describe behaviour subsequentteittisjrand
this is inappropriate for termination.

1.3 RECURSION

The process constructors introduced thus far allow the constructigrobfinite processes,
which execute for a finite number of steps before stopping. In orddesoribe infinitely

executing processesrecursionconstruct is introduced. This allows looping executions to be

defined. For example, the procdd6&HT = on — off — LIGHT, illustrated in Figure 1.6,
allows the alternation of the evertis andoff indefinitely.

A processname Nmay be used as a component process in a process definition. It is

bound by the definition
N=P

whereP is an arbitrary CSP expression which may include process mame&he process
expressiorP is thebodyof the recursive definition.

The rule for unwinding a process nameecursively bound to a process definitiBiis
as follows:
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Fig. 1.6 The finite state machine faiGHT

This rule states that any executionPvill be an execution oN.

Another way to consideP is as a process dependentln To make this relationship
explicit, P may also be written aS(N).

The notatiorP; [P, /N] is used to denote the substitution meta-operation, where all (free)

instances of the process naMeappearing irP; are replaced by the process expresston
For example

(on— off = LIGHT)[on - STORLIGHT] = on— off - on— STOP
(on— off — LIGHT)[Y/LIGHT] on— off - Y

If N = P is a recursive definition, thel(Y) = P[Y/N] is the function (inY) corresponding
to the body of the definition.

ExAMPLE 1.14 The proces&IGHT is recursively defined as follows:

LIGHT = on— off —» LIGHT

EquivalentlyLIGHT = F(LIGHT), whereF(Y) = on— off — Y.
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The execution oEIGHT unfolds as follows:

LIGHT
lon
off - LIGHT
1 off
LIGHT
lon
off » LIGHT

It may alternate between the statd&HT andoff — LIGHT forever. O

ExampLE 1.15 The one-place buffe€OPYis initially ready to accept any message of type
T as input, and will then hold it until it is output.

COPY = in?x:T — outx - COPY

After output, it returns to its initial state. m]

ExamPLE 1.16 A specification of a railway crossing describes the required interactions
between the raising and lowering of the gate, and the arrival and departauteagi.

CROSS = train.approach— train.enter— train.leave— CROSS
| gateraise — train.approach— gatedown—
train.enter— train.leave— CROSS

The initial state has the gate lowered, blocking road vehicles from a@$se rails. Either

the gate is raised, or else a train approaches the crossing. If the gaiteib then it must be
lowered on the approach of a train. If the train enters the crossing timewsit leave before
the gate may be raised. The transition graphG®OSSs given in Figure 1.7. Compound
events are used here simply to associate each event with either the tragrgateh O

Mutual Recursion

A collection of recursive definitions will bind a number of process nampsdcess definitions.
Itis often useful to allow the process definitions to contain a numbteeafames being defined,
so that in fact the various processes are defined in terms of each other. Thisictiorsis
known asmutual recursion
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gateraise
train.leave

train.approach train.approach

gatelower ( >

Fig. 1.7 Transition graph foCROSS

train.enter

ExAMPLE 1.17 The proceskIGHT may be defined in terms of a proc&3i, which is itself
defined in terms oEIGHT:

LIGHT = on— ON
ON = off - LIGHT

These recursive definitions define two processes, each in terms of the other. m|

In order for a set of recursive definitions to be a mutual recursion, each appearing
in any of the process bodies must be bound in one of the recursivetidefini The single
definitionLIGHT = on — ON by itself is not suitable as a recursive definition: the process
nameON must also be bound.

The transition rule for unwinding a recursive definition is exattiy same as that given
for a single recursion. The transitions that can be made for a procegsNamthe context
of a collection of bindings which binds; to P; are precisely the transitions Bf.

[Ni=Pi]

The proces€ROSSlefined in Example 1.16 might also have been given using a mutual
recursion:

CROSS = gateraise — train.approach— gatelower — ENT
| train.approach— ENT

ENT = train.enter— train.leave— CROSS
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The behaviour of this version @ROSSs indistinguishable from the single recursive process
given earlier.

One execution o€ROSSs as follows:

CROSS
| gateraise
(train.approach— gatelower — ENT)
J train.approach
(gatelower — ENT)
J gatelower
ENT
Jtrain.enter
(train.leave— CROS$

This is one of the paths through the transition graph shown iorEid.7. The names of the
recursive processes used in the definitio€BIOS $ave been chosen to reflect the important
states of the systenENT is the point at which the train will enter the crossing.

This convention may be used more generally with a family of process naltigs
parameterized bye |. A mutual recursion will bind them to a family of processes containing
these names. Alternatively they will be bound to a family of functibfi§ where each is a
function of the family of namesl(i).

ExampLe 1.18 A heater has four power settings, which can be changed by the events
up anddown We use the four process namdEATER0), HEATER1), HEATER2) and
HEATERS3) to describe the four possible states. Their interrelationships aceziles by
mutual recursion:

HEATER0) = up— HEATERI)

HEATER1) = up— HEATER?2) | down— HEATERO)
HEATER2) = up— HEATERS) | down— HEATERI)
HEATER3) = down— HEATER2)

At any point in the execution, the process will be at one ofHlEATERi) nodes. The value
of i might be thought of as the state of the heater, corresponding to tmgset adial. O

Itis appropriate to keep track only of those aspects of internal stateahatm impact
on the external behaviour patterns of the process. The CSP notafitensled primarily
to support description and analysis of processes in terms of their intermcHowever, the
interactions possible for a process might depend on the value of sweneal state variable,
and so it is necessary in such situations to keep track of the relevant atfonrbut only in so
far as it affects the process’ external behaviour. InHEEATERexample above, the value of
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the state determines how mamyanddownevents are possible. The heater might also contain
a thermostat, but if its setting does not have any effect on the belmawider consideration,
then its value is superfluous to the description of the process, anttighat be included.

ExAMPLE 1.19 A counter can beéncrementecbr decrementedt any point, provided the
total number ofdecrementevents does not exceed the numbeinzfementevents. The
family of process nameSOUNT(i) will be used to defin€OUNTER wherei will track the
difference between the numberioErementevents and the number décremengevents.

COUNT(0) = increment— COUNT(1)

COUNT(i) increment— COUNT(i + 1) ifi>0
| decrement» COUNT(i — 1)

The counter begins at

COUNTER = COUNT(0)

If there could be any number @icrementanddecremengvents, in any order, then it
would be unnecessary to keep track of the difference between them, and the gescefggion

C = increment— C | decrement> C

would be sufficient. State information should be carried only wheedféicts the possible
executions of the process. O

ExampPLE 1.20 An ACCUMULATORS used to keep track of running totals of sequences of
numbers. It has eesetevent, aguerychannel on which the current total can be output, and an
addchannel where it is possible to add another number. The family of proeesssiOT(i)

will be used to define this process, wherepresents the running total.

TOT(i) = reset— TOT(0)
| quenyli — TOT(i)
| add?’x: N — TOT(i + x)

ACCUMULATORcan now be defined:
ACCUMULATOR = TOT(0)

Its initial state will be0. O
Indices for recursive process names need not be restricted to numbers:emerally,

any kind of index may be used. This allows processes to be parameterized®ypbstract
values such as sets or strings. They do not need to be directly represeuitiaini@ computer.
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ExaAMPLE 1.21 A process which models a set of elements of typalows elements to be
added, and provides information about whether a particular element is sethét will be
parameterized b$, the current set of elements:

SET = SET{})

SETS) = add’x:T — SET(SU {x})
) answetyes— SET(S) ifye S
|quenyy: T — { answetno — SET(S)  otherwise

The response depends both on the paranSsed the inpuy. O

ExampLE 1.22 A buffer of infinite capacity is always prepared to input a fresh message,
and when it is nonempty it is prepared to output the message at the headyoiethe. It may
be parameterized by the sequesoé messages currently in the buffer.

BUFFER(()) = in?x: M — BUFFER((x))
BUFFER(Y) °s) = in?x: M — BUFFER(y) " 5" (X))
| outy - BUFFER(S)

xandy range oveM, andsranges oveM*, the (finite) strings of elements bf. The notation
(m) represents a singleton sequence containingrusind ' is sequence concatenation,
discussed in more detail in Section 4.

An initially empty buffer is described by
BUFFER = BUFFER())
One execution oBBUFFERIs

BUFFER
1in.3
BUFFER((3))
1in.8
BUFFER((3,8))
Jout3
BUFFER((8))

The parameter consists of the items still in the buffer. O
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ExaMmpLE 1.23 The description of a stack is very similar to that of the buffer:

STACK()) = pusttx: M — STACK(x))
STACK(y) ©s) = pustx: M — STACK(x) " (y) "9
| poply — STACKS)

The only difference is that input messages are placed at the beginnirgsifitig rather than
at the end. O

1.4 CHOICE

Prefix choice has already introduced the possibility of process exechgwitegy a number of
possible courses of action. Whereas that operator offers a choice betwees) thisisection
will introduce choices between processes.

In concurrent systems it is useful to distinguish between the cases wherelaver
resolution of choice resides within a process itself, and where comstroliiside it. For
example, a car showroom advertising cars in any colour might allow eiteerustomer or
the manufacturer Henry Fordito make the choice; and these two possibilities are different.
The distinction is important in concurrent systems, since probleaysarise if two processes
have both been given control over a particular choice. If both Henry Fordhencustomer
are considered to have control over the choice of colour then problenesifattiey do not
agree. Itis therefore important to distinguish betwegternal choicavhere control over the
choice is external to a process, @nternal choicewhere the environment of the process has
no such control.

External choice

An external choice between two processes is initially ready to perform #rgethat either
process can engage in. The choice is resolved by the performance of thesfirstie favour
of the process that performs it. This choice is written

P, O Py

and is pronounced; external choicé®,’

1Ford offered the purchasers of his cars the choice of “anyurads long as it's black”.
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ExAMPLE 1.24 A particular bus journey is covered by two bus routes: the 37 and the 111
The service offered for that journey is then described as the choice betwentiho bus
services.

SERVICE = BUS370BUSI111

This choice can be described even before the initial events &t&processes are known.

The bus services are used to travel from the bus statiért@e destination aB. The
pertinent events for this journey in the description 8Sprocess arboard, alight, andpay.

BUS 37 = board37.A— ( pay90 — alight.37.B — STOP
| alight.37.A — STOR

On boarding the bus &, a passenger must either pay the fare and then tra&|do alight
again atA without traveling.

The rival bus route charges a lower fare.

BUS 111 = board111.A— ( pay70 — alight111.B — STOP
| alight.111.A — STOB

The descriptiorSERVICEdescribes the situation in the bus station. There is a choice
of two buses, and the choice between them is resolved when the first oredeto O

The transition rules for external choice reflect the fact that the firstreadtevent resolves
the choice in favour of the process performing the event, and that thieects not resolved
on the occurrence of internal events.

P3P P 5P
POP, 3P POP, 5 P, OP,
P,OP &P P,OP, 5 P,OP,

Control over resolution of the choice is external because the eventstiofchoices
are initially available. Considering processes as machines with buttenbuttons that are
initially enabled are those enabled by either of the choice processes. The chonade
externally because the choice of which button to press is not restrictéelprocess. The
choice of buses is not made by the proc8ERVICEbut this choice is instead offered to the
customer.

However, if the same event is offered by both of the choice processesrtretiernal
agent will not have control over which process is chosen. An external agemiomtrol only
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over the choice of initial event, not over the possible subsequentioeinain the case where
both processes offer the chosen initial event.

ExaMPLE 1.25 The previous description of the bus service provided at the busrstatis
appropriate in the case where the passenger looks at the number omtteé the bus and so
can distinguish the event®ard 37.Aandboard 111.A.

The buses available to a passenger who cannot read the bus number are heterdies
simply as two buseBUS 1 andBUS 2.

BUS.1 = boardA — ( pay90 — alightB — STOP
| alight A — STOB
BUS2 = boardA — ( pay.70 — alight.B — STOP

| alight A — STOB

The choiceBUS 1 O BUS 2 still offers the option of boarding either bus, but since the two
board events are not distinguished, the passenger has no control over wkiéh limarded.
Ignoring the number on the front of the bus results in the ingtiidi distinguish routes. The
passenger becomes unable to choose which fare to pay, since no furthet coetrthe
choice is possible. In the previous case, the passenger could contfateh®y ensuring the
appropriate bus was boarded. O

Indexed external choice

The binary form of external choice can be generalized to an external choice betwdaritan
number of processes. llfis a finite indexing set (which can be empty) such #as defined
for eachi € I, then it may be given an operational semantics as follows:

R et PP
—— [jel
O, P 5p O 50O P

whereP = P; fori # j.

In fact the relationship between indexed external choice and binary extewiaédb
captured by the following alternative definition of indexed externalicgh@ terms of the
binary operator.

Dy P P

jetufit P (DjFI P) O P
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in0 () outd
in.1 | RELAY | out1

in.2 out2

Fig. 1.8 TheRELAYprocess

The external choice operator is associative, in the sensePthat (P, O P3) and
(P; O Py) O Py have the same execution possibilifielt is also commutativeP; O P, and
P, O P, also have the same possible execution patterns. These two propesiies #rat
the order in which components are added to an indexed choice is irreleviduet tesulting
behaviour of the choice. The only information required is the idgofithe actual processes
to be combined.

EXAMPLE 1.26
RELAY = Diel in.i?x: T — outi!x - RELAY

This process describes a relay service between a number of channels of theifamdout i
wherei is in some (finite) indexing sét It is prepared to input a messagalong any of the
in.i channels, and then output it along the corresponding output chantiel

Observe that this description has exactly the same transitions asdtredite descrip-
tion

RELAY2 = in?i?x: | x T — outilx - RELAY2

The difference is in the intention of the designer. In the first casemibael is of a process
with @ number of channels of the form.i andouti, each of typel. The picture of this
process is given in Figure 1.8.

In the second case, the model is of a process with a single input channekarglea
output channel of type x T. This is pictured in Figure 1.9.

An event of the formin.2.7 can be considered either as the messagert the channel
in.2, or as the messag®.7’ on channeln. The transition system treats these both as the same
single event.

2Technically, they arstrongly bisimilar(see [77])—any internal or visible transition that one & can perform
can be matched by the other. This is what is meant in this ehdgt two processes having the same execution
possibilities.
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in RELAY2 out

Fig. 1.9 TheRELAY2 process

Observe however thaRELAY2 is well-defined even in the case whdrés infinite,
whereaRELAYis not well-defined in this case. This is because external chdi[tlglsPi are
not permitted over infinite sets

ExampLE 1.27 A mail system connects a set of nodd®DE It may accept an input at any
nodel consisting of a destination and messaden). This is captured as an inpiu?(d.m).
When there are such pai.m) in the system, then it may also perfoouty'mcorresponding
to outputting message at the destination nod#

This specification of a mail system may be described using indexed extewiaéch
within a mutually recursive definition. ThBIAIL processes are indexed by multi-sets (or
bags), which maintain the number of copies of each element. A fresh copy is addeuireach
a message is input, and one copy is removed when output occurs.

MAIL = MAILp,

MAIL;y = []IeNODEin{?(d.m) — MAIL{(a.my
MAILg = DleNODEim?(d.m) — MAILgy{(d.m)}
] D(d_m]gaoula!ma MAILg\ f(d.m)}

whereB ranges over non-empty bagsjs bag union, and| is bag subtraction. O

Internal choice

A process considered as a specification describes a contract between the custorher and t

system designer. It encapsulates the behaviour of the system that is acctptiablcustomer,
and gives the designer the requirements that must be met.

The internal choice operator is commonly used as a specification constiset choice
over which the user has no control, and for this reasoniit is often calletbt@ministic choice.
The process

Py 1P,
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pronouncedP; internal choiceP,’, describes a choice betwe®n andP,, and the choice is
resolved by the process itself, without any influence from its enviertm

Transition rules given for a specification construct cannot completely charactee
nature of this construct, since they provide a particular approachpgieimentation. One way
ofimplementing the choice constructis to resolve the choice immedidteiyis accompanied
by a silent transition, due to the state change ffRnm1 P, to one of its components. Either
of the choices is possible:

(PrMIPy) 5 Py
(PLMPy) 5 Py

These rules describe an operational understanding of one way this choldebeoimple-
mented, though its use is more often as a specification construct. TtespRe M P, is a
process which is guaranteed to behave on any particular execution eitheoraasP,. As a
specification, ifP; 1 P, describes the customer requirement then the implementor is free to
provide eitheiP; or P, for any execution and the customer will find either acceptable.

There are a number of ways a system designer might choose to provistemsyhich
meets the specificatid®y, M P.:

e P; andP, could both be developed, and whenever the process is run then a cosed tos
to decide which one to provide.

e P; andP, could both be constructed, and whenever the process is run then resource
considerations determine which one is provided

e P; alone is provided

e P, alone is provided

These possibilities are illustrated in Figure 1.10. In each case a blackabelled with
P, 1 P, is provided, but the implementations inside the boxes are different.

ExampLE 1.28 A mail router program might offer one of two routcROUTER= VIA_AT1
VIA_B. Whenever this program is invoked, the choice is resolved at run-titeenially by
considering the network traffic. The user is not concerned with the rbutesimply in the
correct delivery of the message, and is therefore happy to devolve resitipnfir making
the choice to th&@OUTERprogram. O

ExampLE 1.29 A bus company guarantees to provide buses betwesTdB, but does not
guarantee any particular route. There are two routes, the 37 and the 1@ ha3$enger is
happy to accept either, so the service offeredby5 37 M BUS 111 is acceptable. The bus
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= A~
P; P,

Py Py

Py P2

Fig. 1.10 ImplementingP; 1 P

company decides to scrap tBe bus service and run only the 111. This is indistinguishable
to the customer from the situation where the decision to run therlfifeference to the 37 is
in fact made every morning. 0

ExampLE 1.30 A customer who will accept a car of any colour must necessarily find a black
car acceptable. A manufacturer who guarantees to provide a car meeting the specification
CARyjack ' CARoioured May decide always to provid@ARyjack. O

Indexed internal choice

Since the internal choice operator corresponds to the disjunction opasatised in specifi-
cation, it is natural to generalize it. Jfis a set of indices (which may be finite or infiritdut
must be non-empty) arfd is defined for eache J, then the process

M, Pt

is a process which can behave as any ofRheAs a specification this process describes the
requirement that any execution should be appropriate to at least oneRf the

Operationally the indexed internal choice operator resolves immediatelyaf its
arguments:

. [jed]
(l_lieJ)P‘ — Pj

ExawmpLi 1.31 Therange of possibilities for arandom number generator might belbedcr
by the infinite choice

[1 _outn— STOP
neN

Stechnically, there is a given universal set of indices witichtainsJ
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Any positive integer might be output. CSP does not express thitgapilities of the numbers,
it simply records the fact that they are possible. O

ExamPLE 1.32 A process which can perform some event from the set of eveist where
its environment has no control over which could be described as follows:

I_IEleA a— STOP

A processD which can repeatedly perform some event from the/fsebuld be defined
recursively as follows:

D= I—]aGAa—>D

The choice can be resolved differently each time round the recursive loop. O

Exercises

ExERrcISE 1.1 Give suitable interface sets for the following. In each case you shedide
the events that would be required in a description of how the procességh

1. Avideo recorder

. Avending machine

. An automated teller machine

. A personal computer

. A computer chip

. Atelephone answering machine

. A multiplexor

oo N o g b~ W N

. An analogue to digital converter

Exrrcise 1.2 Write a CSP description of a square-root server with charinelsdout
EXERCISE 1.3 Write a CSP description of a multiplication component which has thmeseti
channelsn,, in,, andins, and one output channelit It reads in one number from each input

channel (in any order) and outputs their product.

EXERCISE 1.4 Write a CSP description of a small fast food outlet which serves onty tw
items: burgers at 75p, and chicken at 95p. The sequence of interactionegptdcing an
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order for one of the items, paying for the order, and receiving the o@&y one customer at
a time can be handled.

EXERCISE 1.5 Give the transition graph for proceBRINTER of Example 1.9.
EXERCISE 1.6 Give the transition graph for the procdsEATERof Example 1.18.
EXERcISE 1.7 Give the transition graph for the procé8®PY of Example 1.15.
EXERCISE 1.8 What are the possible executions ¥ X ?

ExEerciSE 1.9 Define a variant of th&COPY process which accepts a value on its input
channel, and stops if that valuelisotherwise it outputs it and begins again.

ExERCISE 1.10 Define a process with an interface consisting of the ey@etsandfinishZ.
It accepts a number gfressevents, and then outputs along the chaifiné$hthe number of
pressevents that have occurred, after which it stops.

EXERCISE 1.11 Are the choices in the following processes internal or external?

1. A shop which offers discounts of 10%, 30% or 50% on sale items
2. A cafe which offerseaor coffee

3. A mail-order book company which offers the choice between sending badkrthe
within two weeks, or receiving the book-of-the-month.

4. Alottery ‘lucky dip’ machine which gives any 6 numbers of 49 podisies.

EXERCISE 1.12 Write a process which offers a choice between three bus routes.

EXERCISE 1.13 Write a CSP process which describes the choices presented by a sweet

trolley containing two pieces of cheese cake, one piece of apple pie and onefiboeolate
cake.

EXERCISE 1.14 Write a process which describes the pattern of choices presented by the

maze in Figure 1.11

1. if the alphabet i§east west north, southin, out}

2. if the alphabet if{left, right, forward, back in, out}, where for exampleight means
‘turn right and then move’.

EXERcISE 1.15 Give the transition graph of the proceéSERVICEof Example 1.24.
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out

Fig. 1.11 A maze offering choices



Concurrency

When two processes are executed concurrently, they constitute a paralléhatorb Each
process executes independently, in accordance with its prescribed patteatswioor, but
its range of possibilities will be influenced by the other process.

The way parallel CSP processes interact is intimately bound up with theofievents
as synchronizations. Any event which appears in the interface of both pescesnust in-
volve both processes whenever it occurs. This is the mechanism by whadlepprocesses
interact—bysynchronizingn events in the interface between them. Synchronization is sym-
metric and instantaneous, and occurs only when both participants engesjeinlianeously,
much like a handshake. For this reason it is often knowhaasishake synchronizatioi
single event occurs—the handshake—uwith a number of participants. Be®pffhandshake
synchronizations include: the passing of a baton in a relay race; the gedivarregistered
letter; the closure of a contract; becoming married; inserting a coin iendimg machine;
starting a phone conversation; sending an email message; adding a jotirtteaqueue.

2.1 ALPHABETIZED PARALLEL

A process description includes a dynamic part, captured using the presesiption language
of CSP, which describes the possible patterns of events or synchiongzatVhen processes
are put together in parallel, it is also necessary to specify how they welfdnot. One way

of achieving this is by providing an explicit description of theeiritice or alphabet of each
process: its static specification.
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Fig. 2.1 Synchronization with buttons

Py P,
PPy

Fig. 2.2 Synchronization with wires

The interface of a process is the set of all the events that the procese Ipagethtial to
engage in. If a process is considered as a black box, the interface condiigshames of all
its buttons. If the process is viewed as a component with wires, tieeintirface provides a
list of all the wires. In either case, it describes all of the events thatrieeps is potentially
able to perform. Since all external events are synchronizations betweegspes and their
environment, the interface is the point at which a process and its envénatrinfluence each
other.

A parallel combination of two processBs andP, whose interfaces are givenAsC ¥
andB C X respectively is described as

P1 allg P2

(pronounced ‘P1 parallel on A, B P2’). In this combinati®Bn can perform only events in

A, P, can perform only events iB, and they must simultaneously engage in events in the
intersection ofA andB. This is illustrated by Figures 2.1 and 2.2. It is conventional fer th
interfaceA of processP; to contain at least all of the events used in the definitiofPof
Similarly, B should contain all of the events appearindfin

Parallel components of the combinatien || P, must also agree on termination, even
though thes event does not appear explicitly in the interface geasmdB. This means that a
parallel combination does not terminate until all of its components am@rnated.
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There are two rules that define the possible transitions of a parallddination. One
rule describes the independent execution of each of the components, atldethéescribes
the performance of a joint step. The get is defined to bé\ U {v'}.

PSP

[pe(Au{r}\B)]
Py AHB P, 5 P A”B Py

Py BHA Py 5 P, B”A Py

P3P
P, &P,
[ae A" NBY]

a,
Piallg P2 = Py Allg Ph

The first transition rule states that each side can execute independeatiglirper-
forming events which are not in the common interface. The second tamsitie states that
if both components can perform an evanthich appears in each of their interfaces, then the
parallel combination can also performit.

These rules also capture the fact that the interfaces of the componentsat@nge as
the processes execute: they remain fixed throughout the life of thegd@aaihbination.

ExamPLE 2.1 The parallel combination
(@=P1) qllfapy (@—= P2 b— Ps)

can perform ara transition initially, and reache, {a}H{a‘b} P,, or else it can perform &
transition initially to reacl{a — P1) (4 [l1a 1) Ps-

However, the same processes combined in a different way
(@=P1) fapyllfany (@—= P2 [ b= Py)

can perform onlya initially, since the presence dj in both interfaces means that both
components are required to co-operate on its occurrence; and the left-haagsisonot able
initially to performb. m]

ExampLE 2.2 A race between two competitors should have a sisgiet event which both
of the participants synchronize on. However, each competitor will incigty finish, so
two eventdfinishy andfinish, are used to describe these separate events. Partidipeifit
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be described astart — finishy — STOR and participan® similarly. The race can then be
described as

RACE=
start— finisty — STOP g1 finisn, 1 || {start finish, 3 Start — finish, — STOP

The fact that eaclfinish event occurs in only one interface set captures the fact that the
competitors can finish independently of each other. O

ExAMPLE 2.3 On entering a restaurant, the cloakroom attendant might help the customer
off or on with her coat, as captured by the evergatoff andcoaton respectively, storing

and retrieving coats as appropriate. This activity might be describedetfpltbwing process
description:

ATT = coatoff — store— ATT
O
retrieve— coaton — ATT

with an interface described as
aarr = {coatoff, coaton, store retrieve}
The dining behaviour of the customer is as follows:

CUST = enter— coatoff — eat— coaton — CUST
acust = {coatoff, coaton, enter, eat}

In the parallel combination

ATT CUST

ATT ‘ |ncusT

the evententerandeatare performed solely b@UST; the eventsoaton andcoatoff are
synchronizations betwe€@lUSTandATT; and the eventstoreandretrieveare entirely under
the control ofATT—the attendant is left to deal with the coat appropriately. O

ExamPLE 2.4 Apay and display parking permit machine accepts cash, and issues tickets and
change. A designer might decide to implement these functions using taceseprocesses:

TICKET = cash— ticket— TICKET
CHANGE = cash— change— CHANGE

The machine is then captured as the parallel combination of these two contgionen

MACHINE = TICKET{cashtickel}”{cashchang@ CHANGE
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CALG CALG

Fig. 2.3 A pipeline of two calculations

The two components both participate in teshevent, but they exercise independent control
over theticketandchangeevents. O

ExAMPLE 2.5 A process to calculate and outpifg(x)) from inputx may be constructed
from two processes which calculdtandg.

CALG = in?x:7Z — clg(x) - CALGy
CALG c?y: Z — outf(y) - CALG

The composition of andg may be calculated by the parallel combinationGALC, and
CALG. The output ofCALG, is connected to the input @ALG, resulting in a pipeline of
two processes which together comptitg(x)) from inputx. This is described by

CALQJ in.Zuc.Z”c.ZuouLZ CALG

which is illustrated in Figure 2.3. O

A parallel combination of processes is itself a process, with an alphabet andaof
possible executions. Synchronization on an ewdny two concurrent components results in
a single occurrence of that event, and there can be no information contaitieddccurrence
of a as to the number of participants. A further process may be run in paratieltie
existing combination, also synchronizing anThis approach to parallel composition results
in a mechanism for multi-way synchronization. No matter how many paralfapcments a
system contains, all those with an evari their alphabet are required to participate in every
occurrence of it.

ExAMPLE 2.6 Ateam of furniture removers contains a number of people with reshitities
for moving different kinds of furniture. Pianos require several petplift them, so the event
lift_pianowill be in the alphabet of several members of the team, and they must eliymize
on this event for it to occur. The evelift_pianowill occur only once, no matter how many
participants it has. This event is a multi-way synchronization—it canrazaly when all its
participants are ready. There is also the possibility of adding fupteicipants by extending
the system: if a new person is added to the team with piano-lifting grfn@ir responsibilities,
then they will also participate in the evdift_piano. O

A parallel component of a system constrains the occurrence of all evergsiplitabet,
since the co-operation of that component is required for the performéscetwevents. The
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eventlift_piano can be prevented from occurring by any team member who is not ready to
perform it. This means that any constraint on the occurrence of events caitrdduced
through the addition of a parallel component which enforces that cortstrhitroduction

of constraints may be carried out at the specification level, where diffeaeets of desired
behaviour are captured by different process descriptions which are thermnashii parallel.

It may also be carried out at the design level, where responsibility flareng different
constraints is assigned to different processes.

ExampLE 2.7 Anumber of shopping opportunities are described by the pr@&¢€PPING
An item may be selected by the customer; the customer might pay; or therarstoight
leave, in which case the other possibilities are lost until the shapéntered.

SHOPPING = select— SHOPPING
O pay - SHOPPING
O leave— enter— SHOPPING

There are a number of restrictions that the shop places on the free panizerof events as
described bysHOPPING One is concerned with ensuring that goods are paid for; and another
requires goods to be selected before payment.

Security ensures that selected goods are paid for by the time the custovesr tiea
shop:

SECURITY = select—» WATCH
O pay— SECURITY
O leave— SECURITY

WATCH = select—+ WATCH
0 pay — SECURITY

This process is concerned with tracking the occurrence of eselgstandpayand restricting
the possibility of the everleaveunder the appropriate circumstances. The egatgris not
part of its alphabet.

The shop operating under this constraint is described by

SECURESHOP=
(enter— SHOPPING (o, ecinayh

pay} {1 tpay

» SECURITY

The cash tills impose another constraint: that payment is possibjeafitelr some
item has been selected. The initial situation is captureBR@WSINGwhose alphabet is
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{pay. select. Before any item has been selected, payment is not possible. Once an item has
been selected, then payment is possible, though further items may also bedselect

BROWSING = select— TILL

TILL = select— TILL
O pay — BROWSING

The alphabet of this process does not contain eithégror leave since it is concerned only
with the relationship between the evesé&dectandpay.

The shop as a whole, integrating this last constraint, is described by
SHOP = SECURESHOP{emer,leaveselectpay} H{selectpay} BROWSING

Each parallel component restricts the behaviour of the whole to sonteedeghe process
enter — SHOPPINGrestricts all occurrences sklectandpayto betweerenterandleave
the procesSECURIT Yrestricts occurrences ¢dave and the procesBROWSINGestricts
occurrences gbay. All three processes are concerned with the evesysindselect and so all
three processes participate in those events—each occurrence is a multinehyosyzation.
Since these events are all part of the alphabeSldDR, and hence available for further
synchronization, they may be further constrained by additional paraligbooents. O

The default interface for a proceBss its alphabet:(P): those events mentioned in the
process description. If the required interface in a process descrippoedisely this set, then
it need not be mentioned explicitly. In the caseRaf,p,ll,(p,) P2 the alphabets may be
dropped and; || P, written instead. The proceSiHOPdescribed above could be rewritten
as

SHOP = ((enter— SHOPPING || SECURITY || BROWSING

since the interface sets given in for each component process are preciselypihalreds. The
definition of the alphabet operata(P) is given in Figures 3.7 and 3.8 on Pages 75 and 75.

Deadlock

The introduction of concurrency brings with it the possibilifgleadlock, which is not possible
for purely sequential programs. In a concurrent system the executiamegbrmcess might
inhibit or temporarily suspend the execution of another. There aren@euof situations
in which this might arise, such as resource sharing, or awaiting coneation. It is thus
possible that every process in a concurrent system is waiting for stiraegrocess. Since no
process is actively executing, each process will remain blocked, forevergdaitisome other
process to make progress. This unfortunate phenomenon is deletlock each process
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individually would be able to continue execution if it were in a éifint environment, but all
are prevented from doing so. Incompatible states between parallel compoftentarise as
a result of unforeseen and unexpected sequences of interactions.

The combined state of all the deadlocked components is known ae#uock state
From the point of view of an execution, a sequence of transitions halseg$ a deadlocked
process if the final process description of the sequence has no posaitsigians. In this
sense, the proceSTOPcan be considered as a deadlocked process: no further progress can
be made, although the execution has not completed normally.

ExampLE 2.8 Two children share an paint box and an easel. Whenever they wish to paint,
they first search for the easel and the box until both are found. After hee finished
painting, they drop the box and then the easel.

ISABELLA = isabellagetbox— isabellageteasel— isabellapaint —
isabelladrop.box— isabelladrop.easel— ISABELLA
O isabellageteasel— isabellagetbox — isabellapaint —
isabelladrop.box— isabelladrop.easel— ISABELLA

KATE = kategetbox— kategeteasel— katepaint —
katedrop.box— katedrop.easel— KATE

O kategeteasel— kategetbox — katepaint —
katedrop.box— katedrop.easel— KATE

The easel and the box can each be held only by one child at a time:

EASEL = isabellageteasel— isabelladrop.easel—» EASEL
O

kategeteasel— katedrop.easel+ EASEL

BOX = isabellagetbox— isabelladrop.box— BOX
ul

kategetbox — katedrop.box— BOX
The combination of the children and the painting equipment is described as
PAINTING = ISABELLA| KATE| BOX|| EASEL
The arrangement works well on the whole, but occasionally both childredelatebout the
same time to paint. If this happens, then there is a danger that one ohitidimd the easel,

and the other will find the box, after which neither of them can make anydupttogress (see
Exercise 2.3). The two items could be released, but their owners are nptogatease them:
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they are each waiting for the other item to become available first, a clasmitatk situation.
In this case the system could be made deadlock-free by insisting thiggie are acquired
in a particular order: the box first, and then the easel. Restricting thsilplities on the

children, to only the first branch of the choice in each case, results in anlargyedvement

to the system. O

EXAMPLE 2.9 A team of two furniture movers is required to move a number of pianos and
tables, and each piece of furniture requires two people to lift it. Each reniodependently
makes his own decision as to which piece of furniture to lift first—thian internal choice,
since in each case it is a decision made by the furniture remover.

PETE = lift_piano— PETE
m lift_table - PETE

DAVE = lift_piano— DAVE
m lift_table - DAVE

TEAM

DAVE | PETE

If each remover makes the same choice, then they are able to co-operate and syeciron
lifting the item. However, if their choices differ, then the resultéadlock.

DAVE comprises part oPETEs environment, and so bofAETEand his environment
have control over the way the choice is resolved. Since it is not dedsibtwo independent
parties both to exercise complete and independent control over resafdtchoice, the
result might be deadlock.

If PETEinstead offered an external choice

PETE = lift_piano— PETE
O lift_table— PETE

then he gives up control over the choice and instead is prepared to go albrigevilecision
of the environment. Since there is now only one agent making the chbeegsulting team
PETE || DAVEwiIll no longer deadlock. O

Indexed alphabetized parallel

The binary parallel composition operator may be generalized to model sitaathere there
are a number of concurrent interacting componentkidfa finite set of indexes such that
andA are defined for eache |, then the following system may be defined:

I P
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This describes a combination of components where Bablas interfacéy C X. Any event
a must be performed in a multi-way synchronization by all those procdsehich have
a € A;: all parties interested in a particular event must be involved in all efdtsirrences.

The indexed parallel composition may be defined using successive appigafithe
binary parallel operator. If contains only two indexeis andi,, then the indexed parallel is
equivalent to the binary form:

ie{iria}
[P = Pualla, P

An inductive definition is provided for the case where theldeas more than two elements,
defining the case with + 1 elements in terms of the definition farelements. The interface

of H': Pi is the union of all the individual interfaceg:);., A.. The addition of one more

componen®; (j ¢ 1) with interfaceA; results in the parallel compositiqﬁflu{” Pi.

||flu{j} P = (”fl PI) L‘,E‘A(”Ai PJ

It transpires that the binary parallel operator is associative, in the fesiséne combination

P1 Allguc (P2 gllc Ps) has the same executions@ ,||g P2) o gllc Ps,» and commutative:

P1 Allg P2 has the same executionshsg||, P:. These two facts mean that the same process
will result whichever order the processes are added to the parallel corobinais in the
binary case, the interface sé{smay be dropped from the process description, in which case
the alphabet of each process is taken as its default interface. The resultingratiarbis

written ||IEI P.

ExampPLE 2.10 A group of people are all required to be present for a meeting to be quorate.
If NAMESis the set of all the people’s names, then the alphabet and behaviour oitcalpart
person may be described as follows:

A, = {entern,leaven, meeting

PERSON = entetn — PRESENY
PRESENT

leaven — PERSON
O meeting— PRESENT

The situation is then described as

GROUP =

| ‘ nENAMESPERSON

The evenimeetings in the alphabet of all the components, so it can occur when they are all
able to perform it. This can only be whentern has occurred for ath € NAMESwithout a
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c | Po c| P c,| P2 C3 Cno1 | Pt |

— = == e ==

Fig. 2.4 A chain of buffers

subsequerleaven. All the events of the fornentern andleaven appear in the alphabet of
only one procesfERSON, so their occurrence is entirely under the control of that process.
m]

ExaAMPLE 2.11 A chain of processes which act simply as buffers, passing on an item of data,
is given in Figure 2.4. There aresuch components, indexed by the §&t... ,n— 1}.

For everyi between0 andn — 1, the bufferP; and its interface; are given by the
following definition,

A = GZUC4.Z
P = G™X:Z—=cux=P

The chain of buffers is then defined as

CHAIN — |||6{0...n—1} P

A
Each occurrence.mof a message passing along the chain involves exactly two participants,
P, , andP;, apart from the two end channeis andc, which in each case involve only one
component. O

ExampLE 2.12 A network which sorts a set of+ 1 numbers into ascending order may be
constructed from cells each of which sort two numbers at a time, as in Figurel@re the set
of numbers is input along, o and thehy ; for 0 < i < n. The numbers appear in ascending
order along the; n1 (0 < j < n).

Each cellC; j inputs a number on its left and a number from above, outputs the smaller
of these below, and the larger to its right. For internal cells, thesenptes to neighbouring
cells; and for the cells in the bottom row, they are the outputs oétteey.

Fori < j theCi; are defined as follows:
Ci.j = hi_j?X - vi,i?y - Vi‘j+1!min{X, y} - h,+1_j! max{x, y} - Ci_j

Cells on the diagonal of the array are defined slightly differently, refigdfeir different
connections:

Ci.i = hi_i?X — vi‘i?y — vi‘m!min{x, y} - Vi+1‘i+1! maX{X, y} — Ci,i
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Fig. 2.5 Anarray for sorting

The network for sorting may then be defined using indexed parallel catigros

||“SiSiS"

SORTER = Gy

The indexing set is given implicitly: the predicale< i < j < nis shorthand fofi,j) €
{(k)]ogk<I<n} 0

ExawmpLi 2.13 A collection of 2" nodes in a network can be efficiently connected for the
purposes of routing messages by assigning each node to the corner oéraung Its
coordinates will be an-tuple, with each value of the tuple eitheor 1. The set of possible
coordinates is given b(gOORD= {0, 1}".

To specify the connections between nodes, itis necessary to decide whict pailes
should be adjacent. These will be those pairs whose coordinates digactly one place.
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Fig. 2.6 Message routing through a hypercubedinodes; a route frorm00 to 001 emphasized

The set of coordinates adjacent tis given byadj(l):
adj(l) = {k:COORD|3is (k(i) #I(i) AVj#iek()=1()}

This network is pictured in Figure 2.6. The notatigi) denotes théth bit of coordinatd.
For example, if = 001 thenl(0) = 0,1(1) = 0, andI(2) = 1.

In order to route messages, it is sensible to send a message to a naetelits
destination.

nex{l, d)
= {k:COORD| 3i e (k(i) # (i) A k(i) = d(i) A V] #iek() =1()}
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The senex{l, d) is the set of those coordinates which are adjacehatal which differ from
d on fewer bits thah does: the neighbours bfvhich are closer to the destinatidn

A nodeN; will have channels to and from all of its neighbours: for erdhthe channel
c, carries messages frohy to N;. It also has channels, andouj for input and output
outside the network. The interfacefwill be

A = {im,oui} U {cq | ke adi(D} U {ck| ke adjl)}

The cellN, itself is always prepared to accept messages (unless it is waiting to oatpaii},
maintains a list of all the messages it has outstanding. When this hstriemptyN, is also
ready to send the oldest message to the next node in the network.

N = O Gl ?(d-m) = Ni({(d, m)))

keadj(l)
0 imy?(d.m) — Ni(((d, m)))

N({(d.m))"s) = outlm— N(s) fd—|
(Dkenex!(l‘d) ckl(d.m) — Ni(s)) otherwise
o
Dkeadj(l) G ?(dm) =

Ni({(d,m)) 7 s ((d', n)))
Finally, the network may be described using indexed parallel compuositio
MAILER =[O Ni(())

Each node is initially empty. O

2.2 INTERLEAVING

Synchronization on common events provides one form of parallel execafiprocesses.
Concurrent execution of procesdes andP, where no such synchronization is required is
described by the combination

Py [[| P2
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lift.nozzlel releasetrigger.1

Gl 07D

replacenozzlel depresdrigger.1

Fig. 2.7 Transitions foPUMP1

pronouncedP; interleaveP,’. In this process, the componerts andP, execute completely
independently of each other, and do not interact on any events apart fromagominEach
eventis performed by exactly one process. The operational semantics edeshtforward:

I
Py = P}

[u# ] PSP PSP

P[Py & Pyl Py

Iz

v
TN Pulll P2 5 P I Py
2 1 2 1

Unlike synchronous parallel, there is no event that ytndP, engage in simultane-
ously (except termination).

EXAMPLE 2.14 A garage has two petrol pumpBUMPL andPUMP2. The petrol supply
service offered by the garage is described as

FORECOURT = PUMPI ||| PUMP2

A customer will always interact with only one pump on any transaction; aedptmps
operate independently. The descriptionRIIMP1 is a sequential process, defined by a
mutual recursion.

PUMP1 = lift.nozzlel - READYI
READYI = replacenozzlel - PUMP1
O

depresdrigger.1 — releasetrigger.1 - READYL

The state graph correspondingRtIMP1 is given in Figure 2.7.
The description oPUMP2 is entirely similar:

PUMP2 = lift.nozzle2 - READY2
READY2 = replacenozzle2 - PUMP2
O

depresdrigger.2 — releasetrigger.2 - READY2
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Fig. 2.8 Transitions foPUMP1 ||| PUMP2

The executions of the two pumps are unrelated. The prd@&84P1 will remain ready to
engage in the evetift.nozzlel until it occurs, independently of the progress tRatMP2
makes. The state transitions for the combination of processes are gi¥&ure 2.8. O

When two processd®, andP, have alphabets(P;) anda(P,) that do not intersect,
then their parallel combinatioR; ,p,)ll4(p,, P2 Will behave the same as their interleaved
combinatiorP; ||| P,. Since they do not have any events in common to interact on, execution
of each component process will be independent in both cases. Given the alesirafi
PUMP1 andPUMP2 an alternative definition dFORECOURTwould bePUMP1 || PUMP2.
However, for the purposes of design, use of fh@perator describes the design decision to
provide theFORECOURTservice as an interleaving of two processes, before those processes
are described any further.

Interleaved processes do not synchronize on events even when their alploahetgap.
In the case where both components are able to perform the same eveot@of{he processes
will actually engage in any particular occurrence of that event. In such a casemMinenment
which is interacting with the interleaved combination has no contrabftuence over which
of the two processes actually performs it.
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ExaMmPLE 2.15 A company that offers a telephone ordering service will operate a number
of phone lines.

LINE, = ring — connecin — order — disconnect» LINE,

A line operated by person will repeatedly take calls as follows: the phone will firstly
ring, then a connection will be made o then the order takes place, and finally the call is
disconnected, andis ready to receive the next order.

The service employs Chris and Sandy to run one line each, both connedtedsante
phone number, modelled by the fact that they each have the sameiagenttheir alphabet.
The service is described by

SERVICE = LINEchis ||| LINEsandy

In this situation, only one of the phones will ring when a customalsdn. The customer
has no control over which, and hence has no control over whether the nexiretiea call
will be connectchrisor connecisandy A customer who wishes to talk only to Sandy may be
disappointed.

There is an internal choice between the two components over which of themrpgrfo
the eventing. The choice of which of theINE processes takes the call is made internally by
SERVICE It cannot be made externally, by the customer, since initially thevalisring on
offer; a choice cannot be resolved externally if there is only one eveafitdose. O

The interleaving operator is appropriate for describing a numbereattichl resources
which are all available for use.

ExamPLE 2.16 A fax machine may be described as
FAX = acceptd: DOCUMENT — print!/d — FAX

The machine is initially ready to accept any document. After accepting a docdmeptints
d and reverts to its initial state.

A collection of four fax machines may be connected to the same phone numbter (wi
four lines): any of them is suitable for processing incoming faxes.

FAXES = (FAX||| FAX) ||| (FAX ||| FAX)

This system provides the facility for processing up to four inconféngs at the same time.
It can accept up to four faxes before printing. An incoming fax has no influemeewhich
machine is actually chosen to process it, but in this case this makes newuiféesince all
choices have exactly the same behaviour. O
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Dynamic process creation

Dynamic process creation can be modelled by use of an interleaving cormtrudthin a
recursive loop. In general, a fresh copy of the entire process descriptgenerated every
time a recursive invocation occurs. Dynamic process creation occurs whemsachtions
take place while the parent process continues to execute. This may be sed gcinsive
definition which contains a number of paths, some of which concern exaaftibe parent
process, and where others contain recursive calls.

ExaMmpLE 2.17 A mail forwarder receives messages on chaimahd forwards them along
channebutat some later stage. It should always be willing to accept messages.

One approach to designing such a process would be to allow it to accept a e)yesshg
then create two processes: one to take responsibility for sending tisagessn, and the other
to be a fresh copy of the original. This approach is described in CSPlawsol

NODE = in?x— (NODE||| OUT(x))

The proces®UT(x) describes the part of the process which deals with senditang channel
out

There are two views with respect to dynamic process creation. The pareasproight
be considered as the procéés= in?x — N which is responsible for accepting inputs; and a
child output process is generated every time an input occurs. Alternativelgarent process
might be considered as?x — OUT(x), where a fresh version of the entire process, ready to
handle the next input, is generated every time an input occurs. Botiesé tviewpoints is
consistent with the description above.

This structure is given before the proc&@8T(x) is defined, and there are different
possibilities for this process definition.

The expectation may be that the thread describe®@b¥ (x) should finish aftex has
been output. This would be described by

OUT(x) = outix — SKIP

After the output has occurred, then this thread of execution will finigiere is nothing
further that it is required to do. All further activity of the procesdlwbme from other
parallel components. Observe that any proéegs SKIP has the same executionsRsso a
garbage collector could remove component processes that have finishedtaffboting the
execution.

An alternative approach to defining the spawned thread might allow it tinc@with
a fresh version oNODE after its initial output. This possibility is described by

OUT(x) = outix — NODE
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so that after one input and its corresponding output the result isniwdeaved versions of
NODE The number of active threads of control in this process will growevithimit, with a
fresh thread generated on every input, and no thread ever finishing. Diagpjteoliferation,
this implementation has no more executions than the previous tielfieritébn.

A different requirement might be thatshould be logged as well as output. This could
be achieved sequentially astix — log!x — SKIP, or alternatively by two interleaved threads
outix — SKIP||| log'x — SKIP. O

ExamPLE 2.18 A book shop operates a system whereby customers pay for books at a
cashier’s counter and collect them at a different counter where they had igvimen
lodged. The operation of the book counter may be described as follows:

BOOK = lodge— issuechit - BOOK
O

receivereceipt— claim — BOOK

A customer mayodgea chosen book with the counter, and have a chit issued in return. In
order toclaim the book to take away, a receipt must be provided. This may be obtaored fr
the cashier, described as follows:

CASHIER = receivechit — payment— issuereceipt— CASHIER

Book chits must be issued by the book counter before they can be receitteel tgshier:
CHIT = issuechit— (CHIT ||| receivechit — SKIP)

Similarly, receipts must be issued before they can be exchanged for.books
RECEIPT = issuereceipt— (RECEIPT]||| receivereceipt— SKIP)

Each of these components imposes some constraint on the customer;yeactalé in place
together. The complete payment system which the customer must nagigafetured as the
parallel combination

CASHIER| BOOK || CHIT || RECEIPT

The first two processes represent the parts of the system which the eustoenacts with.

The other two processes describe the relevant properties of the objedtbyuthe customer
and by the book shop: that chits and receipts can be created only by the bowérand the

cashier respectively. The book shop’s payment system relies on the factitearnzhreceipts
cannot be forged. O
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Indexed interleaving

The interleaving parallel operator is associative, in the sens@thgt(P. ||| P3) has exactly

the same execution possibilities €2, ||| P2) ||| Ps; and commutative, in the sense that
P: ||| P2 andPs ||| P; have the same execution possibilities. It can therefore be generalized
to finite combinations of processes. The generalization takes the form

H‘iel P

wherel is a finite set of indexes, al is defined for eache 1. An alternative way of writing

an indexed interleaving in the special case where the indexing set iseamainof integers
{ilm<ign}is

1P

ExampLe 2.19 A node similar to theNODE process of Example 2.17, but which can hold
a maximum ofh messages, could be described as an interleaved combinatiorecdions of
COPY:

nNODE = ||| __ C(i)

where eacl€(i) is defined to b€OPY, for0 < i < n. To describe an interleaved combination
of n copies of the same proceBshere is a convenient shorthand

‘ | ‘ngi<n
S0 an alternative description of NODE would be given by

n_NODE = COPY

Mocicn

2.3 INTERFACE PARALLEL

Synchronizing parallel and interleaving parallel can be blended into adfdsm of parallel
combination, which requires synchronization only on those events apgéara common
interfaceA C ¥ (as well as termination). This is described as

Py [| P,
A
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The operational semantics is straightforward:

P3P
P, 3P,

[pgA]

P, andP, co-operate on any event drawn fréxnand interleave on events notAn

ExAMPLE 2.20 Arunnerin a race engages in two evestsyrt andfinish
RUNNER = start— finish— STOP
Two runners should synchronize on ttart event, but theyinishindependently.

RACE = RUNNER | RUNNER
{start}

Indexed interface parallel

This parallel operator is associative provided the same interface set ishuseghout:P; ||
A
(Ps | P3) has the same executions(@; || P) || Ps. Itis also commutative. This allows the
A A
operator to be generalized as follows:

[P
Aigl

wherel is a finite indexing set, anig is defined for eache I. It describes the process where
any occurrence of an event frofnmust involve all of theP;. An occurrence of any event not
in Ainvolves exactly one of those processes.
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ExaMPLE 2.21 A marathon involving0, 000 runners could be described as

MARATHON = RUNNER

H 30,000

{start};_;

All runners start at the same time, but each of them finishes independently. O

ExaMPLE 2.22 A function applied to a particular argument can be computed in two ways:
using algorithng and using algorithrh. These two functions should agree on the value they
compute for any particular input so the intention is tha(x) = h(x) for any inputx.

A module is written for each algorithm. The communication pattern ofitbeules is
written as

G = in?x: T — outig(x) —» SKIP
H in?x: T — outth(x) — SKIP

These modules can be run concurrently, but there are a number of waycimtivisimay be
accomplished.

1. A fault-tolerant approach would rud andH in parallel, synchronizing on input and
output. The combinatio® || H accepts one input which is received by b@tand
H, and also synchronizes on output. This means that an output can occur only if
both modules agree on its value. If the modules disagree, then a deadlock aodur
successful termination cannot occur.

2. Toreceive the result of the fastest calculation, an independent approadbheadlopted,
interleavingG andH. The combinatiorG ||| H has to accept the input twice, since
each module accepts its input independently of the other. If only onéimptovided,
then only one of the modules is executed, though the user has no coverolhich.
Furthermore, the combination does not ensure that the same inpovideu to each
module.

3. The combinatiorG || H allows a single input to be received by both modules, but

in.T
allows for independent output, so a result can be obtained after the fiditlenhas
completed its calculation. It cannot terminate until both outputs heeereed.

Different flavours of concurrency are appropriate for different requéres O

Exercises

ExERCISE 2.1 Give the transition graph f&(MACHINE of Example 2.4.
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EXERCISE 2.2 Give the transition graph faBUST|| ATT of Example 2.3. What behaviour
does this parallel combination exhibit that you would not expect toifiralreal cloakroom
system? Amend the descriptions of the interacting pa@i@STandATT appropriately to
remove this possibility.

EXERCISE 2.3 Give the transition graph f®?AINTINGof Example 2.8, and use it to identify
all the ways in which deadlocks can occur.

EXERCISE 2.4 The book shop of Example 2.18 does not contain sufficient detail teptev
fraud: it allows any book to be claimed with any receipt. Adapt the desoripd keep track
of the identity of the book that has been lodged throughout the paypneoedure, so that
customers can only take the books that have been paid for.

ExERCISE 2.5 A dishonest shopper will select an item, and will then either leave without
paying, or else will pay if the circumstances in the shop make the firstseoof action
infeasible. This can be described by the following process:

DCUSTOMER = enter— select— ( pay— leave— DCUSTOMER
O leave— DCUSTOMER

What is the expected behaviour of this customer in parallel withSHOP process of Ex-
ample 2.7? What difference does it make to the expected behaviour if tbaixchoice is
replaced with an internal one?

EXERCISE 2.6 Draw the hypercube in the case where: 4. How many ways are there for
a message to get frofi, 0,0, 1) to (0,0, 1,0) using the message routing algorithm?

EXERCISE 2.7 Consider the hypercube network of Example 2.13.

1. Not all of the channel names in Figure 2.6 have been given their sutssoBjve the
subscripts for the remaining channels.

2. IsMAILERdeadlock-free?

3. Is it deadlock-free if the next destination for a message is chosemaily by nodes,
rather than by an external choice, as follows:

Ni(()) Dkeadl(l) G ?(em) = N({(d m)))
0 in?(d.m) — Ni({(d, m)))

Ni(((d,m)) ™ 5)

= out!m— N(s) ifd=1
(l_lkenex(l‘d) Gii!(d-m) — Ni(s)) otherwise
O gy Gl?(d-m) =

Ni(((d,m)) 7 s {(d", )
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4. |s it deadlock-free if nodes can hold at most one message, i.e. they bfmdakwhen
they hold a message (rather than being able to hold arbitrarily manyllass:

NCO) = Oy Ga?(@m) = N(((d,m)))

= Oin?(d.m) = N({(d,m)))

Ni(((d,m)))

oug!m — Ni({)) ifd=1

(Dkenex(m) ¢x!(d.m) — Ni(())) otherwise

5. What is the maximum number of nodes a message will pass througletwark of2"
nodes?

EXERCISE 2.8 Consider the arragORTERf Example 2.12:

1. Is it deadlock-free?

2. Is it deadlock-free if the order of each cell’'s output is reversed (goubotcurs on the
h channel before the channel) as follows:

G = h?x—=v;?y = hpjlmax{X,y} = Vi j+1! min{x, y} = G
3. Isitdeadlock-free if the order of both inputs and outputs for @sediversed as follows:
Cij = W%y — hj?— higjlmax{x,y} = Vi j;1! min{x y} — G
Which other orders of inputs and outputs avoid deadlock?

EXERCISE 2.9 Show that interface parallel is not associative in general when the event sets
are different, by finding processBs, P», andP; and setsA andB such thaP; || (P, || Ps)
A B

is different from(P; || Py) || Ps.
A B



Abstraction and control flow

3.1 HIDING

When a collection of processes has been combined into a system, thereemilbeftommu-
nications between the components which should be internal. Such eveimajppeopriate
to include at the system interface, which should contain only thosestleough which the
system interacts with its environment.

When processes are placed in parallel, the events on which they synchrorée iem
the interface of the combination. This is the mechanism which suppuitsway synchro-
nization. It also means that even when all the intended participants in antewenbeen
described and composed in parallel, the event is still in the interfaceeafdmbination. A
new CSP operatogvent hidingis required to encapsulate the event within the process, and
to remove it from the interface.

A set of event#\ may be encapsulated within a proc®&assing the notation
P\A

(pronouncedP hideA'"). This operation describes the case where all participants of all events
in A are already known and describedRn All these events are removed from the interface
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of the process, since no other processes are required to engage in themevEmsdecome
internalto the proces®. The operational rules reflect this:

4 p
- [aeA]
P\ALP\A
P4 P
[ #A]
P\AL P\A

The proces® \ A may make the same transitions Rsbut all the events i are
renamed to the internal event Termination cannot be hidden, so the ewgnmhust not appear
in the setA.

This operator is used in design and in implementation. It explains@psdn terms of
internal activity, so it is used in a description of how a particular eratomplished. It is
not appropriate at the level of specification, since at that level intereatgghould not even
be mentioned: specifications of processes should be concerned purelyanlitbtthviour on
their external events.

ExaMPLE 3.1 A spy listens out for particular pieces of information, and then relays them
to a master spy who logs them. In order for the spy to be effective, moitant that the
relaying of information is kept hidden from its environment.

SPY = lister’x: T — relaylx - SPY
MASTER relay?’y : T — logly - MASTER

The combination of the master and the spy is described by
(SPY|| MASTER \ relay.T

The only visible activity the spy is involved in is listening. O

ExAMPLE 3.2 A stop-and-wait protocol implements a one-place buffer. It consista/of
halves SandR: a message is input 8§ passed td&, and finally output fronR.

S in?x: T — midlx —» ack— S
R = mid?y: T — outly —» ack— R
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Fig. 3.1 A stop-and-wait protocol

Having accepted a message, the seSgersses the messageRalong channahid, and then
waits for an acknowledgement before accepting the next message. The ré&aegpts
messages alongid, and sends an acknowledgement once a message has been output.

The two halves of the protocol are designed to combine in parallel. Thenehaid
and the acknowledgement evertk are private connections and should have no participants
other tharSandR. The protocol is then described as

SAWP = (S| R)\ (mid.T U {ack})
This is pictured in Figure 3.1 m]

ExampLE 3.3 Each cellN, in the network of cells connected as vertices of a hypercube,
described in Example 2.13 MAILER has interface

A = {im,out} U {c | ke adj(D} U {ck| ke adjl)}

Thein, andout channels are intended for communication with the users of the network, and
thec channels are used for the cells to pass messages between each other. The istiation i
no external parties are involved in the communications or tfeannels. The only processes
involved in communications on any particular chanzglare the cell$\x andN;. In order to
encapsulate thechannels within the proces$AILERthe hiding operator is used:

MAIL_SERVICE = MAILER\ {c;;

i,j € COORDA j € adij(i)}

The only external events thMAIL_SERVICEcan perform are communications along the
channelsn; andou for eachl; only through these events can it interact with its environment.
O

A process exercises complete control over its internal events. With thisot@ver
when internal events are performed comes the responsibility to pertiemm tinternal events
should not be delayed indefinitely once they are enabled, since othemgzess could not
be expected. In the Stop-and-Wait Example 3.2 the environment can expessage to be
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Fig. 3.2 The proces$AIL_SERVICE

offered as output after it has been input. The message must be passedIinsomglmid
after it has been received on tieechannel, andAWPcannot refuse to performraid event,
or indeed arackevent, once it is enabled.

When the events offered by an external choice are hidden, the environmiemiges
has any control over how the choice is resolved: it is resolved internally.

ExampLE 3.4 Afaxis to be sentto someone who has two fax machines. A secretary is given
the fax to send (modelled by the evémk). It can be sent to the first, modelled by the channel
sendl, or it can be sent to the second, modelled by chasertl2. The secretary is prepared

to send it to either number, and offers the choice to her boss, modelled ateamaéchoice.
Sometime later a receipt is obtained indicating successful transmissibe tmrresponding
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machine. This situation is described 8#C

SEC = in?x— ( sendl!x — receivedl — STOP
O send2!x — received2 — STOR

If the boss does not wish to be involved in the choice between diffesemtdimbers, she
delegates the choice by hiding the chanelsdl andsend2, giving complete control over
them to the secretary.

SEC\ (sendl.T U send2.T)

The hiding of these events removes them from those communicationkioh the boss and
the secretary have to agree. They are encapsulated within the pBi&€sadicating that all
participants (in this case just one) have been identified. Althougtettretary has complete
control over which one to perform, she is still obliged to perforre ohthem: the boss can
expectareceipt. From the point of view of the boss, this choice will be resolved internally.
After giving a fax to the secretary she has no control over which of thentaochines will
receive the fax, and will only find out which it was once the receipt is obthiDbserve that
if the receipts were indistinguishable (both modelled by the siegémtreceip) then the boss
would have no way of determining which way the choice was made. O

ExamPLE 3.5 In Example 2.13, when a cdl, is waiting to send a message to an adjacent
cell, it offers an external choice of all the possibilities. It is wiffito send its message to
any cell that is ready to receive it, and its environment—the rest of the rewal the rest

of the world—will determine how the choice is made. Since all cells are awegdy to
receive messages, the choice is available externally. When the rest of lddsvexcluded

by hiding the communication channels between cells to obiiL_SERVICEpictured in
Figure 3.2), the choice must be made internally within the prddé@ds_SERVICHtself. The
environment is not concerned with the routes that messages travel, dhlyheiassurance
that they will arrive. O

When only one event of an binary external choice is made internal, the preces

required to make a choice between performing the internal one autongmmushiting for

a synchronization on the external one. If its environment is not pregaredgage in the
external event, then its responsibility to perform the internal emezdns that it cannot wait
indefinitely for the external one, since this would involve indeéilyitdelaying the internal
event. On the other hand, if the environment is prepared to engage ixtérea event, then
one of two things could happen: either the choice has not yet been made, andehel
event can occur and resolve the choice in its favour; or the internal easaiteady occurred,
since the environment cannot prevent it from occurring, and the exteveat is no longer
available.

ExaMPLE 3.6 A printer queue which can hold one message at a time is described as follows:

PRINTQ = in?x:JOB— ( printlx — outx — PRINTQ
0 dequeue~ PRINTQ
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When a job is queued, it will either be sent to the printer and received astpotpelse it
could be removed from the queue. The user is not normally involveceicdmmunications
between the queue and the printer, so the communications alonmitiehannel will be
internal. The process which the user interacts with is

PRINTQ\ print.JOB

The user has no control over when the job will be sent to the printeter Afputting a job,
it may be possible to dequeue it if it has not yet reached the printethéwtther possibility,
entirely outside the control of the user, is that it may already have tezgncsthe printer and
the option of dequeuing has been withdrawn. m|

ExAMPLE 3.7 A course of action might be made available for a particular interval,ut i
then timed out if it has not yet been chosen. Although timed CSP will erzalvlere precise
description of this kind of behaviour, it is possible to analyz@ itérms of a timeout event.
In this case a choice is offered between the initial event, and the timeent évor example,

a special offer is available only for a limited period, after which theofipses and purchase
must then be at the standard rate:

OFFER = ((cheap— STOBR O (lapse— standard— STOB) \ {lapse

The user has no control or influence over when the cheap offer will end, siontheut event
lapseis made internal. It is possible to buy at the cheap price if the offer bagat lapsed,
but it is also possible that the cheap price has been retracted at the pgint¢haser is ready
to buy, and that only the standard price is available. O

ExampLe 3.8 A stop-and-wait protocol which permits its input to be overwrittec®if it
has not already passed along thiel channel, might be described as follows:

2 = in?x— (R0 (midix — ack— 2))
R2 = mid?y - outly — ack— R2

After an input, the send& is prepared either to pass the input alonid, or to accept another
input which displaces the previous one. The receRis exactly the same as the original
receiverR of Example 3.2. The two halves of the protocol are combine®4sR2, and the
internal channels are hidden:

SAWR = (2] R2)\ mid.T U {ack}

After its first inputin.x, the procesSAWR is in the position where a choice is to be made
between an external eveintw and an internal evemhid.x. If at this point the environment
simply waits for output to be offered, and offers no further inpuertthe internal event must
occur, and output is indeed offered. If instead the environment offers adéeput, then
there are two possibilities: the internal event has not yet occurred hansetond input is
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accepted; or the choice has already been made in favour of the internal comnamitati
which case the second input will be refused. The environmentis unaptestent this second
possibility. o

The internalization of events may introduce the possibility of im&events occurring
indefinitely. Since the environment has no control over the internaltevana process,
this means that the process is free to execute these internal events &oré\@nsequently
avoid any further interaction with its environment. This posdipi$ calleddivergence When
applying the hiding operator care should be taken to avoid divergence,giogress cannotbe
guaranteed for any divergent process—it may consume computing resoumses feithout
any assurance that it will ever again respond to its environment.

ExaMPLE 3.9 A parity server offers alternating bits on its output channel:
PARITY = out0— outl — PARITY

If its output channel is hidden, then it simply repeats0 andout 1 internally forever. The
procesPARITY)\ out{0, 1} behaves as an internal loop, unable to interact with its environ-
ment, but consuming computing resources and thereby possibly preyedtlier processes
from executing. In this respect it is worse than a deadlocked process, igldilso unable to
interact with its environment but at least is not consuming resources. m]

ExampLE 3.10 A process reads data from two input channels, and outputs on a single
channel. Itis able to be ready only on one input channel at a time, but it witghsbetween
them by means of an eveswitch At any point where it is waiting for input, it offers a choice
between accepting input on that channel, and switching to wait on the othersthann

POLL = in.1?x— outix — POLL
O switch— ( in.27x — outix — POLL
0 switch— POLL)

If the switchevent is hidden, to enable the polling process to switch channels indapénd
of its environment, then the proceBOLL \ {switch} is obtained. Unfortunately, this process
may spend its entire time switching between channels in preference to ever agcapti
message on either of them. At any stage, there is a choice between an externahozatiotu

or an internalswitch Although the external communication is possible, so is the internal
event. Both are of equal priority, but the internal event is entirelyenthe control oPOLL
and cannot be prevented from occurring. Since this is true at every dtagee@ecution, it

is possible thaPOLL simply resolves the choice in favour sivitchevery time, resulting in
an execution consisting entirely of internal events. This is possise if its environment

is offering input on bottin.1 andin.2—there is no guarantee that either input will ever be
accepted. m]
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3.2 EVENT RENAMING

When a process’ pattern of communication has been described in terms of particerhts,
it is possible to obtain a new process by renaming those eventseltst®ons are essentially
those of the original process but where the events are renamed. This dfile reuse of
particular descriptions of process behaviour without the need toteetlug process in full and
replacing all the original event names with the new ones.

A total function on event$ : ¥¥ — YV is used to describe the required change of
event names. For any such function, there are two ways a process can hegetggenamed:
by applying the functiorf to each event, or by applying its inverke' to each event. The
interface through which the process interacts with its environmertnstormed by andf ~!
respectively. The functiohmust map external events to external ones—it cannot be used to
make events internal. Termination cannot be renamefigo= v < a = v for any event
renaming function.

Forward renaming

The proces$§(P) is able to perform an evefita) precisely when the proceBscould perform
the corresponding eveat Furthermoref (P) can perform internal events whenewrecan.
This behaviour is captured by the following transition rules:

PP

f(P) 1 (P

r

PP
f(P) 5 f(P)

If the functionf is one-one, then the procé®might be thought of as capturing a generic
behaviour pattern, withi(P) a particular instance of it. WhenevE({P) offers or performs
some evenb, then that corresponds Boffering or performing —! (b). Choices offered by
P become choices offered hyP).

ExampLE 3.11 The children of Example 2.8 have similar patterns of behaviour. Ere b
haviour of Isabella was described by

ISABELLA = isabellagetbox— isabellageteasel— isabellapaint —
isabelladrop.box— isabelladrop.easel— ISABELLA
O isabellageteasel— isabellagetbox — isabellapaint —
isabelladrop.box— isabelladrop.easel— ISABELLA
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and the behaviour of Kate was obtained by taking the descripBidBELLAand replacing all
occurrences of the nanmabellawith the namékate Instead of doing this explicitly, this may
be accomplished by means of event renaming. Let the funttioh’ — X¥ be defined by

f(isabellax) = katex
f(y) y if y is not of the formisabellax

We will adopt the convention in function definition that the funci®defined to be the identity
on events which are not explicitly covered by the definition. Hence theesfamction could
have been defined simply by the cladi$isabellax) = (katex). In either case,

KATE = f(ISABELLA
gives an alternative definition f&¢(ATE. O
ExampLE 3.12 The proces€HAIN in Example 2.11 is made up of a number of individual
one-place buffers. Each of those buffers behaves in essentially the sar®itvay different
channels. The behaviour pattern can be captured as the generic one-plac€Oféof
typeZ, defined first in Example 1.15:

COPY = in?x:Z — outix - COPY

This process has.Z U outZ as its interface.

Each procesB; in the chain was defined explicitly as
Pi = &™:Z - Ciilx— P

Each one could instead be defined using a corresponding event renamingrfindefined
by

fiinm = ¢.m
filoutm) = cip1.m

The processeB; could instead have been defined as
P = fi(COPY)
The interface of each; will be the interface o€OPYtransformed by, whichisci.Z Uciy1.Z.
O
One special form of one-one event renaming attaches a particular label to &dlienveeprocess
description. If the label i§ then the functiorf to be applied is given by

fix) = lx
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phonejanetsylvie
f f
answer f JANET SYLVIE f answer
janet answer answer sylvie
janet sylvie

Fig. 3.3 The interface of the proce$$OFFICE)

for all x € ¥, andfi(v') = v. Then the procesy§P) performs eventsa whenevelP would
have performe@. There is a special form for this kind of event renaming. The process
constructiorl : P is shorthand fofi(P) wheref; is as defined above.

ExamPLE 3.13 In Example 2.8, the generic behaviour pattern of a child painting isicagt
as the procesBAINT:

PAINT
= getbox— geteasel— paint— drop.box— drop.easel— PAINT
O geteasel— getbox— paint— drop.box— drop.easel— PAINT

ThenKATE andISABELLAcan be described as particular instances of this procekat@as
PAINT andisabella: PAINT respectively. O

All aspects of process behaviour are transformed directly when a processined
under a one-one function. A function which maps a number of differesrtswto the same
single event can alter some features of the process’ behaviour, parficwigrlregard to
choice. If two events of a choice are mapped to the same event, then thenemirois
no longer able to choose between these two branches of the choice, sincesthewdoth
triggered by the same event: if the environment chooses that event, therbeanch could be
chosen, and no further control over which one is actually chosen is avasletelmally. Hence
many-one event renaming may affect the nature of particular choices and nuglpicgrsome
internal choices where there were previously external ones.

ExampLE 3.14 Janet and Sylvie share an office which contains two phones. To converse
with either of them it is sufficient to dial their phone number. The filtges for phoning
and answering are described as follows:

OFFICE = JANET||| SYLVIE
JANET = phonejanet— answetjanet— JANET
SYLVIE = phonesylvie— answersylvie— SYLVIE
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The two phones are given the same number, required to serve both Jangivéamdide effect
of this is to map botiphonejanetandphonesylvieto a single evenphonejanet&sylvie The
effect onOFFICE is to transform it through the event mappingiven by

f(phonejanet) = phonejanetsylvie
f(phonesylvie = phonejanet&sylvie

The proces$§(OFFICE), pictured in Figure 3.3, initially offers the eveplionejanetsylvie
The next event could be eithenswerjanetor answersylvie and the caller no longer has any
control over which of these will occur. The eventrenaming has altered theeraftthe choice
available to the caller. O

Backward renaming

A process may also have its interface changed through renamingfurtdeheref is again a
total function on=¥'. The intention here is that the procéss (P) can performa whenever

P can perfornf (a). Internal events are again unchanged by this form of renaming. Its effect
is described by the following transition rules:

e

P P

f=1(P) & i1 (P)
PSP
f=1(P) 5 £-1(P)

In the case wherkis bijective therf ~! is also a bijection and the procdss' (P) can
also be treated as a forward renamed process (renamed by the fundfjon

Whenf is many-to-one, then backward renaming is different from any form ofdedw
renaming. In this case, wheneveris able to perform an ever, the process —!(P) is
able to perform any of the events that map onto the eserifhis allows a single event in
the description of a process’ behaviour pattern to correspond to a abfcadternatives at its
interface: all the events that map omtare available to the environmentiof! (P), and any
of them can be chosen. This form of renaming represents interface expamisene, single
events in the behaviour pattern can be triggered by a number of diffevesibities at its
interface.
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h
]%} choose
SALE pay f
; l cash
] credit_card
Il cheque

Fig. 3.4 Interface expansion GALEthrough backward renaming
ExaMPLE 3.15 The generic pattern of behaviour when a shop makes a sale is that items are
chosen, and then paid for. This simple pattern may be described by thegproces
SALE = choose— pay— SALE

The shop offers a number of alternative payment methods: cash, creditroeidgoie. Rather
than redefine the proceS#\LEit is possible to describe these alternatives by use of the event
renaming function

f(cash = pay
f(credit.card) = pay
f(cheque = pay

Then whenever the proceS#\LEis ready to acceptay, the procesé '(SALE is prepared
to engage in any of those events that map qaty it offers a choice to the customer between
the eventgash credit_card, andcheque O

Chaining

Using event renaming, any event in the interface of one process can be cortoeatg@vent
from a second process’ interface so the two processes must synchrortiegrgretformance
ofthese events. The two events are each renamed to the same new event, thedtreaesses
are composed in parallel. Their interfaces are effectively reconfigured so thahtrs now
co-operate on these events.

A special form of this interface reconfiguration is useful for pipe proegsshich
have exactly two channelsn andout When two such processes are connected together,
the intention is that the output of the first is connected to the ioptihe second. This is
accomplished by renaming each of these channetidpcomposing the resulting processes
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in w P : out

Fig. 3.5 A chain of two pipe processes

in parallel, and finally hiding thenid channel. The renaming functions required are particular
instances ofwap, 4 for channel namesandd, defined as follows:

swapgd(cx) = dx
swapq(d.x) = cXx
swapd(y) = Yy if y # c.xandy # d.x

The chainingoperator on pipe processes may then be defined in terms of the operators that
have already been defined earlier in this chapter:

Pi>Py = (swapuemid(P1) || Swaph mia(P2)) \ mid

The resulting process is again a pipe: the only two channels it haisaneout The operator
is illustrated in Figure 3.5.

ExampLe 3.16 Two instances of th€OPY process chained together produce a pipe which
is a buffer of capacity two:

2COPY = COPY>» COPY

This process is initially ready for input. After the first data itermiput, the left handCOPY
passes it along the internal channgH to the right handCOPY, which makes it available
for output. At this point the left han@OPYis empty, and is ready to accept a second input,
which would lead to the buffer becoming full. Alternatively the riglaind COPY s ready to
output, which would lead taCOPY'returning to its original empty state. O

The chaining operator is associatie; > (P, > P;3) has the same executions @ >
Ps2) > Ps. This allows a generalized form on sequences of processBsaié processes for
i betweenl andn, then>>_, P; is the chaining together of all of thoseprocesses in order:

S P = Pr>»Py>»...>P,

If eachP; is actually a copy of the same procésghen it is conventional to write>{_; P for
the sequence af copies ofP chained together.
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ExAMPLE 3.17 Newton's method for approximating square roots of a positive mem
states that iy is an approximation tg/n, thena,,, = 1 (a + %) Is a better approximation.

2

Successive values &f are calculated, and the final one in the sequence is taken to be the best
approximation.

A pipe which calculates one step of the sequence is defined as follows:
NEWTON = in?(n,a): Nx R — outl(n, (a+ 2)/2) — NEWTON

If n successive approximations are required, theopies of NEWTONshould be chained
together. The first copy requires the first approximation as inpus dhn be provided by

a HEAD process. The last copy outputs both the original number and the smqeirap-
proximation: aFOQOT process can extract the information required—the final approximation.
These bracketing processes are defined as follows:

HEAD = in?n:N — out(n,1) - HEAD
FOOT in?(n,a) : N x R — outta— FOOT

The entire square-root extracting process consists of all of these cemisahained together
into one pipe:

SQRT = HEAD>> (>{L;, NEWTON > FOOT

The initial approximation to the square-rootlis O

Renaming recursive calls

Applying an event renaming function to recursive calls allows freshaations of the process
to offer different events. This allows for the event possibiliteshange dynamically as the
execution unwinds. In the case where a process is spawned, and thenfresdttion of the
process runs in parallel with the original one, it allows different chanoelthe fresh process
to connect to existing channels on the original: altering the interfacepwbcess alters the
way in which it synchronizes with other processes.

ExampLE 3.18 The hour changer on 24 hour clock cycles repeatedly through the hours
from 0 to 23, outputting the value on the chanrelur, with hour.0 as its first output. This
may be described using an event renaming fundtiarthat increments the hour value by
modulo24:

inc(hour.n) = hour.((n+ 1) mod 24)
The hour changer is then defined as follows:

HOUR = hourl0 — inc(HOUR)
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Each time an hour valueis output, the process is recursively invoked undeirieéunction.
O

ExAMPLE 3.19 A process which models a set with two operaticadd andquery, can be
described using new invocations of the process in parallel with egisties. The operation
addallows the addition of an element to the set; and the opergtienypermits an enquiry as
to whether a particular element is in the set or not. The answer, drawnXiNSe= {yes no},

is passed on channahswer

The empty set can be defined as follows:

SET = query’x: T — answetno— SET
O add?’x: T — (NODE(x) || i:SET)\ INT
INT

NODE(x) = query’y: T — answetyes— NODE(X) ify=x
i.queryy — i.answefz: ANS— if y # X
answelz — NODE(x)

Oadd?’x: T — i.addx: T — NODE(x)

When an element is added to the empty set, it is storedN®DE(x), with a fresh copy of
the empty set subordinated, labelled witmd hidden. The internal channels are given by

INT = i.addTUi.queryT Ui.answerANS

The proces$NODE(x) communicates with the fresh empty set using the internal channels

i.query, i.answer andi.add When a query is input, iINODE(x) cannot answer it then it
passes the query on to the rest of the set and passes the answer on to. tiiéhesea fresh
item is to be added to the s&#ODE(x) passes it on to the rest of the set. The state after two
items have been added to the set is pictured in Figure 3.6.

This process provides an implementation of the process specified in Exaraple
O

3.3 SEQUENTIAL COMPOSITION

Processes execute when they are invoked, and it is possible that th@yueotat execute
indefinitely, retaining control over execution throughout. It is giessible that control may
pass to a second process, either because the first process reaches a partiduiiritsoin
execution where it is ready to pass control, or because the second procesdslgman

The mechanism for transferring control from a terminated process toermitcess is
sequential composition. The process

P1; Py
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add |query |answer

SET

NODE(x)

)
i.add i.query !i.answer

B
‘
Yoo | P L

Fig. 3.6 The procesSETafterx andy have been added

executes componeR§ until it terminates, as indicated by its performance eof @vent, and
then executes compondni. The operational understanding is captured as follows:

[y 4
(n#V]
Pi; Py = Py Py

P, % P

Pi; Po 5 Py

The sequential compositid® ; P, initially executes a®;. WhenP; terminates, its”
event becomes internal to the composition, sirceP, should not indicate that it has finished
until P, finally terminates.

Process descriptions may be structured using sequential compositiere processes
describe the different phases of the overall process. Specifications aathsysscriptions
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may thus be provided in a top down fashion, firstly identifyingpheses that the process will
pass through, and later providing the detailed description of the mhan the individual
phases.

ExampLE 3.20 A different view of the purchasing process is provided by the desoripti
PURCHASE = CHOOSE PAY

Each of the components represents a stage of the purchase process. Thésealaborated

in order to complete the definition GFURCHASE but its high-level structure is already
clear. We may modeCHOOSEandPAY in a number of alternative ways, without affecting
the structure. Here we elect to uS8IOOSEto describe a process where a shopper cannot
rest until a suitable item has been found. The proé@sédescribes a variety of payment
possibilities.

CHOOSE = select— ( keep— SKIP
O return - CHOOSH

PAY = cash— receipt— SKIP
O cheque— receipt— SKIP

O card — swipe— ( sign— receipt— SKIP
O reject — PAY)

Repeated execution of the same component or sequence of components can beddegcrib
means of a recursive loop. The recursion

SPENDING = PURCHASE SPENDING
describes recurrent spending. m]

ExaMmPLE 3.21 A one-time stack accepts data along chaimelt continues to do this until
the commangbroduceoccurs, after which all the data are output in reverse order. This can be
described by use of a recursive call inside a sequential composition:

STORE = in?x: T — (STORE outx — SKIP)
O produce— SKIP

Each time a recursive call occurs, the message that was last input is st@editipg output.
For example, after the three inpurts5, in.3, in.8, the resulting process is

STORE (out'8 — SKIP); (out'3 — SKIP); (outl5 — SKIP)

While STOREcontinues to input data, the list of outputs can continue to grow. @recevent
produceoccurs then the potential for any further recursive calls is lost, andeiipgesice is
output in the order of last-in-first-out. m]
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3.4 INTERRUPT

Control can also pass from one proc&sto another procesB, by means of an interrupt
construction

PLAP,

This allows a procedB,; to have control removed from it at an arbitrary point of an execution.
Unlike sequential composition, the procddsrelinquishing control has no influence over
when this occurs. The interrupting procéssmay begin execution at any point throughout
the execution oP; : the performance dP,'s first external event is the point at which control
passes, anB, is discarded. The operational rules are as follows:

[p# V]

PLAP, 5 P AP,

P, &P,

PiAP, 3P,

The process is able to perform any executiorPof ThroughoutP;’s execution the
interrupting procesB; is also ready to begin, and the interruption occurs on its first external
event. IfP; terminates while it is executing then the entire construct is terminag&ais
discarded.

Nondeterminism could ariseFf; andP, are both able to perform the same event at any
stage, since if that event occurs then the result could be either thateéheiptthas occurred,
or that it has not. Itis pragmatic to ensure where possibleRhaannot have as its first event
any event whictP; can perform.
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ExaMPLE 3.22 The proces&ATE of Example 2.8 can be interrupted at any pointdagh
in the following description:

KATE A bath— bed— SKIP
0

ExamPLE 3.23 A process which models a variable of typeallows values to be written to
it along channelvrite, and the current value it is holding can be read by means of the channel
read This may be described as follows:

VAR = write?x: T — (VARX) A VAR
VARX) = readx— VARX)

The process inputs a value and is then prepared to output it repeatetiigtentupted by the
nextwrite. O

The particular formP; A e — P, has a single interrupt eveef and identifies it
explicitly. This may also be writteR; A P,. The situation where there is a gebf interrupt
events available, and each evant A is associated with a particular interrupt hand?¢a),
can be described as follows:

PA (x: A= P(x)

ExamPLE 3.24 The main tasks of an office junior are to make tea, to do photocopying, and
to do filing. This activity may be temporarily interrupted by the paoinging, which requires

a message to be taken, or by the boss arriving, where help must bdguavith the removal

and hanging up of a coat. When the task invoked by the interruption hgsietu, the main
tasks are to be resumed. This structure is captured by the descdpfi®OR

JUNIOR = TASKSA x: {ring, bosg — P(x)
The component processes might be defined as follows:

TASKS = tea— TASKS
O photocopying— TASKS
O filing — TASKS

P(ring) = message» JUNIOR
P(bosg removecoat— hang.coat— JUNIOR
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ExaMmpLE 3.25 The office junior has a higher level interrupt of the fire alarm soundif

it is due to a real fire then work ceases for the day and the junior retums.h®therwise,
it is announced that it is a drill, in which case it is necessary to returnoik.wThefire

event interrupts all other activity, even the interrupt handRéring) andP(boss if they are
executing. The complete behaviour is described b}XIOR2:

JUNIOR2 = JUNIORA fire — ( real - home— SKIP
O drill - JUNIOR?)

The evenfire even interrupts the tasks the junior is performing for the boss.

3.5 NOTES

Bibliographic notes

Tony Hoare’s original proposal for the language of Communicating &sipl Processes
appeared in [45], though that language is quite different to the cureesion of CSP, presented
in this book. In the original language systems have a specific architggctonsisting of a
parallel combination of sequential processes which have their own (pratate) variables
and which communicate via synchronous channels. The language may bescedsid the
precursor to the@ccawm programming language [51, 62]. Theoretical work on the language
in the early 1980’s by Brookes, Hoare and Roscoe [100, 12, 13, 14} ke abstraction and
generalization of the language to the current form of CSP, which was peeldaiioare’s book
[47]. Roscoe introduced a way of handling unbounded nondetermidi8ij,[subsequently
refined by Barrett [6]. Tool support for analysis and verification of C&R@sses has been
provided in the form of animation [35], model-checking [33] (disasss Appendix B), and
embedding within a proof tool [17, 29, 116].

The CSP language is one of a family of process algebras—languages which focu
on the communication patterns between processes, and abstract away fromtéreal i
computations. These languages all use synchronization on an atomic etrmf@sndation
for process interaction, and all provide some way of expressing eventrence, choice,
parallel composition, abstraction, and recursion. Other languages for reency which
developed around the same time as CSP and had an influence on its develmumeiet
Milner’s influential Calculus of Communicating Systems (CCS) [76, @Ad Bergstra and
Klop’s Algebra of Communicating Processes (ACP) [7, 5], which idtreed the termprocess
algebra The ISO standard Language Of Temporal Ordering Specifications (LOTO3)2,
53] combines elements of CCS and CSP together with a language for datafypeasterface
parallel originally appeared in the LOTOS language, as a hybrid of CSialadpized parallel
and interleaving operators. More recently the Pi-calculus [78] has beedied. This is a
process algebra in the CCS tradition based around the new concept otyndkainy of these
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languages are supported by tools, see for example [19, 31, 36, 189hadACAS (Tools
and Algorithms for the Construction and Analysis of Systems) and Zomputer Aided
Verification) conference series.

The approach to presenting operational semantics in terms of inference addsst
introduced by Plotkin [91], and has been used extensively within tfgt@&dition for language
definition. An operational semantics in this form was presented for CBBjJinIn this chapter
the operational semantics has been used primarily for presentational gsirpméntroduce
the operators of the CSP language and give an understanding of howehaye. Other
approaches use the operational rules as the basis for semantic characterizatiersuch
approach is that dfisimulation[89, 77] which considers processes to be equivalent whenever
they can match the states reached by each other’s transitions. The other maachppgiven
by testing[28, 43] which considers processes to be equivalent if they give the szsulkt in
any testing context; this will be discussed in subsequent chaptessa #ignificant result that
the denotational models discussed throughout this book yield the sgmivalences as the
testing approach, and can thus be thought of as characterizing testing equévalen

Other dialects of CSP

As well as defining recursive processes equationally in the style of duk,tHoare’s [47]
and Roscoe’s [103] treatment of recursion make use of the CSP fixparatopu, so that
X o F(X) is the least fixed point of the functidf(X). This approach has the same expressive
power as the use of recursive equations to define processes, since

nXeF(X) = F(uXeF(X))
or equivalently
uXeP = PluXeP/X

The 11 operator allows recursive processes to be defined without the need to remmesth
the proces&IGHT of Example 1.14 can be defined simplyaX e on — off — X. It also
allows nested recursive definitions, such as

pXe(a—(uYea—X|b—Y))

Roscoe uses a more general form of alphabet renaming of processes, byelaiogs
between events rather than functionsRIis a relation on events, thé?[R]] can perform an
eventbwheneveP can perform some eveafor whichaRh This single operator encompasses
both event renaming and inverse event renaming simply by providmdutictionf, or its
inverse, as the relatioR. The relational approach and the functional approaches are equally
expressive.

The treatment of termination in this book is marginally different &t hresented in [47]
and in [103]. The use of the& event requires certain restrictions on its occurrence to ensure
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a(STOR {}
a(a— P) a(P) U {a}
a(x: A= P(x) Uaea@(P(a)) UA
a(clv = P) a(P)UucT
a(e?: T = P(x)) User@(P(x)) UucT
«a(SKIP) {}
a(Py OP,) a(P1) Ua(P,)
“(D|€| P) = UeaP)
a(PiMPy) = a(P)UalP)
”(l_lieJ P) = UieJ“(PI)

Fig. 3.7 Default alphabets for sequential processes

that it models termination suitably. For example, parallel combinatoeslways required

to synchronize or/. Roscoe’s treatment ensures that if a process can possibly terminate,
then the process itself can choose to terminate and refuse all other interazsgentially,
termination is under the control of the process and cannot be preveniedéswironment
simply withholdingv'. Hoare’s treatment achieves the same result by imposing a restriction,
requiring thatv" should never be offered as an alternative in a choice. The treatment in this
book differs from each of these, in that may be offered as an alternative of a choice, and
termination requires the co-operation of the environment. This alioeleaner relationship
between the untimed and the timed languages, while making little differ@rpractice.

A note on alphabets

Hoare’s presentation of CSP in [47] required every process definitiadednciated explicitly

with an alphabet, which might be thought of as its type. A process defirfiitis not complete

until its alphabetyP had been given. This approach makes an alphabetized parallel operator
unnecessary, since in a parallel combination the interfaces are already assodiatét: w
component processes, and there is no need for the operator also to sepply th

More recent presentations of CSP have relaxed the requirement togatpitbets with
process definitions, and instead include the interface informationthtiparallel operator
whenever itis used. The two approaches are equally expressive. In thigihealphabetP
of a proces® is used in a less formal way, to mean the interface consisting of all of/éree
mentioned in the definition of the proceBs The alphabet operator is defined in Figures 3.7
and 3.8.

Since chaining is a derived operator, its alphabet can be deduced in the general case
from its definition. However, it is good practice to ensure that ombcpsses with alphabets
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a(Py pllgP2) = AUB
aPr|[P2) = a(P)Ua(P:)

O(”i:lpi) = UeaA
o[ Py = U alP)

a(Py |[[P2) = a(P1)Ua(P:)

04(‘ ‘ |i§| P) = Uiel a(Pi)

a(Py ﬂ Py) = a(Pi)Ua(P)
a(P\A) = aP)\A

(f(P) = f(a(P)
(:P) = fi(a(P)
afH(P) = fH(a(P)
) —

)

(e}
a

a(Py; P2) = a(P1)Ua(Py)
a(Pt APy) = a(P)Ua(P,)

Fig. 3.8 Further default alphabets

in.T U outT should be chained together; if this is indeed befh andaPs, then it is also
a(P; > Py). Similarly, if it is the alphabet of all of thE;, then it will also be the alphabet of
the indexed chain of processgsg! ; P;.

In a recursive definitioN = P, the alphabet:(N) is defined to be the smallest set
which makes the equatianN) = «(P) true.

Exercises

EXERCISE 3.1 Give the transition graphs of the following processes

1. The proces8COPY of Example 3.16
2. The procest(OFFICE) of Example 3.14

3. The procest™' (SALE of Example 3.15

ExXERCISE 3.2 Give a process which captures the generic behaviour of eacBigéti the
systolic arraySORTERgiven in Example 2.12. What are the appropriate event renaming
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functions for instantiating the generic process to each cell? Give an alterdafinition of
SORTERs a parallel combination of these renamed components.

ExXERrcIse 3.3 If AnNB = {}, then does

(PLIPHNA) [ P)\B = ((PLIIP2) [l Ps)\ (AUB)
A B A B

How aboutifANB # {} ?

EXERCISE 3.4 If P can never reach a deadlock state, does it follow EhgtA can never
reach one?

EXERCISE 3.5 A stack with operationgushandpopcan be defined in the style of the process
SETof Example 3.19, so that

STACK = pustx: T — (NODE(X) || i : STACK \ (i.pushT Ui.popT)
O popempty— STACK

Give a suitable definition of proceBEDDE(x).
EXERCISE 3.6 Give the transition graph of the procde8JdRCHASEof Example 3.20
EXERCISE 3.7 Give the transition graph of the proceB$NIORof Example 3.24

EXERCISE 3.8 DoesP; A (P, A P3) have the same behaviour@ A Py) A P (i.e. is
the interrupt operator associative) ?

ExERCISE 3.9 A library allows readers to register, and then repeatedly to borrow anehretur
books until deregistration is requested.

NONREADER = register—- READER
READER borrow - READER

O return - READER

O deregister— STOP

Introduce the following constraints, in each case by means of a freshgyamtiponent

1. Readers cannot return more books than they have borrowed.
2. Readers are not permitted to deregister if there are any book loarenolist.

3. Readers can borrow a maximum of three books.
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Fig. 3.9 The dining philosophers

4. Readers cannot deregister.

5. Readers can borrow books only when the library is open. Introduce aemeponent
with extra event®penandclose

EXERCISE 3.10 [Dijkstra/Hoare] A college consists of five philosophers who trankl eat.
They eat at a circular dining table. When they need to eat, they enter the Hadlngick up
the chop-sticks on either side of their plate, eat, replace the chop-stigkshen leave.

For convenience, the philosophers are labelieéd 4. Each philosopher picks up two

chop-sticks, also labelle@to 4. Their relative positions are illustrated in Figure 3.9. The
process describing the behaviour of philosophes the following interface of events:

{

enteri Philosopher enters the dining room

eati Philosopher eats

leavei Philosopher leaves the dining room

picki.i Philosopher picks up right-hand chop-stick
picki.(i+ 1 mod 5) Philosopher picks up left-hand chop-stick
puti.i Philosopher replaces right-hand chop-stick

puti.(i+1mod5) } Philosopher replaces left-hand chop-stigk
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The possible events fétHIL; are described in the following recursive definition:

PHIL; = enteri —
((picki.i — picki.((i + 1) mod 5) — eati
— puti.i — puti.((i + 1) mod 5) — leavei — PHIL;)
O
(picki.((i + 1) mod 5) — picki.i — eati
— puti.((i + 1) mod 5) — puti.i — leavei — PHIL;))

The philosophers do not synchronize on any events. Their combineaiortherefore be
described as

PHILS = || ||‘:0 PHIL;
Each chop-stick can be obtained by either of its neighbouring philosspfie interface of
a chop-stick is

{picki.j|0<i<4}u{putij|0<i<4}
Its description is given by the following recursive definition:

CHOR = pickj.j — putj.j - CHOR
O pick ((j — 1) mod 5).j = put((j — 1) mod 5).j - CHOR

The chop-sticks do not synchronize on any event, so their combinatidrecdescribed as
CHOPSTICKS — |||, CHOR

The combination of all the components is then described by the pre&@issEGE
COLLEGE = PHILS|| CHOPSTICKS

1. Possession of a chop-stick by a philosopher blocks a neighigopinifosopher from
acquiring that chop-stick—this provides a potential for philosopherblock other
philosophers by denying them chop-sticks. How can the combin@@irl EGEreach
a deadlocked state?

2. Which of the following alterations t&€OLLEGEremove the possibility of deadlock?
In each case, describe the amended system in CSP.

(a) Requiring all philosophers to lift their left chop-stick first.
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| | |
I T 1
signale signalf signalg

Fig. 3.10 Signals in a pair of segments

(b) Requiring at least one philosopher to lift his or her right chogkgirst and at
least one to lift his or her left chop-stick first.

(c) Introducing a footman who allows only one philosopher to be sestady time.
(d) Introducing a butler who prevents all from being seated simultastgou
(e) Allowing philosophers to release the chop-stick if they holy amie.

3. Which of these guarantee that any philosopher who sits down willteatyreceive
something to eat?

4. Which of these guarantee that at least one seated philosopher will el)erdcalve
something to eat?

EXERCISE 3.11 [Roscoe] A railway network imposes the safety constraint that no twastrain
should ever be on adjacent segments of track. A train moves from one Segitkerck to
the next by passing through a signal. The constraint is imposedriyodiing the signals so
that they allow trains to pass only when it is safe to do so. An esigmiali will be used to
describe the event of a train moving past the particular signal

For each pair of adjacent segments the signals are controlled so that trairmmiyay
enter the first segment when both segments are empty. A pair of segnilritave three
signals: e corresponding to a train entering the first segmérgorresponding to the train
moving from the first to the second, ag@orresponding to the train leaving the second. This
is pictured in Figure 3.10.

If both segments are empty, then a train is allowed to enter the firsesggmodelled by
the possibility of the evergignale. If the first segment is occupied, theignaleis blocked,
butsignalf can occur. If the second segment is occupied, #ignale is again blocked, but
signalg can occur. These states are interrelated as follows:

EMPTY = signale —» FIRST
FIRST = signalf - SECOND
SECOND signalg - EMPTY

The safety constraint is imposed by the prog@@ which participates in the control of these
three signals by moving between these three states. If the segmentsialfg empty, then
the signal controlleCON is defined byCON = EMPTY. If there is a train initially on the
first segment, the@ON = FIRST. If there is a train initially on the second segment, then
CON = SECOND The proces€ON follows the same cycle in all cases, but the point where
it starts depends on the presence or otherwise of a train.
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sighale sighalf si halg

COoN CON'

Fig. 3.11 Three pairs of adjacent segments

signalg
signalf
sigr;ald sigr;ale sigr;alh sighali
signalg
signalf
sighali sighath sigr!al.e sigr;ald

Fig. 3.12 Points sections of track

A pair of segments is part of a larger system in which each segment is halbtfean
pair, as illustrated in Figure 3.11. The safety property must alsd fwlthese pairs, and
will be imposed for them by their own controller processes. Each of thedsasinvolved in
the evensignalf, since it corresponds to a train leaving the left-hand pair, and entéming
right-hand pair. The evesignalf therefore requires the participation of three processes.

1. The constraints on the track may be described as a parallel combinatienashed
copies of the generic proce€ON. Describe the conjunction of all the constraints on
a circular track ofl00 segments, with signals numbered frénto 99, and10 trains
initially spaced evenly around the track (traveling in the same direction

2. Is the system you have described free from any potential deadlock?
3. What is the maximum number of trains for which the system is deadteei

4. How does the CSP system behave if two trains are initially on adjaegntents? Can
you improve on the description @ON so that it handles this case more satisfactorily?

5. Describe the constraints required to deal with points segmente ébtim pictured in
Figure 3.12.
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Fig. 3.13 A circuit with junctions

signale signalh

signalg signalf

Fig.3.14 A crossover segment

. Describe the network pictured in Figure 3.13. Is it deadlock-freedftrains run on it?

. Describe the constraints required to deal with crossover segmeritgioé B.14.

. Alter the description of constraints to deal with (single trackglibéctional segments
which trains can traverse in either direction (though trains cannot eetlees direction
of travel). Also do this for points and crossover segments.

. Describe the network (with bi-directional segments) pictured guié 3.15, with the
trains initially moving in the same direction. Is it deadlock-freaibttrains run on it?

Fig. 3.15 A bi-directional track, with junctions and a crossover
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Analyzing Processes



Traces

At the level of abstraction provided by CSP, processes interact witheheironment through

the performance of events in their interface. Their environment, wheibaribther process, a
user, or a combination of these, has no direct access to the internal sta@uafthss or to the
internal events that it performs. Two processes which are indistingblis at their interfaces
should be equally appropriate for any particular purpose; the way teésnptemented cannot
have any influence on their respective suitability.

There are a number of ways in which interface behaviour can be analyzed, put the
all concentrate exclusively on the external activity of the process. Operiant aspect of
process behaviour concerns the occurrence of events in the right ordéraaedents do not
occur at inappropriate points. The kind of sequence which is acceptableengiven by the
requirements on the system. Such requirements will describe constainisen particular
events can occur. The environment of the process cannot know precisely nieicial state
the process has reached at any particular point, since it has access only tgatiéqprof the
execution onto the interface.

ExamPLE 4.1 A safety requirement on the railway crossing controller in Example 1.16
might specify that the gate should not rise between the train enterngrdssing, and the
train leaving the crossing. This can be expressed in terms of the @nehts interface: if
train.enteris the most recently observed of the two everan.enterandtrain.leave then

the evenpateraise should not occur. Its occurrence at any such point is undesirable in any
execution. O

To analyze processes with respect to these requirements, it is necessary tercthose
sequences of events that can be observed at the interface of the process. Shessiohs
are calledraces and the set of all possible traces of a prode&sdenotedtraces(P)’.

85

86 TRACES

Trace information is concerned with those events that could possibly cayrocess
execution. One might imagine an observer watching a process execute, ardingedr
events in sequence as they are observed. A trace is simply a record of avestsider they
occur. The set of traces of a process is the set of all sequences that mighlydwssecorded.

To be sure that a process does not violate a trace specification, it is netcegsamine
all of its traces and check that each is acceptable.

Notation for sequences

Sequences may be described explicitly, by listing their elements in ordeeéetangled
brackets. The empty sequence is thus den@tetf Ais a set, ther* is the set of all finite
sequences of elementsAf For example(a, b, a) € {a,b,c}*.

If seq andsegq, are both sequences, then theincatenatiomlescribed byeqg ~ seg
is the sequence of elementssaq followed by those irseq. The concatenation operation
is associative. The notatised describes copies of the finite sequenseqconcatenated
together, and seed is always the empty sequente

If seqis a non-empty sequence, then it may be written™ sed wherea is the first
element obeq andsed is the remainder of the sequence. In this case, two functiossgare
defined:headseq = aandtail(sed = sed. Similarly, if seqis non-empty and finite, then it
may also be written ased’ ™ (b), whereb is the final element of the sequersegandsed’
is the sequence of all the elements before it. Two further functions areedefoot(seg = b
andinit(seg = sed'.

The length#seqof a sequence is the number of elements it contains. For example,
#(a,b,a) = 3.

The notatiora in seqgmeans that the elemeaappears in the sequenseq ands(seq
is the set of all elements that appeaséy

Relationships between sequences are easily expressed. If there is some ssegience
such thaseq™ seq = seq, thenseqis a prefix ofseq, writtenseq< seq. Furthermore,
seq<, seqg means thaseq< seq and their lengths differ by no more thanIf seq# seq
thenseqis a strict prefix okeq, writtenseq< seq. The notatiorseq< seq means thaseq
is a (not necessarily contiguous) subsequenseqf.

For example,

(a,b.d) < (acbad)
(b,c.d) # (acbad)
(a.c,b,a) < (acb,ad)

The projection of a sequencgonto elements of a sei is writtenseq | A: it is the
subsequence of all elementssefgthat are in the set. Conversely, the notaticseq\ Ais the
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subsequence segwhose elements are notAn For example(a, b, c,a) | {a,b} = (a,b, a),
and(a,b,c,a) \ {a b} = (c). If f is a mapping on elements, théfseq is the sequence
obtained by applying to each element afeqin turn.

These functions can be used to extract information from sequences. forcesthe
value of#(seq| A) gives the number of occurrences of events fildim seq This will be
abbreviatedeq| A. In the case wher@ is a singleton sefa}, the set brackets will be elided
andseq] awill abbreviateseq] {a}. Similarly,seq| awill abbreviateseq| {a}.

Notation for traces

Traces are simply a particular class of finite sequences of events drawnXffomvhich
represent executions. Since events in a process’ execution cannot occuarafteation, any
termination even¥” occurring in a trace must appear at the end. The set of all such traces is
defined aTRACE

TRACE = {tr| o(tr) CXY A#tr e NAV ¢ o(init(tr))}

The sequencé, c, b, a, d) is a record of an execution where the evemts, b, a, d occurred
in that order. The empty sequengecorresponds to an execution in which no events were
observed.

Since all traces are sequences, they inherit all of the sequence operators.allhese
yield a trace when applied to traces, apart from sequence concatenation (and hened repeat
concatenation) and mapping through a function.

However, sequence concatenation does map ttacasdtr, to a tracer; ~tr, provided
v ¢ o(try). Thustr” will be a trace ifv’ ¢ o (tr).

Furthermore, if a functioh mapsy. into ¥ andf(v') = v/, thenf(tr) will always be a
trace.

Events appearing in traces will often be of the farmcorresponding to a communica-
tion of a valuev along channet. In this case the following projections may be defined, where
cis not of the formx.y for anyx andy:

channel(cv) = ¢
value(cv) = v

The channels appearing in a tracean then be extracted:
channels(tr) = {channel(x) | xin tr}
The sequence of values appearing on a chanimeh tracetr can also be extracted:

tryc = (value(x) | x« tr,channel(x) = c)
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This sequence comprehension describes the sequence of values of items appedrarmel
c. It also generalizes to sets of chann@ls

tr C = (value(x) | x« tr,channel(x) € C)

For example, iftr = (in.3,in.6,0ut3,in.7,in.9, out6) thentr | in = (3,6,7,9), and
channels(tr) = {in, out}.

Traces and executions

The transition rules for CSP define those executions that are po$sibbrocesses. Trace
information can be extracted from these executions by ignoring teenretdiate states and
internal transitions, and considering only the visible transitioA trace is a record of the
visible events of an execution.

The notatiorP =% P' means thatthereis a sequence of transitions whose initial process
is P and whose final process 8, and whose visible transitions constitute the sequénce
Since termination can occur only at the end of an executiari,otcurs intr then it must be
at the end. In this cas@! will have no transitions.

The final process may be dropped in cases where it is not required: thendtats
is used as shorthand farP' e P =5 P’

Thetracesof a process may then be defined in terms of the sequences of events that
may be exhibited by that process:

traces(P) = {tr|P=}

ExaMPLE 4.2 The procesa — ((b — STOB 11 (c — d — STOB) has the tracéa, c) as
one of its traces. This may be extracted from the following execution:

a— ((b—» STOP M (c —»d— STOR)
la

(b— STOB M (c —» d — STOR)
ks

(c—d— STOR
lc

d —» STOP

ExampLE 4.3 The proces§TOPhas no transitions, and hence only one execution, in which
it forever remains in the same state. The trace corresponding to thisailhbe the empty
trace. O
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4.1 TRACE SEMANTICS

The extraction of trace information from the process transition nolesides an explanation

of the relationship between the executions of a process and its tracesvétptive operational
characterization is too low level for reasoning about processes, sincevéhefabstraction
remains that of process executions, with the set of traces supervenierttadés modefor

CSP considers processes directly in terms of their traces, and lifts the andlysis of CSP
processes to this more abstract level. All of the operators of the largaage understood at
this level: the traces of a composite process are dependent only on thefriégeesmponents.

This allows acompositionasemantic model, where all processes are considered only in terms
of their sets of traces, and at no stage do the underlying executions neecctmsidered
explicitly.

In the traces model, each CSP process is associated with a set of traces—thelset of al
possible sequences of events that may be observed of some executionséyedtbbetrace
equivalentwhen they have exactly the same set of possible traces. This particutaofo
equality will be denoted-t, and its definition is that

P, =r P, = traces(P;) = traces(P,)

Inthe traces model, processes are equal when they have exactly the sam@ teamessequality
gives rise to algebraic laws for individual operators, and also conagethi relationships
between various operators. These laws allow manipulation of CSP proesssptions
from one form to another while keeping the associated set of traces unchagdgeay
laws are concerned with general algebraic properties such as associativity andtebirity
of operators (which allow components to be composed in any order), idemge and the
identification of units and zeros for particular operators (which may alloegss descriptions
to be simplified). Other laws are concerned with the relationships betferent operators,
which allow for example the expansion of a parallel combination intceédpchoice process.

In Chapters 6, 8 and 11 more detailed views of process executions wilbdx to
characterize processes in different ways. Some process laws may be concerneitonly
traces, but others may be true in any of these models. If a law holds iofahgse models,
as in fact most of those given in this chapter will, then the subscripbeidropped from the
equality. Hencé; = P, means not only th&®, =t P,, but also thaP; =sg P2, P1 =pj P2
andP; =t P,, corresponding to the equalities that will be defined later, under the mor
detailed views (stable failures, failures/divergences/infinite tracesraed failures) given in
Chapters 6, 8 and 11 respectively. If a law is valid in all of the untimedets) then the
equality symbol will be subscripted withia For example, the associativity of external choice
is true in all models, since the executiondf0 (P, O P3) match those ofP; O P,) O Ps,
so all views of executions of these processes, no matter how detailedowitlistinguish
them. The fact that it will be true in any of these models is indicated &Yettk of a subscript
on the equality symbol.

PLOMP,OP;) = (PrOPy)OP;
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On the other hand, although the tracePefO P, andP; M P, will be the same, a more
sophisticated view of process executions will distinguish thems Teww will be written as

PiOPy, =1 PPy

since it is true only in the traces model.

Any set of tracesS associated with some process must contain the empty trace: any
process can be observed to do nothing. It will also be prefix closed: d@eps can perform a
sequence of events, then it can also be observed to perform any prefix of thetneeqThese
properties are formalized 84 andT2 on setS;

T1 ()esS
T2 Viry,tro : TRACEs (tr; <try Atr, € S=>1tr € 9

STOP

There is only one trace associated with the pro&BESP and that is the empty trace. The
semantics 08TOPIis given directly as

traces(STOR = {()}

Prefixing

In an observation of the proceas— P, there are two possibilities: either the evaritas not
occurred, in which case the observation must)her else the evera has occurred and the
rest of the trace derives from procdas

traces(a— P) = {()}
U
{(a) " tr | tr € traces(P)}

Prefix choice

An observation of the process A — P(x) is again one of two possibilities. Either no event
has yet occurred, or else an evari A has occurred, and the subsequent behaviour is that of
the corresponding proceB$a).

traces(x: A= P(x)) = {(}
u
{(a) ~tr |ae AAtr € traces(P(a))}
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x:{} = P(x) = STOP (STORSstep)
x: {b} = P(x) =b — P(b) (prefix)

Fig. 4.1 Laws for prefix choice

ExampLE 4.4 The proces8US 1 of Example 1.24 is described as follows:

BUS.1 = boardA — ( pay.90 — alight.B — STOP
| alight A — STOR

This process has the following traces:

traces(BUS.1) = { (),
(board A),
(board.A, pay.90),
(board A, pay.90, alight.B)
(board A, alight.A)}

Itinitially allows board A, after which either the fare is paid and the journey made, or else the
journey is not made and the passenger alights again. O

The definition oftraces(x : A — P(x)) has two special cases: whekecontains no
elementsA = {}) and whereA contains but a single elemem & {b}).

In the case whera = {}, the second clause of the definition cannot be met, since there
is no event for whicha € A. The semantics is thus equal{t) }, which is the semantics of
STOR In the case whera = {b}, the second clause of the definition is equivalent to

{(b) " tr | tr € traces(P(b))}

which is the second clause of the event prefix definitionbfes P(b). These observations
support twdawsconcerning equality of process expressions, given in Figure 4.1.

Output and input

The output and input constructors are special cases of the prefix and pretig operators.
The definition of their trace semantics follows the same pattern.

traces(clv—P) = {()}
U{(c.v) " tr | tr € traces(P)}
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traces(c?’m: T — P(m)) = {()}
U{(cv) T tr [ve T Atr e traces(P(v))}

ExaMPLE 4.5 The traces of the proces¥'x : Z — outix — STOPare given as follows:

traces(in?x: Z — outlx - STOR = {()}
u{(in.v) | ve Z}
U {(in.v,outv) | v e Z}

An observation of this process might contain no events, or a singlg,ir an input of a
particular value followed by output of that same value. O

SKIP

The atomic procesSKIPis used to denote successful termination, and it signals this by means
of the termination event’, the only event it can perform. The only traces it exhibits are the
empty trace and the singleton trace containing

traces(SKIP) = {({),(v)}

RUN

The CSP operators describing choice and concurrency exhibit a numbsefof taws on
processes. A particular process which interacts well with them is the priati@¢sdefined to
be the process which can do any sequence of events. It may be defined dirdutlyreces
model as follows:

traces(RUN) = {tr | tr ¢ TRACE
The semantics of this process consists of all possible traces. It isa&eabliging process,
always willing to perform any event. It may also be recursively definedgutie existing

operators of the language, as follows:

RUN = (x:X — RUN) O SKIP

This process may also be defined with a particular interfaceX. The procesRUNa
is defined to be the process with interfacthat can always perform any event in its interface.
Its trace set is given as follows:

traces(RUNa) = {tr | tr e TRACEA o(tr) C A}
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POP=P (O-idem)
P10 (P, O P;) = (PiOPy) 0Py (D-assoc)
Py OPy =P, 0P (O-sym)
PO STOP=P (0-unit)
P 0O RUN =1 RUN (O-zeror)
Xt A= Pi(x)Oy:B— Pay) (O-step)

= z:AUB — R(zwhere
R(c) =Pi(c) ifce A\B
= P,(c) ifce B\A
=Pi(c)NPy(c) ifce ANB

Fig. 4.2 Laws for external choice

or it might alternatively be defined recursively using choice constructs:
RUNa = X:A— RUNy

RUN,~ behaves aBRUN, but it can also terminate:
RUNy, = (x:A— RUNy) 0O SKIP

The procesRUN defined above is equivalent RUNg. .

External choice

An observer of the choice constrigt O P, might observe an execution Bf, or of P,; there
are no other possibilities. The possible traces of the choice coon$igte union of the two
sets of traces:

traces(P; O P,) = traces(P;) U traces(P,)
The treatment of external choice as the union of trace sets means that theopésits the

properties of the union operator, in particular idempotence, assogiaéinid commutativity,
as given in the first three laws of Figure 4.2.

The first of these laws;-idem, states that offering a choice between two copies of the

same process is not actually offering a choice at all. The second and thsclew larger

sets of choices to be rearranged without altering the trace possibilifiesse are the laws
that guarantee that the definition of the indexed choice operator is eféfled. They allow a
choice of processes to be defined purely in terms of the set of choices.
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Law O-unit states that external choice gives any prodegzecedence oveBTOR
which can never resolve a choice in its favour. Lavzeror states that external choice allows
any proces® to be masked bRUN: in a choice withRUN, if the choice does happen to be
resolved in favour oP, then any trace corresponding to such an executi®ti®also possible
for RUN. Thus every trace d? O RUN s a trace ofRUN, and the presence &UN as an
alternative masks the executionskf In algebraic termsSTOPIs a unit of external choice,
andRUNis a zero.

Finally, an external choice of two menu choices may be rewritten as a siregie choice.

Law O-step gives the correspondence. The events that are on offer in the menu choice mus

consist of all events that are on offer in one or other of the two comganenu choices. If
an event is chosen which was offered only by one component, then the sebsbghaviour
must be determined by that component. If the chosen event was actually dffetsath

components, then the choice as to which one is subsequently executed inteaddly—the
environmentcould choose the event, but cannot choose which subsegh@vitlir will arise.

ExaMmpLE 4.6 The choice between the two buses given in Example 1.24 is the choice

BUS 1 O BUS 2 where

BUS.1 = boardA — ( pay90 — alightB — STOP
| alight A — STOB

BUS2 = boardA— (pay70 — alightB — STOP
| alight A —» STOR

Law O-step can be applied to this choice of processes. Since both components haamthe s
single first event, the choice reduces as follows:

BUS10BUS2 =1 boardA— ((pay90 — alightB — STOP
| alight A —» STOR
n
(pay.70 — alight.B - STOP
| alight A — STOB)

This equivalence reflects the fact that the environment has no control ower afttivo copies
of the same event is actually chosen; the choice is instead resolved intevhal the event
is chosen. O

ExAMPLE 4.7 ProcesdP; offers a choice between evergsandb, and P, offers a choice
betweerb andc, as follows:

P, = a—d— STOP
|b— e— STOP
P, = b—f— STOP
|c— g— STOP
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Die{} P, = STOP (O-unit)

D|e|(x (A= Pi(X) =x: (Ui A) = IT{l xeA} Pi(x) (O-step)

Fig. 4.3 Laws for indexed external choice

The external choicB; O P, betweerP; andP, offers a choice between the eveatd, and
c¢. The environment may choose between these events, but this is theahitegontrol over
subsequent behaviour.

P,OP, =r a—d— STOP
|b— ( e— STOP
rnf— STOR
|c—g— STOP

If bis chosen, then the next event could be eitherf, and the choice between them will be
made internally by the proceBs O P,. O

The executions of the indexed external chd]ﬂclszgl P; are the executions of all of its
components. Its traces are given as follows:

traces(Diel P) = Ui traces(P) U {()}

The explicit inclusion of the empty tradg is required in the case wheris the empty set.
When the set is non-empty, then inclusion @ is redundant since it will be included in any
of the trace setsaces(P;).

There are two laws particular to indexed external choice. They are givaguneH.3.
The first law states that an empty indexed choice is a process that can dgndthe second
law is a generalization of Law-step. It states that a indexed external choice of prefix choices
is equivalent to a single prefix choice over all the possible first egetsthe union of all
the component choice sets). The process subsequent to axgsvany of the corresponding
processeP;(x) from one of the prefix choices which offergdi.e. for whichx € A;).

Internal choice

The internal choicd?; M P, behaves either aB; or asP,, and its environment exercises
no control over which. A recorder of traces is concerned only with the exesutiat are
possible, and these are the executionB,0énd ofP,. The traces oP; 11 P, are therefore

traces(P; M Py) = traces(P;) Utraces(P,)
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POP=P (M-idem)
PiM(P.MPs) = (P MPy) NPy (M-assoc)
PiMPy =P 1Py (M-sym)
PiMP,=rP,OP; (choice-equivr)

Fig. 4.4 Laws for internal choice

This form of choice has different executions to the external ch@jce P», since the choice

is first resolved by an internal transition before the appropriate choice begins execution.
However, this internal transition is not recorded in any trace, and a tragenal is not
concerned with identifying where responsibility lies for particularichs, but only with the
possible sequences of events. Under these circumstances, the internateaindl ehoice
constructs are not distinguished. Both exhibit precisely the sassige sequences of visible
events, and their trace semantics are identical. Examination of a procesktraees is not
adequate for detecting the presence or absence of nondeterminism. Moesidgiadrvations
are required to distinguish internal from external choice, and thesebwilhtroduced in
Chapter 6.

Since they are currently treated the same way, the internal choice operafieséie
same laws as the external choice operator, though only in the traces riibéelseful laws
are given in Figure 4.4.

The indexed internal choidEIiH Pi (where the indexing set must be non-empty) is
able to behave as any of its component processes. lts traces will thereftre inelexed
union of the traces of all of its constituents:

traces(l_lieJPi) = Uje,traces(Py)

Alphabetized parallel

A parallel combinatiorP; ,||g P2 consists of?; performing events im\, andP, performing
events inB. Processe®; andP, synchronize on events i N B, and perform their other
events independently.

SinceP; is involved in the performance of all events frofy any execution of the
parallel combination projected onfomust be an execution &;. Similarly, any execution
projected ontd® must be an execution &,. The traces oP; ,||; P. are those sequences of
events which are consistent with bd¥ andP,. Only events inA or B, or termination, can
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be performed, so the set of events in the trace must be contaifadiB)" :

traces(P llg P2) = {tr € TRACE| tr | AY € traces(P;)
Atr | BY € traces(P.)
Aa(tr) C (AUB)Y 1}

ExampLE 4.8 The traces oP; = a — STOPare given bytraces(P;) = {(), (a)}. Sim-
ilarly, the traces ofP, = b — STOPare given bytraces(P,) = {().(b)}. A trace of
P1 (alljpy P2 must be a sequence of events fr¢eb, v’} whose projection tda, v’} is
either() or (a), and whose projection tfb, v } is either() or (b). There are five such traces:

{0, (@), (b), (a,b), (b, a)}

and so this setizaces(Py 5 [ly Pa)- g

ExampLE 4.9 ThetracesoP; = a — b — STOParegivenagaces(P;) = {(), (a), (a.b)}.
Similarly, the traces oP, = b — ¢ — STOPare given bytraces(P,) = {(), (b), (b.c)}. A
trace ofP; 1,111, P2 Must be a sequence of events fréab, ¢, v} whose projection to
{a, b, v’} iseither(), (a), or (a, b), and whose projection tfh, c, v' } is either(), (b), or (b, c).
The existence of the evehtin the interfaces of botP, andP, means that both processes
have control over its occurrence, and its appearance in any trace must bescangist both
components. The proceBs forces evenb to occur after the everat andP, forcesbto occur
beforec. The set of traces consistent with both processes is therefore

{0, (@), (a,b), (a,b,c)}

and so this set iBaces(P1 ,p, llip.¢; P2)- O
There are anumber of trace laws concerning the parallel operator. TheseaataliFigure 4.5.

Law ||-idem is a form of idempotence: if the interfadeprovided forP allows all of
its possible eventse{P) C A—then the traces d? are the same as the traces of two copies
of P running together. Any execution & can be performed by both copies®fexecuting
together synchronizing on every event. Lajvassoc and||-sym are the associativity and
commutativity laws for the parallel operator. The intermediate interfacdasw ||-assoc
depend on the order in which components are composed together, but thieggswcess
is the same in each case. Ld&wunit provides a unit for the parallel operator: the process
RUNang)~ Whichis always prepared to performany eventin the common interface, and hence
places no restriction oR’s performance of those events. The construction of the interfaces
means that the processis not prevented from performing eventsAn\ B either, soP in
P Allg RUNaqg)~ is able to perform any of its executions, and the resulting process éghav
exactly asP.
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PalaP=1P ifa(P)CA (||-idemr)
Piallg P2 =Paglla Py (II-sym)
P1 allauc (P2 gllc Pa) = (P allg P2) acgllc Ps (Il-assoc)
P alls RUN@rg)w =P ifa(P)CA (||-unit)
CCAANDCB=> (||-step)

(x:C = P1(X) allg (¥: D= Pa(y))
=z:((C\B)U(D\AU(CND)) = R(2
where

R(C) =Pi(c) pllg (y: D = Pa(y)) ifceC\B
= (x:C— Pi(X)) allg P2(c) ifceD\A

:PI(C) AHB PZ(C) ifceCnD
SKIP /)5 SKIP = SKIP (|[-term 1)
(x: C = P(X)) Allg SKIP=x: C1 (A\ B) = (P(x) 4lly SKIP) (l-term 2)

Fig. 4.5 Laws for alphabetized parallel

Law ||-step shows how to reduce a parallel combination of prefix choices to a single
prefix choice. The events that are initially possible are those that esttiercan perform
without the co-operation of the other, together with those that bethinitially ready to
perform. The events that are blocked are those that only one side is tee@gyform but
where the co-operation of both is required. Figure 4.6 illustraesithation, where process
P; with interfaceA is initially able to perform events i@, andP, with interfaceB is initially
able to perform events iD: the events that can initially be performed are those in the shaded
regions.

Laws||-term 1 and||-term 2 are concerned with termination of a parallel combination.
If both components are ready to terminate, then termination occurs. Iboelgomponent is
ready for termination, then only the possibilities of the other sigeinitially available.

ExampLE 4.10 The parallel combination

(a— STOP .y alleae (b— STOP
|c— STOR | c— STOP
|d— STOR
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Fig. 4.6 Initial offers of a parallel combination

Fig. 4.7 Initial offers of the parallel combination of Example 4.10

can be reduced to a single prefix choice using|lastep. The interface sets afe= {a, b, c}
andB = {b, c,d. e}, and the initial choice sets a@= {a, c} andD = {b, c,d}. In all cases,
the subsequent processagx) andP, (y) areSTORP

The initial choice is given byC \ B) U (D \ A) U (BN C). ThesetC \ B = {a} is
the set of events that can be performed initially by the left-hand prondepéndently of the
right-hand one. The s@ \ A = {d} is the set of events that can be performed initially be
the right-hand process independently of the left. Finally, theBsetC = {c} is the set of
events that both processes can initially synchronize on. The combineflesetrds that are
initially on offer is the union of these possibilities: the $atc,d}. Eventbis blocked by the
left-hand side, and eveagts not offered by the right-hand side. This situation is illustrated
Figure 4.7.

Law |-step also describes the processes subsequent to each of these events:

a— (STOP, p i llibcaey ©— STOP

| c — STOP

|d— STOR
|d— (a— STOP|c — STOP{a.b‘c}H{b,c.d.e} STOBR
lc— (STOP{a,b.C}H{b,C,d,e} STOR
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Law ||-stepis applicable to each subsequent behaviour. The process following fbepence
of ais given by

STOP{a‘b.c}”{b‘c‘d,e} (bA)STOP )

|c— STOP
|d — STOR
= d— (STOP,p, ll{pcde; STOR ||-step
= d— STOP STORtep

The other branches of the initial choice reduce in a similar way, resutirige following
description which is given entirely in terms of prefix and choice:

a— d— STOP
|d—a— STOP
| c — STOP

Components either perforenandd independently, or synchronize an O

ExAMPLE 4.11 Two processe®; = a - b - STOPandP, = b - ¢ —» STOPare
required to synchronize am b, andc.

(a— b— STOR {a.b,c}H{a,b.c} (b —» c— STOR

The operational semantics for this process has no transitions, so itdsefhe same way as
STOR The laws for parallel composition allow this conclusion to be reache@&soning at
the level of trace equivalences.

The interface setd andB are both{a, b, c}, the initial set forP, is C = {a}, and the
initial set forP, is D = {b}. The events initially on offer are given by the union@f\ B
(the events tha®, can perform independently &%), D \ A (the events tha®, can perform
independently oP,), andC n D (the events on which they can initially synchronize). Each
of these sets is the empty dgt, so law||-step states that

Py allg P2 x:{} = P(X)

STOP by STORstep

The parallel combination deadlocks immediately—no events can initiallyefeqmed.
O

ExamPLE 4.12 The parallel combination

a—b— STOP, |5 b— c— STOP
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can be rewritten to remove the parallel operator using the laws for garallhe laws
STORstep andprefix are used implicitly to treat event prefixes &@OPas prefix choices.

a—b— STOP, 1 [l(p¢ b — c— STOP
= a— ((b— STOR 1yl b— c— STOR by ||-step
= a—b— (STOP, pl(pe € — STOR by ||-step
= a—b—c— STOP by ||-step

At the first step the eveltitis blocked by the left-hand process, and only eist possible.
This is reflected in the application of the law, which does not niedezilable at the first step
because it is not a choice offered by both sides. O

ExAMPLE 4.13 Two processes

Il

= a— Xx— STOP|b —»y— STOP
P, = ¢—x— STOP/d—y— STOP

have respective interfaces

A = {abxy}
{c.d,x,y}

w
|

They are intended to operate independently on the eeebi, andd, but to synchronize on
the eventx andy. Their combination is described as

P AHB Py
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Pylly RUN=y P (||-unit)

P Ally; STOP= STOP (||-zero)

Fig. 4.8 Further laws for parallel

All the first events of each process are independent of the other process,ahalre initially
available in the parallel combination. An application of Igstep gives

Py AHB Py
= a— ((x— STOR llg P2) by ||-step
| b= ((y = STOBR ,llg P2)
| ¢ —= (P1 llg x = STOB
[d— (PiAllgy— STOR
= a-—(c—((x— STOR ,l|gx —» STOR by ||-step
|d— ((x— STOB ,|lgy — STOB)
[b—=( c— ((y— STOB ,llg x— STOR
|d— ((y > STOB ,llgy — STOB)
[c— (a— ((x— STOR ,|lg x — STOR
|b— ((y— STOB ,l|g x = STOR)
|d— (a— ((x— STOB ,llgy = STOR
Ib— ((y > STOB ,|lgy — STOB)

= a—(c—x— STOP by ||-step

|d — STOR

|b— ( c— STOP
|d—y— STOB

|c— (a—x— STOP
|b— STOR

|d— ( a— STOP
|b—y— STOR

In order for the two components to synchronize orxam y event, they must independently
follow paths that lead to the same event. 0

The parallel operator has proceS83OPas a zero, an@RUN as a unit, as given in
Figure 4.8.

When applying the laws of parallel to expand a parallel compos#ipr)| P., the
implicit interface sets(P;) anda(P2) must first be made explicit. The procds|| P, is an
abbreviation foPy ,p,)ll4(p,) P2-
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Interleaving

An interleaving of two processéy ||| P, executes each componententirely independently of
the other, until termination. Traces of the combination will therebgrpear ainterleavings
of traces of the two component processes.

A tracetr is an interleaving of two othetts; andtr. if each occurrence of each event
fromtr, andtr, appears exactly once in and events frortr; andtr, occur in the same order.
They must also agree on termination. This is denatéaterleaves try, tro. For example,

(a, ¢, b) interleaves (a, b), (c)
(a, d) interleaves (), (a, d)

This may be formally defined by a structural induction on sequences:

() interleaves try,tr, < try =try = ()
(v') interleaves try,try, & try =try = (V)

(@ " tr# (V) =
(a) " trinterleaves try, tro, < headtr;) = a A tr interleaves tail(try), tro
V headtry) = a A tr interleaves try, tail (try)

If a trace beginning witha interleaves two others, then one of those two must begin ayith
and the subsequent trace must be an interleaving of the subsequerdes tr

Any trace of the interleaved proceBs ||| P, will be an interleaving of a trace froi®,
and a trace fron®,. The traces oP, ||| P, are given as follows:

traces (Py ||| P2) = {tr € TRACE| 3try,tro o try € traces(P;) A
try € traces(P2) A
tr interleaves try, tro}

EXAMPLE 4.14 The traces ofa -+ b — STOB ||| (c — STOB are calculated from the
trace sets of the two component processes:

traces(a — b — STOR {(). (a),(a,b)}
traces(c - STOR = {(),(c)}

The traces of the combined process is made up of all possible interleafipgirs of traces:

traces((a— b — STOB ||| (c — STOR)
= {(, (@, (ah),(c),(ac)(ca),(ab.c)(acbh)(cab}
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PullPa=Pa ||| Py (Ill-sym)
Pulll (P2 [|| Ps) = (P1 [|| P2) ||| Ps (|||-assoc)
P||| SKIP=P (|||-unit)
P || RUNs = RUNy (Il[-zero)
(x:C— Py(x)) [[| (y: D = Pa(y)) = 2: (CUD) = R(2) (I|I-step)
where
R(c) = Pi(c) ||| (y: D = Pa(y)) ifceC\D

= (:CoPX)[IP) ifeeD\C

= Pi©]|(y:D—=Psfy) ifceCnD

M (x: C— Pi(x)) [l P2(c)

SKIP ||| SKIP= SKIP (|||-term 1)
(x: C—= P(X) ||| SKIP= (x: C— (P(x) ||| SKIP)) (|||-term 2)

Fig. 4.9 Laws for interleaving

Thea must occur before thie, but thec can occur anywhere with respect to these two events.
O

There are a number of trace laws concerning interleaving. These arefistiegire 4.9.
The first two laws state simply that the interleaving operator is catative and associative.
The next two laws give a unit and a zero for the operator. The fifthdaxes a way of
expanding an interleaving of two choices into a single prefix choice.atestthat such an
interleaving offers the choice of any of the first events of either afataponents.

Interleaving parallel allows its two component processes independenokcover ter-
mination. The entire combination will terminate when either of its congnt processes does
so. Thisisreflectedin Law§-term 1 and|||-term 2. If both sides are ready to terminate, then
only termination can occur. Alternatively, if one side is ready to terneibat the other side
is able to progress, then progress occurs in accordance with the nondéngicomponent.

ExaMPLE 4.15 The proces$a — b — STOB ||| (c — STOB may be rewritten using Law
|||-step as follows:

(a— b— STOB ||| (c - STOR
=r a— ((b— STOR ||| (c —» STOR)
|c— ((a— b— STOBR ||| STOR
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The left-hand component is initially able to perforan and the right-hand component is
initially able to perfornt. The combination therefore offers a choice betweandc. Further
applications of||-step and|||-unit reduce the process to

a— ( b—c— STOP
|c—b— STOR
|c—»a—b— STOP

Interface parallel

The proces®; || P, is a blend of both the parallel operator and the interleaving operasor. It

A
traces will consist of combinations of tracesff andP, which match on all occurrences of
events inAY, and which interleave on events notAd .

Tracestr; of P; andtr, of P, may combine in a number of ways in the combination
P, || P,, provided they agree on events fréin The relatiorir synchy try, tr, states thatr
A

describes one way in whidh, andtr, can combine. Itis defined as follows:

() synchytry,try & try =try = ()
(V') synchy try,try & try =try = (V)

@t £ (V)=
(a) " trsynchytry.try, < (a€ A A headtr;) = headtr,) = a
A tr synch, tail(try), tail(tr,))
vV agAA
(headtr;) = a A tr synchj tail(try), trs
V headtr,) = aA tr synch, try, tail(tr,))

The constraint that the traces must agreedaneans that some traces andtr, are
not consistent. In this case, there will betnavhich relates to the pair of them. For example,
(a,b,a) and(a, c) cannot agree on the sgd}.

Any trace of the parallel proce®s || P, will be a combination of a trace fro; and
A

atrace fronP,. The traces oP; || P, are given as follows:
A

traces(P; || Py) = {tr € TRACE| 3tr,try e tr; € traces(P;) A
A try € traces(P;) A
tr synchy, try, troy }

ExAmMPLE 4.16

traces((a— b— a— STOP || (a— c—a— STOR)
{a}

= {(.(a).(ab),(ac) (ab,c) (ach),(abca),(acha)}
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PilPy=Py [ Py (lI-sym)
A A A
Pyl (Py | P3) = (Py | P,) || Py (H—aSSOC)
A A A A A
Pl RUNy =y P (Il-unit)
A A
P \l RUNs\a =u RUNg\A (u—zero)
(x:C = Pi(x) \A\ (y:D— P»z(y))(L\-step)
=2:((CUD)\A)U(CNDNA)) - R
where
R(c) :Pl(c)\}\\(y:D—>P2(y)) if ce C\ (AUD)
:(x:CaPl(x))\/le(c) ifceD)\ (AUC)
:Pl(c)u(y:DaPz(y)) ifce (CND)\ A
mx:C— Pl(x))L\PQ(C)
:Pl(c)upz(c)) ifceCNDNA
SKIA|SKIP = SKIP (II-term 1)
A A
(x: C— P(x)lISKIP (I|-term 2)
A A
=x:(C\A) — (P(x)A\SKIP)

Fig. 4.10 Laws for interface parallel

The traces of the component processes must agree on occurrergdsubfare otherwise
independent. o

There are a number of trace laws concerning interface parallel. These areiristed
Figure 4.10.

The first two laws are concerned with commutativity and associativitheirterface
parallel operator. Associativity applies in the case that both instahogthe interface set are
the same. Lawi-unit gives a unit for the operatoRUN, allowsP to perform any event if,

A
and the common interfade® means thaP can independently perform events notinso the
proces® || RUN,. has exactly the same tracestasA zero which blocks all events i and
A

masks all other events, is given by Lévwzero. Law ||-step allows a parallel combination of
A A
choices to be expanded to a prefix choice of processes. The events offeregbsfthchoice
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Fig. 4.11 Initial possibilities for a interface parallel combinatio

are those irA which are offered by both components, together with those natdfiered by
either component. These possibilities are illustrated in Figure 4.11

The behaviour of interface parallel with respect to termination is givethéyast two
laws. Law||-term 1 states that if both components are ready to terminate then termination
A

must occur. Lawi-term 2 is concerned with the case where one side is ready to terminate but
A

the other is not; termination is not a possibility. The other preceay progress on any event

that it is able to perform independently—any event not in the commenfateA.

The relationship between interface parallel and the other two forms of @ldsathade
explicit in the following two laws:

Pi llg P2 =P1 (AMB] P, if aP (\l—equiv 1)

Pl[|P:=Pi |l P, (|l-equiv 2)
{ A

Law ||-equiv 1 covers the case wheRy andP, must synchronize on all events that

A
are inAN B, and can perform independently only those events which are in one alphdbet an
outsideAN B. This is naturally written using the alphabetized parallel operatorheuttfect
is thatA N B is a common interface, and it can equally be written with the interface parallel
operator.

Law||-equiv 2 states simply that process interleaving is equivalent to an empty interface
A
parallel combination.
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(P\A\B=P\ (AUB) (hide-combine)
(a— P)\Az{ ;‘TA(P\A) raea (hide-step 1)
(M PONA=TT_ (PI\A) (M-dist)
STOP\ A= STOP (hide-STOR
x:C—=>PXx)\A=x:C—= (PX)\A) IifANC={} (hide-step 2)
(x:CoPO)\A=TT _(PX)\A) IfCCA (hide-step 3)
SKIP\ A = SKIP (hide-term)

Fig. 4.12 Laws for hiding
Hiding
The proces® \ Afor A C ¥ has the same executionsRsexcept that at any point where
P performs a visible event from, the proces® \ A performs the same event internally. All
events fromA become internal events I\ A, and do not appear in its traces. Any trace

of P gives rise to a trace \ A of P\ A; and conversely, any trace Bf\ A must be derived
from a trace oP with the events fronA made internal.

traces(P\ A) = {tr\ A|tr ¢ traces(P)}
For instance

traces(a— b—a— STORB = {{),(a),(ab),(ab,a)}
and so

traces((a— b —a— STOR \ {a}) = {{).(b)}

There are a number of laws concerning hiding. These are given in FigiePhe first
law states that hiding successive sets of events obtains the same prduie@sgaall the sets
of events at once. It follows from this law that hiding is commutativetP \ A\ B= P\
B\ A

The second law is concerned with the effect of an abstraction on the occurreace of
event. If the evena does not appear in the abstracted set of evéritsen it is not hidden and
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it appears as a prefix to the subsequent proees#\.. If a does occur ifA then it is internal
and so the subsequent procBss A is immediately reached.

The third law states that hiding distributes over indexed internaicehcabstracting
events from a choice of process will yield the same traces as a single chmiceafset of
processes which all have their events abstracted. The fourth law isebilspase in which
no events are offered.

The fifth and sixth laws are special instances of hiding over a prefix chaideelfirst
case none of the choice events is hidden, resulting in the same choienés being offered.
In the second case all of the choice events are hidden, resulting in theedbetiveen the
subsequent processes. These two laws are often applicable when channeldeme ihithe
channek is hidden, then all events in the initial choice of the input procdss T — P(x)
become internal in accordance with Law hide-step & i not hidden, then none of them
become internal and the entire input choice remains, in accordance wittidavstep 2.
Finally, the last law states that hiding does not affect termination.

ExAMPLE 4.17 In the case where some events of a prefix choice are hidden, but not all of
them, the lawside-step 1 andri-dist are used to separate out the individual branches of the
choice, and then to apply the hiding operator to each one separately.

( ;_b>f>_d>iT§TPOP> \ {b}
=1 by[]-dist andr-O-equivy
(a—c— STOR\ {b} O (b—d— STOR \ {b}
=1 byhide-step 1

a— (c— STOR \ {b}
0O (d— STOR \ {b}

=1 byhide-step 1
a— ¢ — (STOP\ {b})
0d— (STOP\ {b})

=1 byhide-step 1
a— c— STOP
Od— STOP

Theb event is no longer visible in the resulting process description. O

Renaming

The forward renaming operatb(P) behaves the same way R$ut performd (a) whenever
P would have performed. Its traces are the traces®fwith every event mapped through

The set of traces df(P) can be defined:

traces(f(P)) = {f(tr)|tr € traces(P)}
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f(x:C = P(x)) =y:f(C) = f(P(F'(y)) iffis1—1 (f(.)-step 1)
F(x: C = PX)) = y:£(C) = [, F(P(Y) (f()-step 2)
f(SKIP) = SKIP (F(.)-term)
I:(x:C=P(X) =y: (1.C) = P (¥)) (I :-step)
wherel.C = {l.c|ce C}

I : SKIP= SKIP (I :-term)
f71(x: C = P(x)) =y: f71(C) —» 7' (P(f(y))) (f=1()-step)
f (SKIP = SKIP (F1(.)-term)

Fig. 4.13 Laws for renaming

This is indeed a set of traces, since the restrictions on alphabet renaminghadgamapsX:
into X, andf (v) = v.

For instance,

traces(a— b—a— STOB = {().(a),(ab),(a b a)}
and so iff (a) = candf (b) = d then

traces(f(a—» b—a— STOR) = {().(9),(c.d), (c.d,¢)}
If g(a) = g(b) = cthen

traces(g(a— b—a— STOB) = {{().(c),(c,c),(c,c,c)}

If the mappingf is one-one, then renaming withhas a straightforward interaction
with prefix choice, as given by LaW(.)-step 1 in Figure 4.13. A choice of events fro@
becomes a choice of events frditC) = {f(c) | ¢ € C}. The fact thaf is injective means
that the eveny chosen corresponds to exactly one ewént f ~! (y)) from the original choice
of events fronC, so the subsequent behaviour is thalP@f) transformed through

Ingeneral, the renaming operator interacts with prefix choice as given b(Lastep 2
in Figure 4.13. If a proces®initially is prepared to perform any event fro@) then the initial
choice forf (P) is the set of event§(C). However, the result of choosingcould be any of
the processes which follow an event mapping:taf a andb both appear irC, andf maps
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them both to the same eventthenf (P) is in effect offeringc in two different ways, once
resulting froma and once resulting from. The process subsequenttoan be eithef(P(a))
orf(P(b)).

All of the term laws state that the various sorts of renaming cannot affect a process’

ability to terminate.
ExampLE 4.18 The proces® initially offers a choice from the set of three evefigs b, c}:
P = a—d— STOP
| b— e— STOP
| c— STOP

Let the mappind be defined by

fla = k
flby = k
ficp = |

f(d) = m
f(e) = n

sof mapsbottaandbto the same evekt Then the proced¢P) reduces under Lafy.)-step 2
to

k — (m— STOPr1 n— STOR
01— STOP

The proces$(P) only offers a choice between two events, wherfered a choice between
three. The process following the choicekatan be one of two possibilities, derived from the
behaviour ofP following a, or following b. O

Process relabelling: P is a special form of forward renaming in which all eveawre
associated with the labglby means of the renaming functi@rwhich mapsa to I.a for any
eventa # v/, andfi(v)) = v. The set of traces is given by the trace definition of forward
renaming:

traces(l: P) = {fi(tr) | tr € traces(P)}

The mapping functiofiis one-one, so the relabelling law is a specialization of Layvstep 1.

The backward renaming operafor! (P) also behaves in a similar fashionRobut any
eventa that is performed by !(P) corresponds to an evefta) performed byP. Hence a
tracetr of f~!(P), when mapped through the functibrmust yield a tracé(tr) of P.

traces(f~*(P)) = {tr|f(tr) € traces(P)}
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The interaction between backward renaming and prefix choice is straightfoamarthe laws
are given in Figure 4.13.

A set of event<C offered as a choice b becomes a choice ovér !(C) offered by
f=1(P), since it is precisely the events frr!(C) that map to an event th& can initially
perform—an event iiC. If a particular eveng is chosen, then the subsequent behaviour is
determined by the behaviour Bffollowing f(a).

ExampLE 4.19 The proces$” initially offers a choice from the set of two everts, |}.

P = k- (m— STOP|n— STOP
|l - STOP

If the mappingf is defined as in Example 4.18, then the prodes§P’) reduces under
Lawf !-stepto

a— (d —» STOP| e » STOB
Ob— (d— STOP| e » STOB
Oc— STOP

The resulting choice is between three events. In the case aloebds chosen, the subsequent
behaviour is that of 1 (P(f (a))) = f~1(P(f(b))) = f~1(P(k))

The proces$” is equivalent td (P) whereP was defined in Example 4.18. However,
f~1(P') is not equivalent td®, since there are some possibilities for' (P') which are not
possible folP; one example is the performance of eveftllowing eventa. This is manifested
in the sets of traces in the fact that €) € traces(f~' (P')) but(a, €) ¢ traces(P). HenceP
andf~'(P') = f~!(f(P)) are not trace equivalent. o

Sequential Composition

The sequential compositid? ; P, behaves aB; until P; terminates successfully, at which
point it passes control #8,. Since termination oP; does not denote termination of the entire
constructP;’s v event is made internal.

The traces ofP;; P, fall into two categories: traces &¢f; before termination, and
terminating traces d?; followed by traces oP,.
traces(Py; Py) = {tr|tr € traces(Pi) A v € o(tr)}
U{try T tro | try T (V') € traces(Py) A try € traces(P2)}
There are a number of laws appropriate to sequential composition. Hnesgiven in
Figure 4.14.

Law ; -assoc simply states that sequential composition is associative. ufitdaws
state thatSKIPis a left and right unit of sequential composition: ti8KIP is absorbed by



TRACE SEMANTICS 113

(P15 P2); P3 = P13 (P2; Ps) (; -assoc)
SKIR, P=P (; -unit-1)
P; SKIP=1 P (; -unit-r)
(x: C—= P(x); P1 =x:C— (P(x); Py) (; -step)

STOR P = STOP (; -zero-l)

Fig. 4.14 Laws for sequential composition

sequential composition (though the right unit law holds onlyhmtraces model). Lay-step
states that a prefix choice in a sequential composition is equivalent to & phefice of
sequentially composed processes. Lawero-l is a special case of Laystep, in which no
events are initially offered—this yields a left zero for sequential coritipos

ExXAMPLE 4.20 The proces®; is defined as follows:

P, = a— SKIP
|b— STOP

If Py is sequentially composed with procdss= ¢ — SKIPthen the result is

Pi; Py

Ob— STOP
a— (SKIP. ¢ — SKIP)
|b— (STOP ¢ — SKIP)
= a—c— SKIP

| b— STOP

( a— SKIP >; o s SKIP

Thec event can follow the but not theb. O

Interrupt

The proces®; A P, executes aB;, but at any stage before termination it can begin executing
asP,. There are therefore two possibilities for any given trace: it is eithea@etofP;, or

114 TRACES

(P APy) APy =Py A (Py APy) (A-assoc)
(X:C=>Pi(X)) AP, =P, O(x: C— (P1(x) APy)) (A-step)
STOPAP=P (A-unit-l)
P A STOP=P (A-unit-r)
SKIPA P = SKIPO P (A-term)

Fig.4.15 Laws of interrupt

else it is a non-terminating trace Bf followed by a trace oP;,.

traces(P; A Py) = traces(P;)
u

{try " try | try € traces(P) A v € o(try)
Atry € traces(Ps)}

Interrupt satisfies a number of laws, given in Figure 4.15, conceitsiitgeraction with
choice and with termination. LavA-assoc states that the interrupt operator is associative:
the bracketing of different levels of interrupt is irrelevant. Lawstep shows how a prefix
choice interrupted by, unwinds: either it behaves & immediately, or else one of the
events of the prefix choice occurs, resulting in the subsequent procéds mvhy still be
interrupted. LawA-unit-l is a special case ah-step in which a process that does nothing
may be interrupted bly: in this case, the only possible activity is generate®blyaw A-unit-r
states that the proceSI OPis ineffective as an interrupting process, since there are no events
it can perform to interrupt another process. Finally, LAwterm states that if termination
occurs, then the interrupting process is discarded.

Distributive laws

In addition to all of the laws given above for the various CSP opesatioere is also a law for
each of them concerning distributivity over internal choice. All of the @BPBrators (except
recursion) distribute over both binary and indexed internal choicégitraces model, and in
fact in all of the models for CSP. For example, the laws for prefix vélBis follows:
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a— (PiNPy)=(a—P)N(a—Ps) (prefix-dist)

a= [—liFJ Pi= [—lim(a% P (prefix-Dist)

These laws effectively state that no observer can distinguish the casetiverernal choice
is made after performance of tieefrom the case where it is made beforehand. In fact the
second law subsumes the first.

Binary operators will also distribute over internal choice. For example,

Piallg (P2 11 P3) = (P1 4llg P2) 1 (P || Ps) (Il-dist)

Pialls My Pi =TT, (Pr allg Pi) (||-Dist)

i€l

Since the parallel operator is symmetric, as indicated by |laym, it follows from
these laws that it will also distribute over internal choice in its-kefhd argument.

For binary operators that are not symmetric, both a left-hand and ahagid version
of distributivity are given. One example is sequential composition

(P11 P2); Ps = (Py; Pg) M (Py; Pg) (; -dist-l)
Pi; (P2 MPs) = (Prs Po) M1 (Pr; Pa) (; -dist-r)
(M., P); P=TT_ (P P) (; -Dist-)
P (M, P = T (Ps PY) (; -dist-r)

All CSP operators (except recursion) are distributive in all argumewis internal
choice, and so there will be corresponding distributivity laws for a8l operator. Law
choice-equivy of Figure 4.4 stating th&, N P, =t P; O P, means that in the traces model,
though not more generally, all operators also distribute over extehoide.

4.2 RECURSION

The case of recursion has been left until last, since it requires a diffeeairtent to all of
the other operators. Traces of processes constructed using the otherrspenatoe deduced
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from the traces of their components, but in the case of a recursively defioeelsdN = P or
N = F(N) which should define the tracesNf the traces of the compone®or F(N) depend
on the traces ol itself, resulting in a circularity. For instance Rf= F(N) = a — N, then
the traces oP are going to be

{0Yu{(@ " tr | tr € traces(N)}

which depends on the seaces(N).
The traces o can be derived directly from the operational semantics by use of the
characterization
traces(N) = {tr[N=1}
but the intention of providing trace semantics is to remove the needsid=r processes at
the operational level and to support reasoning purely at the level of traces

Recursion involves defining a process in terms of itdél; F(N), soitis not surprising
that a circularity arises concerning the tracesNosimultaneously determining and being
determined by the traces BfN). Even before the traces bfcan be determined, there is one
fact that must hold:

traces(N) = traces(F(N))

The recursive definition defines aguationwhich must be satisfied by the geaces(N). In

fact,traces(N) is afixed pointof the function on trace sets represented by the CSP expression

F; when that function is applied toaces(N) to obtaintraces(F(N)), then the result is

againtraces(N). This fact is extremely valuable: there are well-established techniques for

finding fixed points of functions, and for reasoning about them. Thi#hallow the traces of
recursively defined processes to be identified by reasoning purely in tetrases.

Traces are records of finite executions, so every trace of a recursive prbeeBanay
be obtained by unwinding the recursive definition a finite numbemoéd. Every process
contains the empty trace as one of its possible traces, so it follow$)tleatraces(N), or,
equivalently,

traces(STOP C traces(N)
Applying the functiorF to each side of the subset relationship yields that
traces(F(STOB) C traces(F(N)) = traces(N)
which states simply that the traces obtained by unwinding the recursiotiédnF once are
all traces ofN. This is justified because all of the CSP operatorsiameotoniowith respect

to C: in other words, iftraces(P;) C traces(P-), thentraces(F(P;)) C traces(F(P.)) for
any functionF constructed out of CSP operators and terms.
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Itis a standard induction to show that for amy
traces(F"(STOR) C traces(F(N)) = traces(N)

which corresponds to the fact that all of the traces obtained by unwintimgléfinition
N = F(N) ntimes are still traces of the recursive prochiss

All of the F"(STOB processes correspond to the finite unwindings of the recursive
definition, so between them they cover all of the possible tracts-efP. Hence
traces(N=F(N)) = Untraces(F"(STOR)

This concurs with the expectation that the resulting set of traces musfiked point of the
function corresponding tB.

ExampLE 4.21 Consider the recursively defined proce$SHT = on — off — LIGHT of
Example 1.14. The recursive functionfi$Y) = on — off — Y.

traces(STOR = {()}
traces(F(STOBR) {(). (on), (on, off) }
traces(F(F(STOR)) = {{(),(on), (on,off), (on, off, on), (on, off, on, off) }

It appears that

traces(F"(STOR) = {(onoff)' |0 <i<n}
6]
{(on,off) ™ (on) | 0 < i < n}

and this conjecture may be established by induction. The basgrtase) is immediate, so
there is only the inductive step to consider. Assuming the resuft fo

traces(F™!(STOPR)
= traces(on— off — F"(STOR)
= {0.{om}
u{(on, off) " tr | tr € F(STOR}
= {0, {om}
u{(on,off) ~tr | tr € {(on,off)' | 0 <i < n}}
u{(on, off) ~tr | tr € {(on, off) " (on) | 0 < i < n}}

= {0, (om}

u{(on,off)' | 1 <i<n+1}
U{(on, off)' ™ ( 1
= {{onoff) |0<i<n
U{(on, off)' ™ (on) | 0
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which establishes the result for- 1.
The traces ofIGHT are given by . traces(F"(STOR), which is given by

traces(LIGHT) = {(on,off)'|i e N}
u{(on, off)l ™ (on) | i € N}

All finite alternating sequences oh andoff are present. O

The first law for recursion is straightforward.

‘N=F(N) = N=rF(N) {recursion-unwindingr)

The law simply captures the discussion above. The left hand sidesiteasint about the
definition of the procesN: that is a process defined by a recursive definioa F(N). The
right hand side is a result (in the traces model for this chapter) abetitetbes of the process
so defined (and there are corresponding results for the models definegt ioHapters). The
traces associated withh must be the same as those associated Rt and this law states
exactly this. It is generally used to ‘unwind’ recursive definitions(used from right to left)
to fold them up. For instance, it may be used to show that the prdtessa — N begins
with the occurrence of twa events. InitiallyN =1 a — N follows from the definition ofN,
and thera - N =t a — a — N may be deduced from another application of the law. This
makes explicit the fact tha begins with twoas, since it follows thaN =t a — a — N.

Unique fixed points

Functions used in recursive definitions have been seen to have at leastezhpdint. The
functions correspond to functions on sets of traces. In some cases, tieteeraxactly one
fixed point: exactly one set of traces that the function maps to itselfinBtance, in the case
of the functionF(Y) = a — Y, the only fixed point of the function is the process identified
with the set of traces

{@"Ine N}

This corresponds to the only process which satisfies the equétiona — N.

In other cases, there may be a multitude of fixed points. For instande oase of the
functionF(Y) = Y O a — STOP(on sets of traces) the set of traces

{0. @1

is a fixed point of the function. However, so is the set of traces

{0, (@), ()}
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and indeed any set of traces which contains kjpénd(a) will be a fixed point of the function.

In the case where a CSP functiBnhas a unique fixed point, it follows thatl CSP
processes which are solutions of the equationt F(Y) must have the same set of traces,
since there is only one such set possible. This means tNatif=(N) is a recursively defined
process andr has a unique fixed point, and if it can then be shown that another prBcess
satisfies the equatidd =1 F(P), then the conclusioN = P follows.

Guardedness

This result is so useful that it is worthwhile exploring a generablition under which a CSP
function will indeed have a single fixed point. This conditiogisardednessvhich is present

in a functionF when any execution df(N) must perform some visible event before reaching
the first invocation oN. If this is the case, then every occurrence of the nhhiesaid to be
guardedin F(N). It will be more precisely defined by the following clauses, which giles

for deducing when a process naidés guarded in a process expression which may contain a

number of process names.

The hiding operator may remove guards, by internalizing guarding vk the only
operator which has this effect: all other operators preserve guardednesstuhaiready
present. Guards are introduced either by means of the event prefixing opemtelse
through a sequential composition whose left-hand process (whicbuglprg the guard) does
not terminate immediately.

A process namBl is event guardech process expressidnif either

1. N does not appear iR; or

2. (a) P does not contain the hiding operator; and
(b) every occurrence of process naés either

. within the scope of a prefixing operator (prefix, prefix choice, inpubutput);
or

i. contained within the second argument of a sequential compositiopevirst

argument does not terminate immediately.

A process terminates immediately if one of its possible trace&/$: it can terminate
having performed no actions. Equivalently, if the equaRBoar P O SKIPcan be established
for P thenP can terminate immediately. The equation provides evidenceStiEr describes
one of the possible executions already possibldfor

EXAMPLE 4.22

e Nisguardedira— N Ob — STOR since itis in the scope of the component process
a— N;
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e Nisguardedinn?m: T — N ||/ in?n: T — N;

e Nis guarded ifa — SKIP O b — SKIP); N because the left-hand process cannot
terminate immediately;

e NisguardedinfSKIPO a — SKIP); b — N because itis in the scope bf— N;
e Nis not guarded ifSKIP O a — SKIP); N;

e Nis not guarded im -+ b — (N \ {a}) because the expression contains the hiding
operator;

e Nis guardedira — M (whereM # N) because it does not appear;

e Nisguardedira — M \ {b} (whereM # N) because it does not appear.

EXAMPLE 4.23

The functionF(N) = on — off — N is guarded, both by the evemt and by the event
off.

The functionF(N) = on — off — N O off — on — N is guarded, since each branch
of the choice is guarded.

The functionF(N) = (on— N) ||| (off — N) is guarded, since each component of the
interleaving composition is guarded.

The functionF(N) = (on — N) O N is not guarded, since one of the components of
the choice is unguarded. This means that uniqueness of a fixed poinggaranteed.
In fact, in this casé& has a number of distinct fixed points.

The functionF(N) = STOPJ| N is not guarded, since the right hand component of the

parallel composition is unguarded. However, in this particular case themdy one
fixed point.

The functionF(N) = on — (N \ {on}) is not guarded, because the use of the hiding
operator destroys the guard. This function has a number of distiect figints.

]

The second law for recursion can now be given:

(F(Y) guardedn (F(Py) =1 P1) A (F(P2) =1 P2)) = Py =1 P2 (UFPT)
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The law is labelledJFP+, for ‘Unique Fixed Point'. It states that if two processes are
both fixed points of a guarded function (which must have a unique firgwt), then those two

Their alphabets are given byl = a(TICKET) andaC = a(CHANGE.
The parallel expansion lajj-step may be applied to expand the parallel combination

processes must be equivalent. The guardedness is sufficient to estaddlibie tiixed point is
unique, but it is not necessary—see Exercise 4.16. The law is ofteredpplien one of the
processes is defined in termskffor example wher®, = F(P;); onceP, is shown to be
trace equivalent t&(P-), the equality?; =t P follows.

ExAMPLE 4.24 Consider the recursive processes
N=(a— N)Ob— STOP

and
M=a—-M

where the aim is to establish thdt=+ M A (b — STOB.

Note first that the functiofn(Y) = (a— Y) O (b — STOB used for the definition of
N is guarded. This means thHdEP+ is applicable, provide =1 Fy(N) andM =1 Fn(M).
The condition forN follows immediately by Lawrecursion-unwinding, from its recursive
definition. The equivalence will follow if it can be shown that prockks\ (b - STOB is a
fixed point of the functiorFy(Y):

M A (b— STOB =1 byrecursion-unwinding
(a— M) A (b— STOB
=71 by A-step
(a— (M A (b— STOR)) Ob— STOP
=1 by definition ofFy
Fn(M A (b— STOB)

So the laws for trace equality show thatA (b — STOB is a fixed point ofFy, the function
which definesN, and so it has the same traced\as O

ExaAMPLE 4.25 The ticket and change machine of Example 2.4 is a parallel combination of

two recursive processes:
MACHINE = TICKET {cashticket} ”{cashchange CHANGE
where the component processes are given by the following recursivetideini

TICKET = cash— ticket— TICKET
CHANGE = cash— change— CHANGE

to a sequence of choices:

TICKET 1ll,c CHANGE
=t by recursion-unwinding
(cash— ticket— TICKET) ¢l (cash— change- CHANGE
=1 by|-step
cash— (ticket— TICKET |, change— CHANGE
=1 by|-step
cash— ( ticket— (TICKET |, change— CHANGE
| change— ((ticket— TICKET) ||, CHANGE)
=1 byrecursion-unwinding
cash—
ticket —
((cash— ticket— TICKET) _;||,c change-» CHANGE
| change—
((ticket— TICKET) _1l,c cash— change— CHANGE
by ||-step
cash—
ticket —»
change— ((cash— ticket— TICKET) _1||,c CHANGEH
| change—
ticket— (TICKET _1||,,c (cash— change— CHANGE)
by recursion-unwinding
cash— ( ticket— change— (TICKET |, CHANGE
| change— ticket— (TICKET .||, CHANGE)

Il
4

Il
4

Observe that Lawj|-step applies to processes of the fonm: C — P(x), which is why
the recursive definitions ofICKET and CHANGE must be unfolded (by an application of
recursion-unwinding) before that law can apply.

The above equivalence establishes H&IKET .|| ,c CHANGEIs a fixed point of the
guarded function

F(Y) = cash— ticket— change— Y
| change— ticket— Y

and so it is trace equivalent to the recursively defined sequential process

MACHINE = cash— ticket— change— MACHINE
| change— ticket— MACHINE
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This provides a description of a process equivaleI&CHINE, but with the parallelism Mutual recursion

removed. O

The approach taken to mutually defined families of processes is a generaliZsti@approach
taken above. In a mutual recursion, each of the processes is defined in termsnalber of
the processes. The general case of a mutual recursion is concerned with adaveibforof
process nameN. Each member of the family is referred to with a particular indeand the

ExaMPLE 4.26 The stop-and-wait protocol of Example 3.2 is defined as

SAWP = (S| R)\ (mid.T U {ack}) ith component of vectdN is referred to ag\.
) . . For example, three processd¥GH, MID, andLOW may be defined by means of a
where the sender and receiver are define@ apdR respectively. mutual recursion. This family of process names may be considered in tetines wéctom,
indexed by the sef0, 1, 2}, with N, = HIGH, N, = MID, andN, = LOW. Another way of
S = in?:T — midlx - ack— S writing this isN = (HIGH, MID, LOW).
R = mid?y: T — outly - ack— R The mutual recursion definird uses a corresponding family, or vector of functiéhs

with the same indexing set. Each elemenfof a CSP function on a vector of processes
which gives a CSP process as output. Hence the entire Vedésaa function from vectors of

Several applications of Layj+step yield that : ve
processes to vectors of processes. The recursive definition then takesié fo F(N).

S|IR =7 in?x: T — midlx — outlx — ack— (S| R) For instance, the three process#&H, MID, andLOW might be defined as follows:

HIGH = around— HIGH
Hiding themid andack channels has the following effect: | down—s MID
(SII R\ (mid.T U {ack}) MID = up— HIGH
=1 by the previous equivalence | down— LOW
(in?x: T — mid!x — outlx — ack— (S| R)) \ (mid.T U {ack})
—1 byhide-step 2 LOW = jump— HIGH
| up— MID

in?x: T — (mid'x — outx — ack— (S|| R)) \ (mid.T U {ack})
=1 byhide-step 3

in?x: T — (outx — ack— (S| R)) \ (mid.T U {ack}) In this case, each dfiiIGH, MID, andLOW is defined in terms of a function of the three
processes, and the traces associated with each of these processes is dependsntracéso
associated with the others.

| down— up— LOW

=1 by hide-step 2

in?x: T — outx — (ack— (S| R)) \ (mid.T U {ack})
=1 byhide-step 3

in?x: T — outlx — ((S||R)) \ (mid.T U {ack})

All three processes amultaneouslylefined by the recursive equations. There is a
CSP function associated with each process, which in each case is a functi@eafiiuments:

Fo(H.M,L) = around— H |down— M
Hence(S|| R) \ (mid.T U{ack}) is a fixed point of the guarded functiét{Y) = in?x: T — Fi(H,M,L) = up— H|down— L
outix — Y which is the function used to define the one-place bu@i@PY of Example 1.15. Fo(H,M,L) = jump—H|up— M |down— up— L

It follows from UFP+ that
Observe that some functions do not mention all of the names in theiitdefin

(SIIR) \ (mid.TuU{ack}) =t COPY The recursive definitions may then be rewritten as

. . . . HIGH = Fq(HIGH,MID,LO
which establishes that the stop-and-wait protocol really does implenw@-glace buffer. o ’ ;Low)
o MID F1(HIGH, MID, LOW)

LOW = F,(HIGH, MID,LOW)
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or alternatively as
N = (Fo(N),Fi(N),F2(N))

or alternatively as

To calculate the traces of each process defined by the mutual recursion, the same

approach is taken as in the treatment of single recursion, taking as thegspaint that the
only trace known to be in each component is the empty t{aceThe procesSTOPwill
be the first approximation to these processes, and successive unwinditige definition
provide successive approximations: the point for beginning ¢eersive unwinding is the
vectorSTOP and successive unwindings are then giveRBSTOR. This allows successive
approximations to each procels to be built up as théth componen£"(STOB; of the
approximations. The traces Nf, whereN = F(N), are given by

traces(N) = (traces(E"(STOR)),

In the case oHIGH, MID, andLOW, the family of functiong=q, F, andF, together
define a mapping from a family of three procesbedM, andL to another family of three

processeB,(H, M, L), F1(H,M, L), andF;(H, M, L). To calculate the traces associated with

each of the processes defined recursively as part of this family, it is neces$myimowith
the family STOR STOR and STOR similarly to the starting point for a single recursion:
that () is the only trace known to be in each process. Unwinding the recursiveitibefs
once yields the familH, = Fo(STORSTORSTOR, M; = F;(STORSTORSTOBR, and
L; = Fo(STORSTOR STOB, which are written in full as follows:

H; = around— STOP

| down— STOP
M; = up— STOP

| down— STOP
Ly = jump— STOP

| up— STOP

| down— up — STOP
and their traces are then given as follows:

traces(H;) = {(),(around, (down}
traces(M;) {(), (up), (down }
traces(L1) = {(},{jump. (up), (down, (down up)}

126 TRACES

The next unwinding yields the three processes:

Hy = Fo(Hi.Mi,Ly)
My = Fi(Hi, My, L)
L, = Fa(Hi.Mi, L)

Observe that all of the processes from the first unwinding are requiredter to calculate
the processes reached after the second unwinding. Each stage is calculatee fpoevitius
stage:

Hiyi = Fo(Hi,Mi, L)
Mg = Fi(Hi, M, L)
Lisi = Fa(Hi, M, L)

The traces contained in the recursive processes are precisely those reachedneftiénisn
number of unwindings. Hence the traces of the pro¢ti&H are the traces of all thi;
approximations, and the tracesMfD andLOW are obtained similarly:

traces(HIGH) = [J, traces(H;)
traces(MID) = |J; traces(M;)
traces(LOW) = |J; traces(L;)

ExamvpLE 4.27 A collection of three processé€; | 0 < i < 2) indexed by the sef0, 1, 2
may be defined as follows:

C = around— G ifi=0
around— C; otherwise
O down— Ci_4

The conditional statement simply allows the expression of a famify@ess definitions as a
single parameterized definition. It is shorthand for the family of prededinitions

Cy = around— Cy
C, = around— C; O down— Cy
C, = around— C, O down— C;

The notationC; ; will refer to thejth approximation tcCi. Since the starting point for the
unwindings isSSTOR eachC; , must beSTOPR The first approximations are

Co; = around— STOP
Ci; = around— STOPO down— STOP
C,: = around— STOPO down— STOP
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and their traces are as follows:

traces(Co1) = {{(),(around}
traces(C 1) = {{(),(around, (down}
traces(Co1) = {{),(around, (down}

The second approximations are

Cp» = around— Co;
Ci» = around— C;; Odown— Cqy
Cyo = around— Cy; O down— C;

The traces of the second approximations are derived from those of the firs

traces(Co2) = {{(),(around, (around around }

traces(C ») {(), (around), (down), (around around,
(around down), (down around) }

traces(Co2) = {{(), (around), (down), (around around,
(around down), (down around), (down dowr) }

In general, the traces of tmth approximations will be

traces(Co,n) {tr | tr € {around}* A #tr < n}
traces(Ci,n) = {tr | tr € {around down}* A #tr < nAtr | downg 1}
traces(Cs,n) {tr | tr € {around down}* A #tr < n A tr | down< 2}

The traces of eaclf; is the union of the traces of the approximatiortsaces(Ci) =
U, traces(Cin):

traces(Cy) = {tr|tr € {around}*}
traces(C;) = {tr|tr € {around down}* A tr | down< 1}
traces(C,) = {tr|tr € {around down}* A tr | down< 2}

EachC; can do a maximum dfdownevents. m]
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Unique fixed points

A mutual recursiorN = P is event guarded if if any nameN; appearing on the right hand
side of any equation has its corresponding pro€gsvent guarded for each name: whenever
N; appears in any of th|;, thenP; must be event guarded for ealsh If a process nambs;

does not appear in any of the right hand proce&sethen there will never be any recursive
calls to the procesB; and so it need not itself be guarded—only those processes which will
be recursively called need to provide guards. For example, in the recdesin@ion

START = LEFT
LEFT = right - RIGHT
RIGHT = left - LEFT

only process variabldsEFT andRIGHT appear in any of the right hand process expressions,
and both processes corresponding to those variables are event guardatbwi that the
mutual recursion is event guarded. Observe that the funBigxr(S L, R) = L is not event
guarded. Howeve6TARTdoes not appear on the right hand side of the definition, and so this
family of definitions is event guarded.

An event guarded function has a unique fixed point. This is a direct géragiah of
the same result for the case of a single recursion. It allows two fesnilf processes to be
shown to be equal, by establishing that they are both fixed pointaunfcién whose variables
are guarded. This is expressed in the third rule we give for recynsiuich is a more general
form of the Unique Fixed Point result:

(E(Y) guarded\ (E(P1) =1 P1) A (E(P2) =1 P2)) = PL =1 P (UFPT)

ExaMPLE 4.28 This rule may be used for simplifying an interleaved combination ofrrecu
sive processes.

BOUNCE = up— down— BOUNCE
WOBBLE = left — right -~ WOBBLE
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The procesBOUNCE]||| WOBBLEcannot be written as a single recursive process. Expanding
the interleaving yields

BOUNCE]||| WOBBLE
=1 recursion-unwinding
(up — down— BOUNCE ||| (left — right - WOBBLB
=r |||-step
up — ((down— BOUNCE ||| (left — right - WOBBLE)
O left —» ((up — down— BOUNCE ||| (right - WOBBLE)
=t rulerecursion-unwinding
up — ((down— BOUNCE ||| WOBBLE
O left - (BOUNCE]|| right - WOBBLE

Similarly

(down— BOUNCE ||| WOBBLE
=7 down— (BOUNCE||| WOBBLE
O left » ((down— BOUNCE ||| (right - WOBBLE)

(down— BOUNCE ||| (right - WOBBLE
=1 down— (BOUNCE]|| (right - WOBBLE)
O right — ((down— BOUNCE ||| WOBBLE

BOUNCE]|| (right - WOBBLE
=1 up— ((down— BOUNCE ||| (right - WOBBLE)
O right — (BOUNCE||| WOBBLE

The result is a vector of four parallel processes

BOUNCE]|| WOBBLE
BOUNCE]|| (right - WOBBLEB
- (down— BOUNCE ||| (right - WOBBLE
(down— BOUNCE ||| WOBBLE

Jos]
=

given as functions of each other. The functions, given in terms of proclsseexed from)
to 3, may be extracted and made explicit:

FolN) = (up— Ny) O (left = Ny)
Fi(N) = (downos N,) O (left > N,)
F2N) = (down— Ny) O (right - N, )
Fs(N) = (up— N,) O (right — N,)
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right

down

BOUNCE]||| WOBBLE
left
Fig.4.16 The transitions oBOUNCE]||| WOBBLE

Then ifN = F(N), thenUFP+ allows the deduction th&W =1 N, since they are both fixed
points ofE. This means thaBOUNCE||| WOBBLE=t N, so it can be rewritten as a mutual
recursion to remove explicit parallelism. Its state space is illustiatEdjure 4.16. O

ExampLE 4.29 Suppose that the counter of Example 1.19 is adapted so that it can only
perform increments, and no longer has decrements as an option:

COUNTURN) = increment» COUNTURN + 1)

Then any of th€ OUNTURN) processes can perform arbitrary sequencesoémentevents,
and no other events. It appears that each process is equivanttincrement— N. In
fact, this can be shown by setting a vector of procebkse that eactN; = N as defined by
the recursion. Then

N, =t N
=1 increment— N
=1 increment= N,

so the vectoN is a fixed point of the guarded function used to deff@UNTUPR, and hence
by UFP7 the two families of processes must be the same. It follows that@atiNTURn)
is trace equivalent tbl = increment— N. O

ExaMPLE 4.30 The counter of Example 1.19 is defined as a mutual recursion, which main-
tains the difference between the numbernmofemens anddecremers, and allowslecrement
provided this number is strictly positive:

COUNT(0) = increment— COUNT(1)
COUNT(n+1) = increment— COUNT(n + 2)
O decrements COUNT(n)
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The following process expressi@PAWNIescribes a process with the same behaviour as
COUNT(0): every timencrements performed, a process is spawned which can independently
performdecremenexactly once.

SPAWN = increment— (SPAWN]|| decrement» STOP

To show thaSPAWN=r COUNT(0) it is sufficient to find a family of process&which is a
fixed point of the function defininG@OUNT, and such thaf, = SPAWN

Define
S, = SPAWN|| (| ‘ ‘inzl(decrement—» STOBR)
Observe (recalling Exercise 4.7) that

|H:1(decrement—> STOB =t decrement> (‘ ‘ ‘in:l decrements STOP

Then
S = SPAWN
=t increment— (SPAWN]||| decrements STOP
=1 increment— S
n+1
S.1 = SPAWN| |H|:] (decrements STOR

=1 (increment— (SPAWN||| decrement» STOB)
||| decrement-s |H|n:] (decrement> STOR
=t increment— ( SPAWN||| decrement> STOP
I |in:(decrement—> STOR)
O decrement> (SPAWN|| ‘ ‘ |:1:1 decrement» STOR
=7 increment- §,,, O decrements S

The S, meet the same guarded equations asGB#JNT(n), so they must be the same by
UFP+. This means the, =r SPAWN=1 COUNT(0). O

4.3 TESTING

A completely different approach to understanding CSP processes can be geetydn
terms of the operational semantics. Some very simple and natural nofitwss processes
should be distinguished and when they should be considered equivalebe given purely
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in terms of the possibility of a single event's occurrence withimeaest. It turns out that this
approach gives the same results as the denotational traces model for C8I eqdivalence
provides a better understanding of the traces model.

Processes may be analyzed in terms of how they behave in particular coriflxets.
response of processes to partictiéstscan be used to compare different process expressions,
and two processes will be considered equivalent if each of their responsestesaigythe
same: two processes are judged equivalent if no test can tell them apart.

Tests will themselves be constructed from the CSP language, extendea syttial
processSUCCESSvhich will be used to indicate that an execution has succeeded by means
of performing a special ‘success’ evenZ Y. . The operational semantics 85/ CCESSs
given by

SUCCESS% STOP

For example, the test
To = a— SUCCESS

will reach the success state after the occurrence afarent, and the test
T, =a— SUCCES$1 b - SUCCESS

succeeds after either aror ab event.

A testT can be used to test a CSP procBdsy runningP andT together in parallel,
and hiding all events apart from the success event

PIT\=

Since all events apart from are hidden, the only visible event that this combination might
possibly perform is aw event, which denotes a successful execdtidine tesfT, above will
succeed ifais one of the first events that the tested proéesan perform. For example, the
processa — b — STOPwill have a successful execution withy, since(a -+ SUCCESS|

p

a — b —» STOP \ T can performw after the internal synchronization @an However,
b — a — STOPhas no successful execution.

1Unlike other eventsy may also occur after termination to allow testing for teration. A new construcSKIP,,
which has one transitio8KIP,, i> SUCCESS$nay also be used in the construction of tests
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The approach ahay testinds concerned with the possibility of successful execution of
a process under a test. The notaffomay T indicates that there is some successful execution
of P under test:

PmayT = (P|T)\%)<L
X

Two processeB; andP, will be distinguished under may testing if there is someTesthich
distinguishes them: in other words, eittgr may T and— (P, may T) or elseP, may T

and- (P; may T). If there is no such test, then they will be considered equivalent under may

testing:
Pi =mayP> = VTeP mayT<«< PymayT

For examplea — b — STOPandb — a — STOPare distinguished by the teat —
SUCCESS On the other hand, the processes> STOPM b - STOPanda — STOPO
b — STOPmay pass exactly the same tests, and so will be equivalent under may testing.

(a—b— STOP #may b—a— STOR
a— STOPO b — STOP =pa a— STOP b — STOP

The definition of may testing equivalence, although it provides a natupabaph to process
equivalence, would be cumbersome to use in practice since it requires eatisid of all
possible tests in order to show that two processes are equivalent. iicsighresult is that
this form of equivalence is exactly the same as traces equivalence:

Py =mayP> & traces(P;) = traces(Ps)

This means that the traces model provides exactly the framework requiredtéblishing
may testing equivalence. Technically, the traces model is saidftdip@abstractwith respect
to may testing. The traces model contains exactly the information requiresimpare and
contrast processes in terms of how they might behave in a may testingxtonf two
processes have different trace sets, then there will be some test whictstaguish them,
and conversely if they have exactly the same trace sets, then no test caguitstithem.

Testing also naturally gives rise to a refinement relation:
PiCmayP2 = VTe—(PimayT)= - (P, mayT)

This states that if a specification proc®sss unable to pass a given t&stthen this indicates a

limitation on whatP; considered as a specification allows, and so no implementation should be

able to pass the te$teither. Although this definition is intuitive, it would be laboui®to apply
directly in practice because it would involve consideration of an infioftiests. However, it
does provide an alternative understanding of refinement in the traces rmdel (ced in the
next Chapter, on Page 166), since these two characterizations of refinememtiaedent:

Pi CmayP2 & P1Er P2
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4.4 CONGRUENCE

May testing defines a way of identifying when two processes should bedevadiequivalent.
All that is required for a relation to be an equivalence relatioon a seSis that it is reflexive,
symmetric, and transitive:

reflexive: Vx: Se x=x
symmetric: VX,y: Sex=y & y=X

transitive: VX,y,z: SeX=yAy=z=X=2z

For example, an equivalence on the positive integ&rsmight identify two integers if they
are the same moduBy) so1 and4 are considered equivalent modadloThis could be written
asl =3 4.

A congruences a stronger form of equivalence, which is preserved by the operations
on that set. In other words, if the same operation is carried out on twoealsnthat are
equivalent, then the two results should again be equivalent. Equivalesd@®3 on N* is
a congruence when the only operations of interest are addition and Iwatigm. However,
if exponentiation is also allowed as an operation, then it is no longergreence, since for
examplel = 4 but-(2! =3 2%). This operation allows a context in which some equivalent
numbers can be distinguished, by giving a different result when apfi@éich of them.
Whether or not an equivalence &is also a congruence dbdepends on the operations
allowed.

Any equivalence= on a setS will have an associated congruenge the weakest
congruence which is stronger than it. Two conditions must holdiyfiestis stronger thase
if

1.VXy:Sex=y=x=y
For example, equivalence moduipis stronger than equivalence moddle-if two numbers
are equivalent modulo 6, then they are equivalent module 35 y = x =3 y. However,

equivalence moduld is not stronger than equivalence mod@|asince for examplé =, 10
but—(2 =3 10).

Being theweakestongruence stronger tharequivalence means that the associated
congruence should be weaker than any other congrughadich is stronger thaee:
2. If ' is a congruence stronger tharthen it is also stronger theg.
For example, under the operations of addition, multiplication, apdegntiation, equivalence
modulo6 is the weakest congruence stronger than equivalence madulo

Generally in considering CSP processes, an equivalence relation itsel§is isgful as
its associated congruence relation. This is because processes are compa@yatésied, and
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so their behaviour in a variety of contexts is more important tham bediaviour in isolation.
An equivalence relation allows natural distinctions between processesxptessed, and the
associated congruence establishes what else is required for equivalenceaedreqtt in all
contexts.

A denotational model such as the traces model automatically provides a coogfaen
the language simply by virtue of the compositional way the languagestics is defined.
Since trace equivalence is the same as may testing equivalence, this means thestimgy t
equivalence must also be a congruence, so any two processes which canndngeishstd
by any test can replace each other within any process context without changiogettall
result.

Exercises

EXERCISE 4.1 What are the traces associated with the following finite state machines ?
c
-
a
" O UL 100

EXERCISE 4.2 Give the traces of the following processes:

1. a— STOP| b — ¢ — STOP

2. a— STOP| b — (c — STOP| d - STOR
3. a— STOPO a— b — STOP

4. I_InEZ outin — out'(n?) — STOP

5.a—»b— RUN{a.b)

o

. (= b — STOP 1M RUN[5

EXERCISE 4.3 Why is the empty trace explicitly included in the definition of indergternal
choice? Why is it not also included in the definition of indexed internalc#?

ExrRrcISE 4.4 Prove the soundness of Lawzerofrom the definition given foiraces(P; O
Ps).

EXERCISE 4.5 Prove the soundness of Lawunit.
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EXERCISE 4.6 Simplify each of the following where possible, wherP) C A:

. P alla RUNa~

. P Alls RUNg. (whereB C A)

. P \lls RUNg. (whereB ¢ A)

. P alls RUNg\ )~ (WhereA C B)
. P Alla STOP

. P 4llg STOP(whereA C B)

- P \llg STOP(whereA ¢ B)

N o g~ W N P

EXERCISE 4.7 Given that‘ | ‘:—1 a — STOP=1 a — STOR prove (by induction om) that

|| a—sTOP =1 a—(|||" a-sToR

ExERCISE 4.8 What are the traces of the following processes?

1. coin — change— SKIP O coin — ticket - SKIP
2. coin — change— SKIP || coin — ticket— SKIP
3. coin — change— SKIP ||| coin — ticket— SKIP
4.

coin — change— SKIP A coin — ticket —» SKIP
Exrrcise 4.9 What are the traces &f,, Py, andP; || P> of Example 4.13 of Page 101.

Exercise 4.10 Isf(f~1(P)) =t P true for any alphabet renaming functib? How about
f=1(f(P)) =t P ? In each case give a proof or a counterexample.

EXERCISE 4.11 What are the traces of the recursive procB&SKSof Example 3.24?
EXERCISE 4.12 Calculate the traces of the recursive process

P = up— (PO SKIP); down— SKIP
EXERCISE 4.13 Calculate the traces of the recursive process

P = in?x: N — ((outx — P) > COPY)
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EXERCISE 4.14 IsF(Y) = a— Y O b — Y guarded? What are the traceshof= F(N) ?
Are there any other fixed points?

EXERCISE 4.15 ISF(Y) =a— Y [/, Y guarded? What are the traceshot= F(N)?
Are there any other fixed points?

EXERCISE 4.16 IsF(Y) = ((x: ¥ — Y) O SKIP) ||| Y guarded? What are the traces of
N = F(N)? Are there any other fixed points?

EXERCISE 4.17 RewriteATT || CUSTof Example 2.3 as a recursion which does not contain
any parallel operators.

EXERCISE 4.18 Show that(SPY || MASTER \ {relay} of Example 3.1 is equivalent to
listen?x — RECORDX), whereRECORDIs defined by a mutual recursion

RECORDX) = listen?y — log!x — RECORDY)
O log!x — listen’y — RECORDYy)

EXERCISE 4.19 If OUT, = outix — OUT,, then a variable can described recursively as
Vyx = OUT A in?y — Vj. It can also be defined using the equatithR, = in?y — VAR, O
outix — VAR Use the Unique Fixed Point law to show that these define the sarnegso

EXERCISE 4.20 Find a test which distinguish@s— b — STOPfroma — b — ¢ — STOP
under may testing.

EXERCISE 4.21 Find a test that distinguishég = (a - b - MM b —» a —» M) from
N = (a— N1 b — N) under may testing.

EXERCISE 4.22 Is there a test that distinguishas— STOPM a — b — STOPfrom
a — b — STOPunder may testing?

EXERCISE 4.23 Is there a test that distinguishas+ b — STOPfroma — STOP||| b —
STOPunder may testing?

EXERCISE 4.24 |s there a test that distinguishis= a — N from I_IHENA(n) under may
testing, wheré\(0) = STOPandA(n+ 1) =a— A(n) ?

EXERCISE 4.25 Can the processeSTOPand SKIP be told apart without the presence of
SKIPR, in the language of tests?

EXERCISE 4.26 Acongruence over alanguage is dependenton the constructs of the language.

If new operators are introduced to the language, then the requiremeats éguivalence to
be a congruence alter, since the equivalence must also be respected by tipersors.
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Suppose that a new operatot(P) is added to the language of CSP, with transitions as
follows:

P3P PSP

Int(P) 3 Int(P) Int(P) & STOP

Int(P) can deadlock at any stage where internal transitions are possitfte for

1. Is may testing equivalence still a congruence in the language extenttethisinew
operator?

2. What is the congruence associated with the equivalence refagigyfor the extended
language?

3. Can a denotational definition be given for this operator in the traceeimo



Specification and verification
with traces

5.1 PROPERTY-ORIENTED SPECIFICATION

Systems are designed to satisfy particular requirements, and one oétheftiseir semantics
is to enable them to be judged against given specifications. In the traces mspletification
on a CSP process is given in terms of the traces it may engage in. It will chazacthe
traces that are acceptable and those that are not. A process meets the specifahtdisf
executions are acceptable: no matter which choices are taken, any execution ottes|is
guaranteed not to violate the specification.

If S(tr) is a predicate on tracés, then proces® meetr satisfies 8r) if S(tr) holds
of every tracer of P.
PsatS(tr) = Vtr € traces(P) e Str)

The specification S(tr) is said to be groperty-oriented specificatiorsince the required
property is captured directly in terms of restrictions on traces. The qaeds may be
expressed in any notation, though in practice first order logic and elenyesgtt and sequence
notation are generally sufficient.

ExamPpLE 5.1 The requirement that there should not be nawenevents thamp events is
captured as the predicate

S(tr) = tr | down< tr | up

This states that the length of the trace restricted todben event (i.e. the number of
occurrences olown) should not exceed the length of the trace restricted taprevent. For
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a process to satisfy this specification, no possible trace should rereglownevents thap
events: at no stage must the specification be violated.

The processip — up — down— STOPhas as its trace set

traces(up — up — down— STOR = { (), (up), (up, up), (up, up, down) }
and every tracé in that set meet§(tr). It follows that

up — up — down— STOP sat tr | down< tr | up

O

If a proces<P fails to meet a specificatiof(tr), then this must be because it has some
(finite) trace for whichSfails to hold: there is a point where the performance of a particular
event takes the execution Bfoutside the specification. To meet a trace specification, it is
necessary to ensure that at every stage of an execution no violating everesfanmed. This
kind of specification is called safetyspecification, which requires that nothing ‘bad’ should
ever happen, and it is precisely this kind of property that are expressgecifications on
traces.

Since every process has the empty trgaes one of its traces, any specificat®which
is satisfiable by some process, it must hold for the empty tracg(()j does not hold, then
this means that the specification is violated before the process even tegiesute, and so
no process could meet it. The che®K)) is a necessary condition for satisfiability.

Conversely the proceSSTOPhas the empty trace as its only trace. Hence any satisfiable
specification will be met bySTOR It is certainly the safest process in the sense of trace
specifications: it is always safe to do nothing, even if it is not veryulseih subsequent
chapters other forms of specification will be discussed, nofal@pessspecifications, which
STOPwill not satisfy. But within the context of observations as traces,@nsidering only
safety specification§TOPIs the process that meets all satisfiable specifications.

ExampLE 5.2 The requiremenPR(tr) that some evera should always precede another
eventb may be expressed a number of different ways:

PRi(tr) = (tr=trg " (b) " try) =>tro [a# ()
PRy(tr) = (tr=tro " (b) "try) =trja#)
PR;(tr) = trla={=trb=)

The first predicateRR;, states that if a trace may be split around the ebgtiten the segment
before theb event should contain amevent. The second predicalR,, states that if a trace
contains & event, then it should contain arevent somewhere within iPR; is not equivalent
to PR, at the level of traces, since there are some traces (the simplest/bgapwhich meet
PR, but notPR,. However, they are equivalent at the levelsplecification®n processes,
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in the sense tha® sat PR, (tr) < P sat PR,(tr) for any proces®.. This is a result of the
downward closure properf2 again. If a tracer of P meetsPR, andP sat PR,, then any
prefix oftr should also meé®R,. In particular, iftr, ~ (b) " tr; is such a trace, themn, ~ (b)
is another such trace. SinB&, states thaa s in the latter trace, it must be tny, the part of
the trace that precedbs

The predicat®R;(tr) is equivalent td®R; (tr), but expressed rather differently: it states
that if a has not yet occurred, thdncannot yet have occurred. O

ExampLE 5.3 The typical requirement on a buffer or queue process is that messages are
outputin the same order as, and subsequent to, their input. Thisisedpy the specification

that at any stage, the sequence of outputs that have been observed musetie @f tire
sequence of inputs.

B(tr) = tr{out<tr{in

This safety specification can be violated only by a process performing thegwautput at
some point. O

5.2 VERIFICATION

The compositional nature of the trace semantics for CSP allows a caiopabproof system
to be provided for trace specifications. Specifications of processes may beedefdom
specifications about their components, in a way which reflects the trace sencétiiesCSP
operators. The proof system is given as a set of proof rules for alleofC®8P operators,
in each case giving as conclusion a specification which holds of a compasitesgr from
antecedents which describe specifications which hold for the component m®c€hke proof
rules are sound with respect to the trace semantics given for the CSP opeaatbcomplete
relative to completeness of the specification language.

There are three rules whose validity is due to the natusatgpecification, and which
therefore hold for all CSP processes.

The first is that any process meets the vacuous specificatietir), which holds for
all tracestr.

P sattrue(tr)
The second is that any specification may be weakened:

P sat S(tr)

TT(YF) [Vtr : TRACEe S(tr) = T(tr) |
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The final rule states that §(tr) andT(tr) have been established separately, then the specifi-
cation consisting of their conjunction is also established:

P sat (tr)
P satT(tr)

Psat(SA T)(tr)

This last rule allows separate proofs fBtr) and T(tr), and then for the results to be
combined. For instance, one proof may establishRhedttr | a < tr | b, and another proof
may establish tha® sattr | b < tr | c. This rule allows the deduction that

Psat(tr JagtrJ]bAtrlb<trlc)

and the previous rule, which allows weakening of a specification witsat apecification, is
used to deduce

Psat(tr Ja<gtrlc)

This chain of reasoning is independent of the nature of the prétessce the initial specifi-
cations forP are established.

STOP

There is only one trace of the procé&sBOP the empty trace. The strongest specification that
is met by the procesSTOPis thattr = (). This is encapsulated in the rule

STOPsattr = ()

The rule has no antecedents, corresponding to the facdTf@Phas no component processes.

The weakening rule given above can be used to show that any specification which i
satisfiable by any process must be satisfiablSBQP If P sat S(tr) (for some procesB),
thenS must hold of the empty traceS(()). This follows from the fact that) is a trace of
every process, and hence in particulaPofThis means thatr = ()) = S(tr), which may be
used in an instance of the weakening rule:

STOPsat (tr = ())

STOPSatS(m) [Vtr : TRACEs (tr = ()) = S(tr) |

In fact, the side condition is equivalent to the asser8g()).
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Prefix

A trace of the process — P is either empty, or begins with the evexrfiollowed by a trace of
P. If P sat §(tr) then the part of the trace aftai(that is: tail(tr)) must meet the specification
S. This leads to the following proof rule:

P sat S(tr)

a— Psat tr =)
\
headtr) = a A Stail(tr))

For instance, to show that— a — STOPsattr | a < tr | b, the fact thaSTOPsattr = ()
may be used. The proof rule for prefix allows the deduction that

a— STOPsat (tr = () Vv (headtr) = a A (tail(tr) = ())))
which may be weakened to
a— STOPsattr Ja< 1

This intermediate weakening allows a more concise specification to be candedh the rest
of the proof.

A second application of the prefix rule then yields
b — a— STOPsat tr = ()
xeac(tr) =bnAtail(tr) la< 1
and each disjunct in turn may be weakened to produce
b—a— STOPsat tr Jla<tr|b
xibzlAULagl

which weakens finally to produce

b — a— STOPsattr Ja<tr|b

Prefix Choice

The prefix choice operator generalizes the prefix operator: it contains a nofrdoenponent
processes, and the first event that is performed can be any one of the meentsfaifered.
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The antecedent to the rule assumes a family of specificag(ts), one for each of the
component®(a).

Vae Ae P(a) sat S(tr)
Xx:A— P(x) sat tr = ()

v
Ja e Aeheadtr) = aA Sy(tail(tr))

Output and Input

The output processdv — P is simply a particular kind of prefix process, and the proof rule
reflects this:

P sat S(tr)

clv— Psat tr =)
v
headtr) = c.v A S(tail(tr))

Similarly, the input process?x : T — P(x) is a special form of prefix choice, and so
the proof rule is very similar:

Vve T e P(v) satS(tr)

c?: T — P(x) sat tr = ()
\%
3ve T e headtr) = c.v A S(tail(tr))

SKIP

The procesSKIPdoes nothing except terminate successfully. It has only two poskitied,
one for the situation before it has terminated successfully, and tieefoitthe situation after.
These two traces afg¢ and(v"), so the inference rule, which has no antecedents, is as follows:

SKIPsattr = () V tr = (V')

RUN

The procesKRUN is able to engage in any trace. If it is able to meet a specification, then
that specification must allow all possible traces. This will therefore bextremely weak
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specification, since it places no restrictions on the traces that are acceptablgpddification
is equivalent tdrue:

RUN sat true(tr)

In fact this rule is superfluous, since the conclusion may already beeddrivm the firssat
rule given above, concerning the vacuous specificdtioe However, it is given here for the
procesRUN n order to cover that process explicitly.

External Choice

The proces®; O P, behaves either &8, or asP,. If P, satS(tr) andP, sat T(tr) then the
choice procesB; O P, satisfies the disjunction of these two specifications:

P, satS(tr)
P, satT(tr)

P, O Py satS(tr) v T(tr)

Any trace ofP; O P, will meet eitherS(tr) if it arises fromP;, or elseT (tr) if it is generated
from P,.

The indexed external choidEiFI P; behaves in a similar way, meeting the disjunction
of the specifications met by its components:

Viel o P satS(tr)

Diel Pisat3i e | e §(tr)

Any trace of the indexed choice must meet at least one of the component specificat

Internal choice

The internal choice operator has the same trace semantics as the external paterposo
the inference rules will also be the same:

P, sat S(tr)
P, satT(tr)

P, M P, satS(tr) v T(tr)

VieJe P satS(tr)
I_IiEJ P, sat3i € J e S(tr)
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Parallel composition

Atracetr of the proces®; ,||g P2 is comprised of a contribution frof, and a contribution
from P, contained within the alphabe#s” andB¥ respectively. In fact, the projection
of the trace ontdA —tr | AY —is a trace ofP;, and the projectior | B is a trace of
P,. If P; sat S(tr), then this means th&tr | A”) must hold. Similarly, ifP, sat T(tr),
thenT(tr | BY) must hold. Finally, only events iA“ or B¥ are possible for the parallel
combination, so it follows that(tr) C (AU B)¥ . This leads to the following proof rule:

P, satS(tr)
P, satT(tr)

Py Allg P2 satS(tr [ A7) AT(tr [ BY) A o(tr) C (AUB)Y

This rule demonstrates the way in which parallel composition corresgormbnjunction: the
constraintsSandT both hold, on their respective alphabets.

For instance, the following recursive processes meet specifications assfollo

Pir=b—a—-P; sat Str)=(trla<trlhb)
P,=c—>b—- P, sat T(tr)=(trlb<trlc)

Then the combinatioR; ¢, sl ; P> meets the specification
S(tr I {a,b}) A T(tr [ {b,c}) Ao(tr) C {a b,c}’

Observe tha®(tr) is concerned only with the occurrence of the everatsdbin the tracer, and
its truth depends only on the trace restricted to those two events Sty < S(tr | {a, b}¥),
and similarlyT(tr) < T(tr | {b,c}¥). This often turns out to be the case when processes
are combined in parallel, since the interface set for a process generally soaltairi the
events that it can perform, and specifications on such processes are usuallyedrody
with constraints on their performable events.

The specification is then equivalent to
S(tr) A T(tr) A o(tr) C {a,b,c}”
which reduces to
trlagtrlb<trlcAo(tr) C{abc}”
The constraints imposed I andP, separately ensure thatnust occur at least as often as

adoes.

The rule for the indexed parallel operator follows a similar patteachEcomponerf;
with interfaceA; imposes its own constrai(tr) on the projection of the overall trace onto
the alphabe#.

Viel e P satS§(tr)

Hfl Pisat(VieleS(tr [A) Aa(tr) C (Uie A)Y
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Interleaving

An interleaved combinatioR, ||| P» performs tracesr which consist of a trace; of P,
interleaved with a tract, of P,. This leads to the following inference rule:

P, satS(tr)
P, satT(tr)

Pi ||| P2 sat3try, tro e (Stry) A T(tra) A tr interleaves try, try)

The resulting specification an met byP, ||| P, states thatr interleaves two traces meeting
SandT respectively.

In practice the nature &andT often allow this specification to be weakened to a more
direct requiremeni(tr), by establishing the following:

Viry, tro o ((S(tr1) A T(tr2) A tr interleaves try,tro) = R(tr))

If R(tr) holds whenevetr interleaves two traces meeti®gndT, then it must hold for the
particular tracetr; andtr, whose existence is asserted in the proof rule above. In such cases,
it can be deduced th&, ||| P, satR(tr).

This may be captured in an alternative proof rule:

P, satS(tr)
P, satT(tr)
Viry, try, tr : TRACEe ( S{try) A T(tr2)

A tr interleaves try, try

) = R(tr)

Py ||| P, satR(tr)

ExaMPLE 5.4 Consider thaS(tr) is a specification which states thetnust appear in the
trace beford does. This may be captured as follows:

Str) = trja=()=trb=)

This states that if n@ has occurred, then nio can have occurred. This is equivalent on
processes to stating that amgvent must be preceded by aevent because the trace sets of
processes are prefix closed.

If both P; andP, meet specificatios(tr), then anyb performed by one of the compo-
nents ofP; ||| P, must have been preceded byaevent performed by the same component;
so it appears tha; ||| P, satS(tr). In order to establish this using the second proof rule for
interleaving, it is necessary to check the third antecedent:

(trita=()=>tri[b=()A
(e Ja=() =tz [b=()A p=(rfa={)=1tr[b=)
tr interleaves try, tro
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This result is reasonably intuitive, but to establish it formally ieggian inductive proof otr
because of the inductive definition ioterleaves. O

Interleaved combinationB; ||| P, are often used to make explicit the fact that the
component processes have no direct interaction with one another, in casesheephabets
of P, and P, (apart from termination) are disjoint. In such cases, it is sometimeg mor
convenient for proof if the combination is rewritten to the faPm,, 5 1, (p,) P2 as follows:

PLlIP: = Pioppllapy P HFa(P)na(P) = {}

This form is supported by the more straightforward proof ruteaiphabetized parallel with
its more direct relationship between the behaviour of the whole prameddraces of its
components.

Interface parallel

The approach to this operator is similar to the approach taken to purkeawieig. A trace

tr of Py || P, must arise from two traces; andtr, of P, and P, respectively, where
A

tr synchy try, try. This results in the following inference rule:

P, satS(tr)
P, satT(tr)

Py || Py sat3try,try e (S(try) A T(tra) A tr synchy try,tro)
A

As in the case of the interleaving operator it may be possible in ptaticases oSand
T to show that

Viry, tro, tr e (S(try) A T(tra) A tr synchp try, tra) = R(tr)
which would allow the deduction of

P, || P, satR(tr)
A

For example, if botiP; andP, meet the specificatio§(tr) = (tr | B < tr | A) where
BN A= {}, thenP, || P, should meet the specificati®{tr) = (tr | B < 2 * tr | A), since
A

events fronB are performed independently B andP,, but events fronA are performed
together. Indeed it is straightforward to check that

Viry,tro, tr e (S(try) A S(tra) A tr synchy try, tro) = R(tr)

from which the required result follows.
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ExAMPLE 5.5 Another example is provided by the special cRse|| P, which interleaves
{3

its components on all events except termination. teemn(tr) = v* € o(tr) denote that
the trace corresponds to a terminating executior; Isat (term(tr) = S(tr)) andP, sat
(term(tr) = T(tr)), thenP; || P, on termination will meet the appropriate combinatiorSof

andT. For example, lesum(seq be the sum of the elements of a sequesege Z* . Then

for instance the specificatid(tr) = (term(tr) = sum(tr || C) = n) states that at the time

of termination, the sum of all the values passed along all the channels setl is n. If

P, satSy(tr), andP, sat Sy(tr), thenP; || Py sat Syyn(tr): by the time of termination, the
{}

sum of the values passed by the parallel combination withben. O

Hiding

Atrace of the proces8 \ Aarises from a trace df simply by removing all of the events i
from the trace. Hence for any tracef, Athere is a corresponding traceRfThe inference
rule thus takes the following form:

P sat S(tr)
P\ Asat3try etry \ A=1tr A S(try)

For instance, the proceBsmight be given by? = a - b — ¢ — P, and the property
that has been proven féris thattr | ¢ < tr | b < tr | a. The rule allows the deduction that

P\ {b} sat Jtryetr; \{b}=trAtrylc<trylb<gtr;]a
and this specification (observe it is tm is equivalent tdr | ¢ < tr | a, since it holds fotr

precisely when this latter specification does.

In fact, the inference rule simplifies in the case where the specific&topis inde-
pendenof the setA being hidden, in the sense that it holds independently of the presence or
absence of events fromin the trace. A specification is-independent if

Vir e S(tr) & S(tr \ A)

For such a specification, the predicate; o (S(tr;) A tr; \ A = tr) is equivalent ta(tr),
since if there is some such, thenS(tr; \ A)—that isS(tr)— holds. And if there is no such
try, thenS(tr) does not hold, since is a candidatér;. The conclusion of the rule simplifies,
and the resulting rule is

P sat S(tr)

TP\ Asasm) | ") isAindependenf
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Generally, predicates which are concerned only with certain events in the trdigelgre
to be good candidates for independence from other events. For examppettiBcation
tr | c < tr | ais concerned only with the projection of the trace onto the eveatedc, and
so it isA-independent for any sétwhich does not contaia or c. Hence one instantiation of
the revised rule for the recursive proc€ss- a — b — ¢ — P would be

Psattr fc<trla
P\ {b}sattr flc<trla

[‘tr Lc<trlais {b}-independent

If the setA does not contain the channgl (and recall it cannot contair), then a
specification stating that a particular result will be provided on chambefore termination
is A-independent, and so it is maintained by hiding thefséthe relevant instantiation of the
rule is as follows:

P sat (term(tr) = tr | c = (42))
P\ Asat(termtr) = tr | ¢ = (42))

since the predicateérm(tr) = tr || ¢ = (42)’ is A-independent.

Observe that specifications might not Aéndependent even if they do not mention
events fromA explicitly. The specificatioterm(tr) = #tr > 5, for example, states that the
process must do more than 5 events before terminating. This i&-matependent (for any
A # {}), since all events are counted towards the length of the trace; this spémifitat
concerned with all events iB.

Renaming

A tracetr of a renamed proce$$P) will be a renamed traci(tr, ) for sometr; of P. The
inference rule for translating specifications through a forward renaisitingn as follows:

P sat (tr)
f(P) sat3tr; e S(try) A f(try) =tr

For particular specificationS(tr) it is possible to translatg throughf to a specificatiorR.
This will be valid providedR(tr) can be shown to translaBcorrectly:

Yir o (S(tr) = R(f(tr)))

For example, consider the restriction of the trace to a particular sBtsattr | A < n, and
A=1f (B) for some seB (in the sense thak = {a | f(a) € B}), then it might be expected
thatf (P) sattr | B < n. The result that

Vtre(tr JA<n=1tr [ B<n)



VERIFICATION 151 152 SPECIFICATION AND VERIFICATION WITH TRACES

allows this conclusion to be deduced. If for instancef is the function defined by
In the case wheré is a 1-1 function, its inversk ! is also a (partial) function, and
there is only one possibility for the trate which maps undefrto tr, namelyf ~!(tr). In this f(a=f(b)=f(c) = a
case the inference rule simplifies as follows: fd)=f(e = d
P sat §(tr) f inecti
f(P) satS(f !(tr)) [ injective] the proces$ '(P) reduces to
The specificatior§ may often itself be transformed dywhen simplifyingS(f ~*(tr)). For f1P) = as(dof (P Oest '(P)

example, consider a proceBsneeting the specification of a buffer:
Ob— (d=f"'(P)Oe—f'(P)

Bsattr | out< tr §in Oc—od-f '(P)oe—f '(P)

If the channel names are renamedkitib andright by the application of an injective renaming

functionf defined b
¥ which is the same as the recursively defined process

f(inm = leftm
f(c()utm; = right.m P = a»(d—=POe=sP)
f(leftm) = in.m Ob— (d—=P oOe—P)
f(rightm) = outm Oc—» (d—-P Oe—P)

thenf(B) satf (tr) J out< f (tr) | in. The sequence of messages (tr) | outis the
same as the sequenizell f(out), that istr |} right. Similarly,f=!(tr) | in is equivalent to

tr | left, and so the result is that by the unique fixed point lalFPr.

Furthermore, the specification
f(B) sattr | right < tr | left

The inverse renaming operator is more straightforwardt. i a trace of ~*(P), then ftryJd<f(r)la
f(tr) is a trace ofP, and so it must satisfy whatever specificati®is known to satisfy. The
inference rule is as follows: reduces to
P sat S(tr)
f~1(P) satS(f(tr)) tr L ({d}) <trdfi({a))

For example, leP be the procesB = a — d — P. Then which expands to

P sat trjd<trla
tr|{def<tr|{abc}
so for any functiorf it follows that
and so it is finally established that
f 1(P) sat f(tr){d<f(tr)la

The process and the specification may be independently simplified. P sat tr|{de}<tri{ab,c}
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Sequential composition

The proces®;; P, behaves entirely a8, until P, terminates, after which it behavesRs
Any given trace oP;; P, admits one of two possibilities: either it is a traceRafwhich has
not yet reached termination, or else it is a tracépfollowed by a trace oP,. The proof
rule reflects this dichotomy:

P, satS(tr)
P, satT(tr)
Pi; Py sat — term(tr) A S(tr)
\%
3try,tro e tr =try Tty A S(try T (V) A T(tra)
The first case covers those traces frBmthat have not yet terminated. The second case is
concerned with those traces corresponding to executions that have passetfficam P; to
P, at some point: in this cast; ~ (v') is the part of the trace frof®, up to termination, and

try is the contribution fronP,, after control has been passed. Observe that'tfi@m P;’s
termination does not appeartin reflecting the trace semantics of sequential composition.

A degenerate case concerns the situation where the specifiétipfior P; does not
allow for termination: S(tr) = — term(tr). In this case the first disjunct above reduces to
S(tr), and the second reducesfadse(tr), sinceS(tr; ~ (v')) cannot hold. In other words, in
the situation wher®; cannot terminate, the result is tiat; P sat S(tr), corresponding to
the fact that all executions will be entirely dueRg.

Interrupt

A trace of the interrupt proce$§ A Ps is either a trace dP,, or else a non-terminated trace
of P, followed by a trace oP,. The inference rule is as follows:

P; satS(tr)
P, satT(tr)

P1 A Py sat S(tr)
Y
3try,tro e tr =try T tro A - term(try) A S(try) A T(trs)

5.3 RECURSION INDUCTION

If processN is recursively defined by the equatibin= P or equivalently byN = F(N) (where
F(Y) = P[Y/N]), then a rule which is sufficient to establish thasat S(tr) is the following:

VY e (YsatS(tr) = F(Y) satS(tr))
N sat S(tr)

[SM1
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This rule is sound because it provides all the ingredients for edtaiidy induction that

N sat S(tr). The traces oN are those o J; traces(F'(STOB), all the finite unwindings of
F(Y) starting from the procesSTOP The inductive hypothesis is thBt(STOP sat S(tr).
The side conditio(()) provides the base case, since itis equivalentto the statSh@Rsat
S(tr), which is the same &&°(STOB sat S(tr). The antecedent of the rule provides the basis
for the inductive step: that if an arbitrary procésmeets the specificatid¥(tr), then so does
F(Y). Hence from the fact th&' (STOB sat (tr) it follows thatF (F'(STOB) sat S(tr): that

is, F+!(STOR sat S(tr). The conclusion thati e F'(STOR sat S(tr) follows by induction.
and sov'tr € |J; traces(F'(STOB) e S(tr), which means thatl sat S(tr).

Establishing the antecedent to the rule will depend on the CSP opeuagxsn the
recursive functior(Y). Typically, the rules appropriate to these operators would be used.

ExAMPLE 5.6 The recursively defined procelis= a — b — N alternates on performance
of the eventsa andb. One specification which it meets is that the numbebdavents
never exceeds the number afevents performed. This is expressed in the specification
Stry=trlb<trla

To establish the antecedent, it is necessary to showrtBat S(tr) = a — b — Y sat
S(tr). Assuming that' sat S(tr), it follows from an application of the rule for prefix that
b — Y sattr = () v (tr = (b) " tr' A S(tr'))

and so it follows from another application of that rule that

a—b—oYsattr=() Vv (r=(a "tr
At = () Vv (tr' = (b) " tr" A Str'"))))

This simplifies to

a—b—Ysattr=() vtr=(a) Vv (tr=(ab) "tr" Atr" |b<tr" | a)
which implies that

a— b— YsatStr)

as required. Itis also necessary to check the side condtigh, which in this case is trivial.
Hence the recursion induction rule allows the conclusionithsat S(tr). O

ExaMPLE 5.7 A definition of the mail forwarder procedODE of Example 2.17 is

NODE = in?x: M — (NODE]|| outx - STOR
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This process appears to satisfy the specification that any outpust previously have been
input. This is expressed as the following predicate on traces:

Vveoutvin tr = in.vin tr

This can be established fOfODE by showing that the body of the definition preserves the

specification: that ifY satisfies it, then so dodgY) = in?x: M — (Y ||| outx — STOB.
This is achieved by using the rules for interleaving and input. AssgrthatY sat Vv e
outvin tr = in.vin tr, it follows that, for any giverw,

Y ||| outw — STOP sat Vveoutvintr= (in.vintrvv=w)
The rule for input yields that

in?x: M — (Y ||| outx — STOR
sat tr =)
\
headtr) = in.w A
(Vveoutv. in tail(tr) = (in.vin tail(tr) vV v=w))

and this specification may be weakened to give the result

in?x:M — (Y ||| outx - STOR sat Vve (outvintr = in.vin tr)

It follows thatNODE meets this specification. O

ExaMPLE 5.8 It may happen that the specificatistr) itself is not preserved by recursive
calls, even though it happens to hold of the recursively defined processex&mple, the
specificationS(tr) = tr [ a = () vV tr | b = () states that the trace cannot contain
occurrences of both eveatand evenb. This holds for the procedd = a — N, but it is
not in general preserved by the functiBflY) = a — Y defining the recursion: for instance,
b — STOPsat S(tr), butF(b — STOPB does not satisf{(tr).

One approach in such cases is to find a stronger propétty which is preserved by
recursive calls, for whicf (tr) = S(tr).

In the case above, a suitaliiétr) would betr | b = (). This is preserved by the body
of the recursive definitiofr(Y), and it also implies(tr). O
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Mutual recursion

A mutual recursion is treated in an entirely similar way to the single casagthsome extra
care must be taken to handle the indices of the family of defined processes.

A family of processedN(i) indexed by a set is defined by an associated family of
equationdN(i) = F(i)(N). The entire definition is described at a strokd\as F(N).

In terms of specification, a family of processes may be associated with a fafmily
specificationsS(i)(tr), also indexed by. In this caseN sat S(tr) means that each process
satisfies the associated specificatibiii) sat S(i)(tr), for each index.

Within this framework, the inference rule for mutual recursion mikir to that for
single recursion. IN = E(N), then

VYeYsatStr) = E(Y) satS(tr)

N satsm) [VieleSi(()]

The antecedent of this rule is equivalent to the requirement for arbjteaiythatF(j) (Y) sat
S(j)(tr), under the assumption th¥fi) sat S(i)(tr) for everyi € I.

ExampPLE 5.9 Two processes defined through a mutual recursionL#®T and ON of
Example 1.17:

LIGHT = on— ON
ON = off - LIGHT

These may be shown to meet the respective pair of specifications

trloff <trjongtrjoff +1
trlongtrloff<trlon+1

Si(tr)
S(tr)

The proof rule for mutual recursion induction requires as its antecedukribie pair of functions
preserve the pair of specifications. This means that

VYe (YsatS(tr) = on— YsatS(tr))
VYe (YsatS(tr) = off - Y satS(tr))

These may be established by an application of the proof rule for prefixsatite conclusion
LIGHT sat S (tr) andON sat S,(tr) follows. O

ExAmPLE 5.10 The example of the family of counter processes defined in terms of each

other, indexed by, was given in Example 4.30.

COUNT(0) = increment— COUNT(1)
COUNT(i) = increment— COUNT(i + 1) ifi>0
| decrement» COUNT(i — 1)
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The intention is tha€OUNT(0) can perform no mordecremenévents thaincremenevents.
In general, the index of any particul@OUNT(i) process reached during an execution of
COUNT(0) records the number by which occurrencemofemenexceed those afecrement

This means that to be consistent with the requiremen€@WNT(0), each process
COUNT(i) can perform up td moredecremerst thanincremens. The corresponding specifi-
cations are

S(i)(tr) = tr ] decremenk (i + tr | increment

To prove that eac®ROUNT(i) sat §(i)(tr), it is sufficient to show that this claim is preserved
when each process is replaced by its definition. There are essentially two casasiteigo
corresponding to the two possibilities= 0 andi > 0.

In the case = 0, the definition of COUNT(0) is increment— COUNT(1). Under the
assumption thaEOUNT(1) sat S(1)(tr), an application of the inference rule for prefix yields
that

increment— COUNT(1)
sat tr =)
\Y
headtr) = incrementA
tail(tr) | decrement< (1 + tail(tr) | incremen}

The specification can be weakened to obtain

increment— COUNT(1) sat S(0)

The other case to considei is 0. Inthis case, the relevant assumptions@@NT(i+
1) sat §(i + 1)(tr), andCOUNT(i — 1) sat §(i — 1)(tr), since it is these process names that
appear in the definition dOUNT(i). The inference rule for prefix choice yields that

increment— COUNT(i + 1) | decrement» COUNT(i — 1)
sat tr =)
V headtr) = incrementA S(i + 1)(tail(tr))
V headtr) = decrement\ §(i — 1)(tail(tr))

which expands to

increment— COUNT(i + 1) | decrement»> COUNT(i — 1)
sat tr =)
V headtr) = incrementA
tail(tr) | decrement i + 1 + tail(tr) | increment
V headtr) = decremeni
tail(tr) | decrement i — 1 + tail(tr) J increment
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and each disjunct implieS(i)(tr), which establishes the case.

It follows that COUNT(i) sat S(i)(tr) for eachi € I, and so (in the special case- 0)
thatCOUNT(0) sattr | decremenk tr | increment O

ExampLE 5.11 The general buffer proce88JFFER= BUFFER(()) is intended to satisfy
the specificationtr |} out < tr |} in. The procesBUFFER(()) is one of a family of processes
indexed by sequences of messages: the sequence is intended to represeneéttie abitite
buffer.

BUFFER()) = in?x: M — BUFFER((x))
BUFFER(y) " 5) in?x: M — BUFFER((y) ~ s (X))
| outly - BUFFER(S)

The corresponding family of specificationsSés)(tr) = tr || out < s (tr | in). The
output stream of a buffer with contergsvill begin with s, and continue with the sequence of
messages that have been inpuBtdFFER(s).

The family of functions defining th8UFFER(S) processes preserves the family of
specifications(tr), and slBBUFFER(s) sat S(s)(tr) for each sequence of messageand in
particularBUFFERsattr |} out < tr |} in. m]

5.4 CASE STUDY: DISTRIBUTED SUM

This case study illustrates the use of CSP in the description, asiadysi verification of a
distributed algorithm to sum a collection of values arranged in a graath Bode follows its
own procedure locally and communicates only with its neighbours, leubdtput of all this
activity is the global sum of all the values.

Let G = (N, E) be a bidirectional (symmetric) connected graph with a set of nbides

and edge& C N x N. This may be viewed as a connected network of processes which may

communicate only with their neighbours.

The graphG has a weightv, associated with each node The algorithm of Figure 5.1
calculates the sum of all the weights. Each nadeaits for one of its neighbours to send
it an initiating message. It records this neighbour apitsent It then sends all of its other
neighbouring nodes an initiating message, and simultaneously awaisagessfrom all of
these neighbours: some may be initiating messages, and some may be Vihezsall of
these have been received, the node sends to its parent the sum of all treereakived and
W, after which it terminates.

In order to start the algorithm, one special node must be initiated dnatside the graph,
and return its final result outside the graph: this final result willHgesum of all the weights.
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1. Receive an initiating message from some neighbour J;

2. Send out one initiating message to each of the other
neighbours, and receive initiating messages or values
from them;

3. Add up all the values received, add the weight wy, and
send the result to node j-

Fig. 5.1 Behaviour of each nodein the distributed sum algorithm

An example execution is pictured in Figure 5.2, where the nodes ar¢saadavith their
weights. The associated communications are given in Figure 5.3. Thetigpis activated,
and sends initiating messages to its neighbouring nodes, which seatiigimessages to all
of their neighbours in turn. Once activated, a node observes initiatgggsages and values
arriving from other neighbours, and when it has heard from all of itshimigrs then it sends
the sum total of the values it received plus its own weight back to its paoete. Any pairs
of adjacent nodes for which neither is the parent of the other will simyth@nge initiating
messages.

The execution finally ends when all nodes have communicated to their parahtea v
consisting of the sum of all values received from their children togetttarthir own weight.

The algorithm will be described and verified in CSP. It is first necessasgtt®e some
appropriate notation. The nodes are named using integerd)ftom (where there aren+ 1
nodes in total), st = {i | 0 < i < m}, and0 is the initial node.

For any node € N apart fromo, its set of neighbours or adjacent no@eki) is given
by

adji) = {jeN|(ij)eE}

Node0 also hasx in its setadj(0) in addition to its neighbouring nodes, representing its
external link.

adj0) = {ieN|(0,]) € E}u {oc}

The CSP description of the algorithm will describe each node as a C8BgstoThe nodes
are connected in accordance with the gr&@tBetween any two neighbouring nodesndj
there is a communication chanmglallowing messages to pass frono j. Since the graph is
symmetric, for each such channel there will be a complementary chaphéi the opposite
direction. The channels used in the CSP implementation of the examplerketbove are
illustrated in Figure 5.4.

The values that pass along channels need to be accessed, since the algoritberiecbn
with summing them. The notatiom will denote the sum of all messages passed along channel
Ci.

Vi (tr) = sum((tr J ci))
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Fig. 5.2 Steps of an execution of the distributed sum algorithm; maedges highlighted

Node0 begins in the state where it will receive a signal along chacipel and will then
send initiating messages to all of its neighbours and await responsean W\ias received
all of the responses it communicates the result on the special chanpellts alphabet is
therefore

Ao = {cu.n|neNAIle€adj0)}U{ce.n|neNAIE€adj0)}
UCgsc-N U Coeo-N

The alphabets of the other nodeg 0 are simply the links with their neighbours:

A = {c.nineNAleadji)}u{ci.n|ne NAI€adji)}

The algorithm is expressed by describing in CSP how each node showldebe@ne
optimization is to consider each initiating message as a communicatioe ehthe0. An
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NODE(0) NODE(1) NODE(2) NODE(3) NODE(4) NODE(5)
—0:i
0—1:i 0 —Li 1
0—4:i 0—4ii
1-3:i 1 -3
1-2: 1 -2
0—2:i 0 —2i 2
35 3 -5
45 4 55
54 5 —4i
5-3:6 5 —3:6
3-2i 3 -2
2-0:i 2 -0 3
23 2 -3
3-1:19 3 —»1:19
2—1:11 2 —»1:11
4—0:5 4-0:5
1-0:34 1 —0:34 4
0— :42

Fig. 5.3 Communications associated with the execution of Figure 5.2

active node will ignore other initiating messages, which is equivabeadding) to the running
total, so there is no need to distinguish between the input of an igimatieting message and

the input of & which is added to the total. This identification removes the need to consider

these two cases separately, and allows for a more concise treatment of nodedreha

The system as a whole consists of a network of nodes, with all of thenelslbetween
them made internal:

DISTSUM = NETWORK\ {g; | (i,j) € E}
NETWORK = ||} NODE()

The property that will be established fBISTSUMis that on termination the value
communicated on channel, is indeed the sum of the weights on the nodes:

DISTSUM sat term(tr) = Vo oo (tr) = ienW

In order to establish this property, itis first necessary to define theenentNODEprocesses.
This will be done in terms of a family of process€®T which keep track of the relevant
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Fig. 5.4 Channels of the CSP implementation

interactions between nodes, and which sum values as they arrive. The progé¢sg, M, t)
contains in its state information:

1. the identity of its nod&

2. its parent nodg

3. the set of neighbouid C adij(i) it still awaits inputs from;

4. the running total (initially w;)
Its behaviour will be to acceptinput from all the nodes listelllirkeeping track of the running
total int, and finally sending this total back fo

The notatiorE will be used to refer to the function implicit in the definition BOT:
the fixed point ofF is TOT.

The special treatment MODE(0) requires it to be defined slightly differently to the
other nodes:

NODE()) = 0.0 — (TOT(0, o0, ad(0),wo) | (||““**” col0 - SKIP)
NODE() oy G0 = ( TOTG . adi(i) \ {j}, w)
keadj(i)\{i}
I k!0 — SKIP)

where theTOT processes are defined by

TOT(.j, {}.1)
TOT(i,j, M, 1)

cj't — SKIP
DkeM ci?x — TOT(i,j,M \ {k},t+x) if M #{}
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The processing of the incoming values accomplishe@®y can be carried out concurrently
with the transmission of the initiating messages to the neighbours

The aim is first to prove that eadfOT(i, j, M, t) provides to its parent the sum of the

values it has received together with the running totiélwas initialized with. In CSP, the
process must be shown to meet 8ig j, M, t)(tr) as follows:

TOT(i,j,M,t) sat term(tr) = vj(tr) = ¥jcagiyVi(tr) +t

This is proven by recursion induction. Assume as the inductive tgsis that
Y(i,j, M, t) sat Si,j, M, t)(tr) for eachi,j,M,t. Then it is sufficient to prove for eadh
j, M, andt that F(Y)(i,j, M, t) sat §i,j, M, t)(tr) . Following the definition offOT this is
established by considering various case$/on

Case M = {}: Inthis case=(Y)(i,j. {},t) = cj't = SKIP, and
Cjlt = SKIP sat tr = () Vtr = (cj.t) Vtr =(cj.t, V)

and so by weakening the specification the result
Cj!lt — SKIP sat term(tr) = vj = XjcaqjiyVi (tr) +t

is obtained, since this specification is true of the tréget. v'), and vacuously true for the
other traces.

Case M # {}: Inthis case

EY)(i,j,M,t) = DkeM Ci?™ — Y(i,j, M \ {k},t+x)

and

O,y S7X = Y05 M\ {K}, t4%)

sat  tr =)
v 3k e adj(i),ve (tr = (ci.v) " tr' A S(i,j, M\ {k},t+ v)(tr"))

Consider the second disjunct of this specification. In this trage(), sovii(tr) = vi4(tr') +v
because of the first event of. Observe further thag; (tr) = v;(tr') when!| # k, that
Vi (tr) = v;(tr'), and also thaterm(tr) < term(tr’). The specification is weakened to yield
the following

o . G0 = Y(,j,M\ {k},1)

keM
sat tr =)
Vv 3k adj(i), v e ((term(tr) = v;(tr) = Zieaqgii) Vi (1) + 1))
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Sincek andv no longer appear within the scope of the existential quantificationajt be
dropped. A final weakening reveals that

DkeM Ci-0 = Y(i,j,M \ {k},t)

sat term(tr) = vj(tr) = ¥jcagi)Vi (r) +t
This establishes that the specification is preserved by recursive calls. tBénsgecification
is satisfiable, this means thBOT(i,j, M, t) sat S(i,j, M, t) for all i, j, M, andt.

The definition ofNODE(i) is also made up of components of the focgl0 — SKIP,
so these will now be considered. For any arbitiary

cik!0 — SKIP sat vi(tr) =0

A parallel combination of such processes satisfies the conjunction of thes#isations,
restricted to the appropriate alphabets:

||k€adl ASTE

. ck!0 — SKIP sat Vke adj(i) \ {j} o vi(tr § {cik,v'}) =0
ik

However, each of these specifications depends only on the events in thepoothesg al-
phabetswvic(tr | (Ck.NU{v'})) = 0 & vi(tr) = 0, andS(i, j, M, t)(tr) < S(i,j, M, t)(tr |
ci.NU{v}uU{ci.N|I € adji)}. This means that the restrictions to the appropriate alpha-
bets can be lifted, and the parallel combination satisfies the conjunctibe specifications

on the full unrestricted trade.

0T, 1M, 1 [| (|| cyto - skip)
sat S(i,j.M,t)(tr) AVke adj(i) \ {j} o vi(tr) =0
This specification may be weakened, resulting in
TOT(i,j. M, 1) || ( cik!0 — SKIP)
sat tern“(tr) = Z|Gad](l Vil (tr) = EIeadj(\)\{j}v\i (tl’) +1

||k€ad|(| \{i}

Hence for any € adj(i), after some manipulations similar to those above, the following is
obtained:
6.0 (TOT,j,adi() \ {it.w) | (|| """ cito - skap)

sat term(tr) = Sicaqj) Vi (tr) = Sicagji) Vi (tr) + Wi

The process for each possipllows the specification, so the choice ovejj all adj(i) meets
the same specification:

||k€adj N\ Y ci!0 — SKIP))

O, gy -0 = (TOTLj,adi(i) \ {j}.w) || (

sat term(tr) = Xjcaqj) Vil (Ir) = Sicadi Vi (tr) +wi
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This specification will be abbreviated bgrm(tr) = S(i)(tr)
Since this choice is hoWODE(i) is defined (fori # 0), it has now been established
that

NODE(i) sat term(tr) = S(i)(tr)

An entirely similar train of reasoning leads to the result that
NODE(0) sat term(tr) = Yjcagjo)Vio(tr) + Wo = Yicadjo) Voi (tr) + Vooc (tr)

which will be abbreviated aSlODE(0) sat term(tr) = S(0)(tr). The only difference from
the specifications of the other nodes is that the extra wajueis mentioned separately, as
Coco refers to the channel that nodeises to communicate its result outside the graph.

EachNODE(i) has an alphabet;. Observe thafterm(tr) = S(i)(tr)) < (term(tr |
A) = S TA).

Hence the network meets the conjunction of these specifications (each suéably
stricted):

||A NODE(i) sat Vie Netermtr [ A) = i)(tr [ A)
This specification simplifies to the form

term(tr) = Vi e N o S(i)(tr)
which in turn is equivalent to

term(tr) =
SienWi = Sien(Sjeadii) Vi (tr) — Sjeadji Vi (tr)) + Voso (tr)
= Dien(ZjeadjiVii () — Zien(Zjeadi) Vi (tr)) + Vooo (tr)
= BijeeVi(tr) = X(ijeevi(tr) + Voo (tr)
= SijeeVi(tr) — T jeeVi(tr) + Vooo (tr)
= Voooltr)

The penultimate line is justified by the fact that the set of edjisssymmetric:(i,j) € E &
(i.7) € E.

This establishes that

NETWORK sat term(tr) = Voo (tr) = SienW
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and since this specification {s; | (i,j) € E}-independent, it follows that
NETWORK\ {c; | (i,j) € E} sat term(tr) = (Vooo(tr) = SienWi)
or in other words
DISTSUM sat term(tr) = (Voo (tr) = Sienw)

This completes the proof that on termination the sum of the outpatgah, is equal to
the sum of the weights on the nodes. SiM®DE(0) ensures that at most one value is
communicated along chanr®l.., this value must be the sum of the weights.

What has been proven is that if an answer is given out then it will be thé oigh
This is a safety property: it states that the wrong answer will nevelives g Observe that
the connectedness of the graph was not used in establishing this pr&pantyectedness will
be needed to show that all nodes in the graph participate in the run, andbts not need
to be shown to establish the safety property. Rather, it is already assnniedantecedent
term(tr), sinceNETWORKcan terminate only wheall of its nodes are ready to do so, which
requires that they all participate in the execution.

The fact thaDISTSUMwill indeed progress towards termination, and will not deadlock
or diverge, will be shown in Chapters 7 and 8, where issues of livenessldressed.

5.5 PROCESS-ORIENTED SPECIFICATION

A specification is simply a description of acceptable or required behavibue. property-
oriented approach described thus far captures specifications in terms of resnts&(tr)
on traces that a process can perform. A process meets a specification if all atés &re
acceptable.

Another way of describing a set of acceptable traces is in terms of a CSP plPacéss
CSP description corresponds to a set of traces—those traces that it caih dktiis set of
traces is taken to give precisely those traces that are acceptable, then the Psdtsedkacts
as a specification. For instance, the prod®s\,,; has as its traces all sequences whose
only members ara andb events. As a specification, it captures the requirement thateonly
andb events are allowed.

Another procesB; meets the specification described®yif any trace o is ‘allowed’
by Py, in the sense that it is a traceBf. P, is then considered to berefinementf P,. For
instanceP; might be the recursive proceBs = a — b — P; which alternates oa andb
events. It meets the specification given®YN;, by, since it performs no events other than
a’s andb’s. This claim is written a®, Ct Py, which is pronouncedP; is refined byP; with
respect to traces’, oP trace-refine®,’. Itis defined as follows:

PoCt P, = traces(P;) C traces(Py)
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PCP (C-reflex)
PoCP AP, CPy, =Py CP, (E-trans)
PoCPiAPLCPy=Py=P; (C-anti-sym)
RUNCT P (Cr-bottom)
P Cr STOP (Cr-top)

Py satS(tr) A Py Ct Py = Py sat Str) (Cr-spec)

Fig. 5.5 Laws for refinement

The ‘traces refinement’ check of FDR (see Appendix B) checks for exactly thienedint
relation.

The relation may also be captured algebraically as follows:
PoCrP1 & Py=rPo NP

Its equivalence to the definition is easily checked, though the interpmetattithis character-
ization is a little different. It states that R, is indistinguishable fron®, 1 P;, then any
situation wheré, is suitable must allow th&, 1 P is suitable (since this is equalf®y), and
soP; must also be suitable since the internal choice could always be resolfaair ofP; .
The proces®; is a refinement o, because it will be appropriate in any environment which
will find Py acceptable. An alternative way of thinking about the equivalence is thatRllf
behaviours must already be allowedmy; since the introduction d®?; does not introduce any
new behaviours. This algebraic characterization of refinement is also ajapedjor other
semantic models, as will be discussed in later chapters. If the model ismdeattfe context
then the subscript to the refinement symbol will be dropped.

Refinement satisfies a number of laws, given in Figure 5.5: it is refietransitive, and
anti-symmetric in all models; the proceR&/N is trace-refined by any other proceS§OP
trace-refines every process; and refinement preseatspecifications.

The resolution of internal choice is a refinement stepr P, Ct Py . If eitherPg or Py
are acceptable, then certaiily by itself is acceptable. Furthermore, all of the CSP operators
are monotonic with respect to refinement. What this means is that for anju@stionF(Y)
constructed from the CSP operators, the applicatidh wfll respect the refinement relation:
if Py Ct Py thenF(Py) Cr F(Py). Finally, if

VY e (F(Y) Er G(Y))

thenPy = F(Py) C1 Py = G(Py).
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ExAaMPLE 5.12 The process-oriented specificatlRbNs; specifies that termination may not
occur, but imposes no other restriction. O

ExaMPLE 5.13 The specificatio® = a — (P ||| b — STOB specifies that onlya andb
events may occur, arlimay not occur more often than This process meets the property
oriented specificatiotr L b <tr | a

Now the function defining® may be refined as follows:

F(Y) =r a— (Y]||b— STOR
Cr a—»b—=Y

and so it follows thaP Ct P, = a — b — P;. The process that alternatesaandb refines
the process that allows no mdris thana’s. Since refinement preservest specifications, it
follows that

Pp=a—b—P, sat tr{b<gtrla
This follows from an application of LaW t-spec. O

ExAMPLE 5.14 A CSP process expression can describe the behaviour required of the dis-
tributed summing networkISTSUMdescribed in the case study. The resulting specification
on DISTSUMis captured by the following refinement requirement:

Coo.0.0 = Conc!(TienWi) — SKIP C7  DISTSUM

This states thaDISTSUMis intended to output the appropriate value on the chawnnel
before terminating. O

ExaMPLE 5.15 When using CSP process expressions as specifications, it is important to
ensure that no acceptable traces are excluded. For example, the requiremararttiat
events should alternate (beginning withmight use the recursive proceBs=a — b — P,

but if no constraint is required on other events, then the acceptabilitthef events has to be
included explicitly as a componeRUNs;\ 15 1y, and the entire specification will be written

P [/| RUNs:\ (a0}

Using onlyP as a specification would introduce the additional constraint that no eteaits
may occur. o

The model-checking tool FDR (see Appendex B) allows checks concerningfthe-r
ment relationship between two (finite state) CSP processes. This is loétguickest way to
conduct process verification once the specification has been captured. The dcadsisgs
debugging of implementations when they do not meet the specification loyireg a wit-
ness trace which may be performed by the implementation but which is ssib®for the
specification process.
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Exercises

ExEercise 5.1 Specify that a lift's doors should not be open when the lift startsing
Assume that it has eventpen close moving stoppedn its alphabet.

ExrRCISE 5.2 Specify the hygiene requirement that hands should be washed between han-
dling raw meat and cooked meat. Use the evesatsh raw, andcookedto refer to these three
activities.

Does the combinatioRAW || COOKEDmeet your specification?

{wash;

RAW = raw — wash— RAW
COOKED = wash— cooked— COOKED

EXERCISE 5.3 What does the predicate < (a, b, c) ™ tr specify?
EXERCISE 5.4 What does the predicalast(tr) = b = a € o(tr) specify?

ExERCISE 5.5 If Py sattr Ja<tr | b+ nandP, sattr | a < tr | b+ m, then prove that
Py ||| Py sattr Ja<<tr Jb+n+m

EXERCISE 5.6 Prove the statements on Page 146, that

Pr=b—sa—-P, sat Str)=trlagtrlb
P,=c—>b—P, sat T(tr)=trlb<gtrlc
EXERCISE 5.7 Which of the following are sound proof rules for the interleavipgmtor?

P; sattr JA<m
P, sattr JA<n

P; ||| P, sattr J A< (m+n)

P, sattr fJa<tr|b
P, sattr fJa<tr|b

1 ||| Paosattr Ja<trlb

o

P, sattr fa<trlb
P, sattr [ b<trlc

Py ||| Po sattr la<trlc
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EXERCISE 5.8 Prove the claims of Example 5.9 on Page 156, that

VYe (YsatS(tr) = on— YsatS(tr))
VYe (YsatS(tr) = off - YsatStr))

EXERCISE 5.9 Prove by recursion induction that the proc€$30R = (open— close —
DOOR) O locked— STOPmeets the following specifications:

1. two consecutive events are not botfen
2. two consecutive events are not botbse(you will have to prove something stronger);
3. tr | close< tr | open< tr | close+ 1.

EXERCISE 5.10 Prove thatSTACK= STACK()) of Example 1.23 on Page 17 meets the
specification

Vve popvin tr = pushvin tr

EXERCISE 5.11 Specify the requirement that every output value (on chaongimust be
less than or equal to some input value (on chaim)ein both the property oriented and the
process-oriented specification styles.

EXERCISE 5.12 Specify the requirement thawerite event should always occur between an
engageevent and aeleaseevent, as a property oriented and as a process-oriented specification.

ExeRrcISE 5.13 Specify that a guard should never be up while a piece of machinery is
switched on. A property-oriented specification should be expressedrirs tef events
guardup, guarddown on andoff. Express the same specification in a process-oriented
way.

EXERCISE 5.14 Can a nodeNODE(i) (Page 162) output its total to its parent node before
it has sent out all of its initiating messages? Can it terminate beforéngpadt all of its
initiating messages?

EXERCISE 5.15 Show thatNODE(0) satisfies the following specifications

1otr§ Cooo # () = tr § Cocn # )
2.t [V #) =l # ()
3. (tr I Cx0) < {0)

4.t L cone N1

EXERCISE 5.16 Show thatNODE(i) sat #tr < 1+ 2x« | adj(i) |



Stable failures

The traces model for CSP is concerned only with the sequences of eventottedgas may
perform. Observing a process involves recording events as they ocdog dur execution.
This view is appropriate for the analysis of safety, since the tracesiateswh with a process
provide sufficient information to verify safety properties.

Liveness properties are concerned with behaviour that processes are guaranteed t
make available. Where safety properties are generally of the form ‘sorgethih will not
happen’, liveness properties are of the form ‘something good will apWith the view of
processes as interacting components, a process in isolation can neverflguasahtee that
any particular event will happen at any point, since its environment may alp@yent the
event from occurring by refusing to co-operate. However, a process brégiiile to guarantee
the occurrence of events under particular assumptions about what itsreneint is prepared
to allow. Itis appropriate to think in terms of what the process is @regto do rather than
what it is guaranteed to do.

For example, a choice proceBs = a - STOPO b — STOPIs prepared to perform
botha andb, but neither of these possibilities is guaranteed to occur, since thietieamf
the choice is dependent on the environment of the process, and thiowilercontained in
any description of the process itself. However, the process will beagteed to performa if
this is offered by the environment, and similarly for

On the other hand, if choices are made internally within the process, tiree s
possibilities (as recorded in the traces) are not guaranteed. The interned gtocess
P, = a — STOPMN b — STOPhas the same traces Bs but provides different guarantees.
An environment which wishes to interact aris not sure of doing so, and neither is an envi-
ronment offerindy, despite the fact that these two events are both possibilitié®,fdn fact,
an environment needs to be prepared to interact ondatiub to be sure of obtaining some
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response fronf,, though the actual response is unpredictaBlemight refuse to interact if
only ais offered to it, or onlyb, but it cannot if botta andb are simultaneously offered to it.

Trace information is in general too coarse to identify the guaranteed respaf a
process. This is apparent from the fact tRatand P, have the same traces but different
guaranteed behaviour, and more generally from the fact that internal andaxteoice have
the same trace semantics, so they both give rise to the same ptissihjitt exhibit different
behaviours in some contexts. Some finer form of process observatiequired in order to
make the necessary distinctions and provide the desired informatiob@leranteed process
behaviour.

6.1 OBSERVING PROCESSES

Stable refusals

A processP is guaranteed to be able to respond to an offer of an evénthat event can
be performed fron, provided there are no internal transitions frémwhich might result in
withdrawal of this offer. A proces8which can make no internal progress is said tctable
writtenP | :

PL = ~(P5)

Guarantees are concerned with stable states.

More generally, a stable proceé®gan always respond in some way to the offer of a set
of eventsX C ¥ if there is at least ona € X thatP can perform. If there is no suehe X,
thenP refuseghe entire offer seX.

The CSP approach to semantics is to associate processes with observatiogis of
executions, and then to use this information to understand the loeinafithe process as a
whole. A single execution of a proceBsonsisting of internal transitions leading to a stable
stateP’ will not provide information about the events that angaranteedo be offered, but
will rather provide information about events that gassiblybe refused. If no eventsin a set
X are possible in the stable stdte then wherP is initially offeredX it is possible that it will
reach a stable stat€’) which deadlocks under that offer—no further progress can be made.
In this case, the set is termed aefusalof P.

A refusal might be thought of as one result of an experiment on the &ceghere
itis executed in an environment which offers theXeand waits as long as necessary to see
if any events inX are performed. If no events are performed, teis considered a refusal
of P, written P ref X. The assertiof® ref X thatP can possibly refuse the s¥tis defined as
follows:

PrefX = 3P eP=LP AP | AVacXe~(P &)
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(P)0 (®) ()

a b T T T b
{b} fa}  {b}
{ab}  {ab} a b a {a,b}
{ab} {ab} {a,b}
P, = a— STOPOb— STOP
P, = a— STOPMb— STOP
P; = (c—a— STOPOb— STOBR \ {c}

Fig. 6.1 Three processes and their stable states labelled withatefus

Another possible result of the experiment is that some eventXagperformed. This
will be recorded as trace information. The final possible result is Rhaérforms internal
transitions for ever, never reaching a stable state nor performingvamy. dn this casep is
said to bedivergentwrittenP 1 .

Pt = J(Piene (P=PyAVieP 5 Piyy)

A process is non-divergent if it does not diverge, and it is divergenceiffreene of its
reachable states diverge.

The offer of a set of events will be guaranteed some response from a non-divergent
process precisely wher is not a possible refusal set fBr

The refusals of a proce&sare concerned with the sets of events that might be refused
by P before any visible events have occurred. Refusals thus provideriaf@n about initial
behaviour. The notion of refusal also extends to other stages of an iexeclt general,
an observer will experiment on a process by repeatedly offering to interagtemf events,
where each offer is either accepted by the process, or not. Once they are madeareffest
withdrawn by the observer, so if an offer is not accepted by the processhthexperiment
ends.

ExampLE 6.1 The transition graphs and associated refusal sets of the followingphvee
cesses are illustrated in Figure 6.1. Each of them is able to performerysa andb, so all
other events will automatically be refused at any stable node, and are natédatxplicitly.
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Since the refusal sets associated with a process state are subset closede anaximal
refusal set in each case is included.

The proces®; = a - STOPO b — STOPis unable to refuse eitheror biin its initial
state, but can refuse both of these events after it has performed something.

The proces$, = a — STOPM b — STOPis unstable, as there are two internal
transitions that are possible for it. Each of these leads to a statBengtate eithea or b is
possible, and the other can be refused.

The proces®; = (c - a - STOPO b — STOBR \ {c} is initially unstable,
although it can perform the evehtfrom its initial unstable state, after which it can refuse
{a, b}. However, there is no refusal set associated with the initial unstattée and the single
internal transition leads to a state in whiets refused. This means that an interacting process
wishing to synchronize ob event might succeed, but it is also possible that the internal event
will occur first and theb will then be refused. There is no guarantee thaiill be accepted,
since the internal transition is entirely under the control of pro&gsself and cannot be
prevented from occurring. O

Stable failures

It is possible that at some point during an execution an offeiXseill be refused by the
processP. This refusal will be recorded together with the finite sequence of everhsit
were performed during the execution leading up to the refusél @he observatiofr, X) is
called astable failureof P, recording the fact that

3P eP=5 P AP | AP refX

The process may perform the eventsrinand then reach a stable state where it refuses all of
the events in the s&. If after the performance df it is in an environment in which events
from the seiX are possible but no others then there will be no further progress.

ExAMPLE 6.2 Figure 6.2 gives the transition graph of the prodestefined as follows:

P = (a— (c— STOPNd— STOR Ob— STOR
m
(b — c— STOPO (c — (f - d — STOPO e — STOP \ f))

There are two stable statesan reach purely by performing internal transitions, corresponding

to the tracd). These reflect the ways the top level choice can be resolved. One of these states
is able to refuse the sé¢t, d}, so((), {c.d}) is a possible failure oP. However,((), {b})

is not a failure ofP, since both stable states are able to perfbrrneither can refuse it.
Similarly, ((), {a, c}) is not a failure o since each stable state is able to perform some event
from the sef{a, c}, even thougHa} and{c} can be refused separately.
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the traces model, but the underlying approach taken to the semantics anetciiicapon

and verification is the same. The extra information associated with pexcaisws them to
be analyzed with respect to additional specifications, such as those concelméidenitss
requirements.

If two setsT andSF of traces and of stable failures respectively are to correspond to the
possible behaviours of some process, there are some consistenijoosrttiat they should
meet. These are properties that must hold of any pair of sets which desamiesocess.

As in the traces model, the sEtshould meef'1 andT2 of Page 90: it must be empty
and prefix closed. Consistency betweghandT requires that any failurér, X) € SFmust
have its trace recorded Tt

SF1 (tr,X) e SF=>treT

There is also a property of subset closure in the refusal componentebfavibur: if a seX
can be refused after a trage then any subset’ of X can also be refused after that trace.

SR (tr,X) € SFAX' C X = (tr,X') € SF

Thirdly, if a stable state has been reached from which no events iné aet¢ possible, then
the refusal set can be augmented with thexéet

SF3 (tr,X) e SFAVae X otr " {a} ¢ T = (tr, XUX') € SF

Finally, any terminating trace results in a stable state in which nbéuetvents are possible
(and so any set can be refused):

SF () eT= (r " (V),X) eF

Fig. 6.2 Transitions of procesB of Example 6.2

Subsequent to the performance of hevent, there are again two stable states that can 6.2 PROCESS SEMANTICS
be reached. One of them is unable to perform any of th§asdt, c}, so((a), {a,b,c}) is a
failure of P. Each CSP process expression will be associated with appropriate tracesalsadaitures.
There are two stable states corresponding to the {icéOne of them is able to refuse These are defined compositionally, so the behaviours associated withppsitenprocess
¢, so((b),{c}) is a failure ofP. On the other hand; is possible from the other stable state, will be defined in terms of the behaviours of its components. The defisi of the traces
so(b, c) is a possible trace d¥, and((b, c), {}) is a possible failure. traces(P) associated with processes are those of the traces model given in Chapter 4 and are

not repeated here. The stable failures associated with a CSP process erpresiide

Finally, there is a single stable state subsequent to an ioant, anetis not possible -
given bySF [[P].

from that state, though it is transiently possible immediately afeecttiThus((c). {e}) is a
failure of P. 0

STOP

Semantic model The procesSTOPis a stable, deadlocked process. It is not able to perform any event, and can
refuse anything.

The stable failures model for CSP identifies a pro¢essth the traces and the stable failures

that are associated with it. This model is more discriminating and hensabesract than SF[STOR = {((),X)|Xc¥"}
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Prefixing

In a stable failure of the proceas— P, there are two possibilities: either the evaritas not
occurred, in which case the trace must(pandP is in its stable initial state, able to refuse
any event other thaar or else the evergt has occurred and the rest of the stable failure derives
from proces®.

SFla=Pl = {(0,X)a¢X}
u
{@ 7, X) | (r,X) € SF[PI}

Prefix choice

Afailure of the process : A — P(x) is again one of two possibilities. Either no event has yet
occurred, in which any events apart from thosA itan be refused; or else an evarih A has
occurred, and the subsequent behaviour is that of the correspondogggPta).

SFIx:A=PX] = {((),X)|AnX={}}
u
{((@ " tr,X)|ae AA (tr,X) e SF[P(@]}

SKIP

The atomic proces3KIPis used to denote successful termination, and it signals this by means
of the termination event'. This is the only event it can perform, and it is stable before and
after this event. All other events will be refused before terminatiod, alhevents will be
refused after termination.

SFISKIF = {(0.X)|v ¢X}
u{((v),X) | X C =7}
DIV
Itis useful to identify the process which does nothing except divergis grocess is denoted

DIV. It has the same traces 8FOP but it has no stable states at all, and hence no stable
failures:

traces(DIV) {0}
SFIOV] = {}
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This process was not introduced in the traces model, so its traces are asohgre. It
is the minimal process in the stable failures model, because this modelisemaly stable
behaviour, an®IV does not have any. The model turns a blind eye to divergent behas@ur
the internal activity of this process is not observed. It will be givenaaie accurate treatment
when divergent behaviours are considered in Chapter 8.

CHAOS

The process which can do absolutely anything except dive@eM0S This is able to accept
or refuse any events, but it is at least guaranteed to stabilize. It has abilpagable failures,
and the same traces R&N:

traces(CHAOS = TRACE
SF[CHAOY = TRACEx P(XV)

Chaotic behaviour may be restricted to a particular set of evetsSY . The process
CHAOS, allows any events in the sétto be performed or refused, but cannot perform any
events outside the sét

traces(CHAOS) {tr | o(tr) C A}
SF[CHAOS] = {(tr,X)|ao(tr) CA}

RUN

Although they have the same traces, in the stable failures niRidilis better behaved than
CHAOS always willing to interact and never refusing any interaction.

SFIRUN] = {(tr,X)|X={}V v €a(tr)}

The procesRUN, parameterized by a particular gets able to perform events in that
set, and to refuse all others.

SFIRUNy] = {(tr,X)|o(tr) CAA(XNA={}VV €o(tr)}

If v ¢ AthenRUN, cannot terminate.

External choice

An observer of the choice construet O P, might observe an execution &, or of P,;
there are no other possibilities. Before any events are performed aoddive resolved, any
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refused set must be refused by b&thandP,, so both processes must be stable. After the
choice is resolved, any refusal need be possible only for the processnebathed the choice.

SEP PR = {((0:X) [ (((,X) € SF[P]NSF[P-])}
u

{(tr,X) [ tr # () A (tr,X) € SF[Pi]] USF[P2]}

The properties of idempotence, associativity, and commutativity siill for external
choice in the stable failures model. Furtherm@&€QRis still a unit, thoughRUN s no longer
a zero becaude might not be initially stable. Insted®UN O DIV is its zero. It has the same
traces and stable failures B&IN apart from on the empty trace, where it is not stable.

PO (RUNC DIV) =s¢ (RUN O DIV) (Osr-zero)

The executions of the indexed external chdide  P; are the executions of all of its
components. Its stable failures will be those of its components:

SFEIO, PT = {0:X) [((0.X) € N SFIPD}
u

{r.X) [ tr # () A (tr. X) € Ui SF [P}

In the case where the choice is over the empty set of processes, the imd@SpctiS 7 [Pi]
is taken to include all possible stable failures, since all of them are ustum each of the
SF [Pi]. This means that in this case, any refusal is possible on the empty tratieermuore,
no events are possible. As in the traces model, an empty choice is equieBaf@P

Internal choice

The internal choic®; M P; behaves either a8, or asP,, and its environment exercises no
control over which. The possible observations are precisely thoseithatP; or P, are able
to exhibit.

SFPNP] = SFIPJUSF[P.]

The stable failures oP; 1 P, differ from those ofP; 00 P, in the case where no events
have been performed: before the choice has been made. When the trace is eefipsglaf
P, O P, must be generated from both participants, whereas in the case of interrca ardy
one of the components & M P, is required to contribute to any refusal. Heri¢g {a}) is

a failure ofa - STOPM b — STOP but is not a failure ofh — STOPO b — STOP
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The indexed internal choidai P; is able to behave as any of its component processes,
and its behaviours will be the union of those of its constituents:

SFIM_P] = UoSFIP]

The internal choice operator also distributes over the external choicatoper

P11 (Py O P3) =g (P1 M Py) O (P 1M P3) (O-r-dist)

Any setX that is initially offered can either be accepted by one of the three component
processes, or it might be refused, eitherfayor by bothP, andP;. The two extra refusal
possibilities for the right hand side—th¥tshould be refused by bofy andPs, or by both
P, andPs;—both imply thatP; can refuseX, and hence that the left hand side has this as a
refusal too.

ExaMPLE 6.3 This law helps to clarify the possible behaviours associated withirksir
machine, which will either return the cash or will offer a choice betwetaand acoffee

(ret —» STOR N (tea— STOPO coffee— STOR
= (ret— STOPM tea— STOR O (ret — STOPM coffee— STOR

This law states that it makes no difference whether the machine first makesiitel decision

and then possibly offers a choice to the customer, or whether the custoakes the choice
between tea and coffee first and the machine then decides internally whetheri¢e seat

choice or return the cash. O

Alphabetized Parallel

In the parallel combinatioR; ||z P2, processeB; andP, synchronize on events (AN B)",
and perform their other events independently.

As in the traces model, any trace of the parallel combination projectedfonimust
be a trace oP;. Further, ifP; is able to refuse some evertsn its interfaceA* , then so too
is the combination. Similar considerations applyPto If synchronization is required for the
performance of events, then either component is able independently tothérnk

SF[Pi pllg P2] = {(tr,X)| 3X, X :P(XZY) e
XN (AUB)Y = (X NAY)U (X, NBY)
Atr T A X)) € SFP]
A (tr | B, Xp) € SF[[Pa]
Aa(tr) C (AUB)}
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All of the laws for the parallel operator given in Figure 4.5, witte taxception of
||-idempotence, also hold for the stable failures model.

ExAMPLE 6.4 The processeBPETE and DAVE were introduced on Page 37. They both
repeatedly and independently made a nondeterministic choice whether doplidino or a
table.

PETE = lift_piano— PETETM lift_table —» PETE
DAVE lift_piano— DAVE lift_table — DAVE

The proces®AVE had exactly the same description.

Thus either of them can engage in any numbédifbfpianoandlift_table events, and
then refuse either of them (but not both).

SF[PETE = {(tr,X)| tr € {lift_piano,lift_table}*
A {lift_piana lift_table} X}

andSF [DAVE] = SF [[PETH.

When these two processes are composed in parallel, then they must agreevemtse
that appear in the trace, but a refusal will be the union of refusals of thpaoents. If
(tr,X;) € SF[PETH and(tr, Xs) € SF [DAVE], then(tr, X; UX,) € SF [PETE|| DAVE].
The constraints that each BETEandDAVE must be willing to perform one of their events
is not reflected in their combination, which can refuse any events at all. Thstramis
that {lift _pianq, lift_table} ¢ X; and{lift_pianq lift_table} Z X, are not strong enough to
impose any constraints off U X».

SF[PETE| DAVE] = {(tr,X) ] tr € {lift_piano lift_table}*}
Any trace is still possible, but deadlock at any stage is also possible. O
Interleaving

An interleaving of two processd® ||| P, executes each of them entirely independently of
the other. Since they do not synchronize, an event (other than ternrmpaiib be refused
by the combination only when it is refused by both processes indepepdéhtne of the
processes is ready to perform the event, then so is the combination.n&omirequires the
participation of both components, so it can be blocked by either. As imabes model, traces
of the combination appear as interleavings of traces of the two compormeetgses.

SFP ||| P2l = {(tr. Xy UXy) | 3try, try e trinterleaves try, try
AXi [E=X X
A (try,X1) € SFP]
A (tl'-g,x-z) €SF [[Pz]]}
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The laws given in Figure 4.9 are all true for the stable failures maslevell, with the
exception of||-zero. Although all (non-terminating) traces will be possible Roj{| RUNs,, it
will not be stable unlesBis. Instability is introduced by includinBIV as another interleaved
component, resulting in the procé®EN ||| DIV which serves as the zero for interleaving: it
has all nonterminating traces, and no stable failures.

P |Il (RUNs ||| DIV) =sr (RUNs ||| DIV) (|llse-zero)

This law is also true in the traces model, sif®éNs; ||| DIV has the same traces as
RUNs:.

Interface parallel

The proces®; || P; is a combination of synchronous and interleaved parallel, synchronizing
A

on events in the s& and interleaving outside that set.
Any stable failure of the parallel proceRs || P, will be a combination of stable failures
A
of its two components.

SFIP IP] = {(tr,X UXy)| 3try,troe
A tr synchy try, tro)
A Xy \A‘/=X-)\A‘/
A (tr, %) € SF[Pi]
A (tra, Xo) € SF[P2]}

The laws for interface parallel given in Figure 4.10 all hold in the Istéilures model
with the exception of| -zero which requires instability to be introduced to the zero for the

AT ) ’
same reason as the zero for interleaving:

P | (RUNgya ||| DIV) =s¢ (RUNg\a ||| DIV) (I -zero)
A AsF

Hiding

The proces® \ A will undergo the same executionsBsbut events in the sek will occur
as internal events rather than as external synchronizations. This meansahanhgftrace, a
stable refusaK of P \ A will correspond to a stable refusal Bfin which not only internal
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{in, out}
i in, out
<::::E§E§Ei::::> in //,\\\ dequeue <::::> énhp
dequeug
{print,
dequeue .
out} print
{in, out, out {in, out
dequeug print,
dequeug

Fig. 6.3 Transition graph foPRINTI, labelled with maximal refusals

events ofP but also all events i\ (which have become internal events) are refused. The
stable failures oP \ A are therefore given by:

SFIP\A] = {{r\AX)]|({r,XUA) e SF[P]}

ExamPLE 6.5 A one-shot printer queue, a cut-down versiofP&INTQof Page 57, uses its
channels as follows:

PRINTT = in— ( print —» out— STOP
O dequeue» STOP

This has stable failures, illustrated in Figure 6.3, as follows:

SFIPRINTI] = {(0.X)]ingX}
U {((in), X) | {print, dequeue¢n X = {}}
U {((in, print), X) | out¢ X}
U {((in, print,out), X) | X € %V}
U {((in,dequeug X) | X C ¥}

The stable failures oPRINTL \ {print} derive from the stable failures ¢fRINTI whose
refusals that can be augmented wihint}. These are all failures apart from those with trace
(in). The stable failures dRINTI \ {print} are therefore derived as follows:

SF[PRINTL\ {print}] = {((),X)]in¢g X}
U {((in), X) | out¢# X}
U {((in,out,X) | X C £}
U {((in, dequeu, X) | X C =¥}
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. in dequeue {in, out
PRINTI \ {in} () Q print,

dequeug
{print,
dequeue
out} T
{in, out, out {in, out
dequeug print,
dequeug

Fig. 6.4 Transition graph foPRINTI \ {in}, labelled with maximal refusals

These failures are illustrated in Figure 6.4. It emergesdhatannot be refused after, but
thatdequeuean be.

O

Renaming

The forward renamed procels$) behaves aB, except that(a) can be performed whenever
P could have performeal It follows that the procedP) can refuse a set if every event that

f maps intoX can be refused b, since if there is some eveatwhich P cannot refuse, then
f(P) would have to be open fida). This means thdt—!(X) must be a refusal & whenever
Xis a refusal of (P).

SFEIFPI = {(F),X) | tr,f7(X) € SF[PI}

The renaming operator in the stable failures model meets all of the laes mi Figure 4.13.

The backward renaming operafor! (P) also behaves in a similar fashionRpbut any
eventa that is performed by—' (P) corresponds to an evefta) performed byP. If a setX
is offered to the process ! (P), then this corresponds f¢X) being offered to the underlying
proces$. Hencef ~1(P) can refuse&X wheneveP refused (X).

SEIF TP = {(tr,X) | (f(tr),£(X)) € SF[PI)}

All'the laws given in Figure 4.13 for backward renaming also remain valie stable failures
model.

Sequential Composition

The sequential compositid? ; P, behaves aB; until P; terminates successfully, at which
point it passes control tB,. A stable failure ofP;; P, will arise either from a failure oP;,
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which also refuses to terminate and transfer contréhtoor else from a terminating trace of
P, followed by a failure ofP,.

SFP1; P = {(tr,X)] (tr,XU{v}) € SF[P:i]}

_ UA{(try T try, X) | ( try 7 (V) € traces(Py)
A (tra; X) € SF(P.])}

Not all of the laws of sequential composition given in Figure 4.14vafie in the stable
failures model. In particulaR; SKIP = P fails because of the possibility of terminationfn
forming one branch of a choice. For example, the proPessSKIP O a — STOPis not able
to refuse the everdt, butP; SKIPis able to refuse it by performing's termination event and
resolving the choice. This example also demonstrates thatDawdist is also not valid in
the stable failures model. However, all of the other laws continueld. h

Interrupt

The proces®; A P, executes a®,, but at any stage before termination it can begin
executing af-. Any given stable failurétr, X) is either a stable failure &%, for which (if not
terminating)P, is also able to refus¥ (sinceP is still enabled); or else it is a non-terminating
trace ofP; followed by a failure ofP,, which must have a non-empty trace (sifemust
perform an event to effect the interrupt).

SF[PL1 AP = {(tr.X)] (tr.X) e SF[P:]
AV ea(tr)V ((),X) e SF[P:])}
UA{(try T try,X) | try € traces(Py) AV ¢ o(try)
A (tra, X) € SF[[P2]
Atrs £ ()}

All of the laws concerning the interrupt operator that are presentedjur&i.15 are also true
in the stable failures model.

ExAMPLE 6.6 A message authenticator will accept a message, and then either pass it on,
or else reject it. It is unstable after its input. It can also be shutdovamystage during its
execution.

The one-message version is described as follows:

AUTH = (left’x: T — (DIV ||| (right!x — STOP )
r reject— STOR
A shutdown— STOP

The stable failures of the process inside the interrupt are simpiy pfthe form((), X)
whereX N left.T = {}. Once the first event has occurred, the process becomes unstable and
contributes no further stable failures.
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The calculation of the stable failures AUTH requires consideration of the traces of
the first process. For examplgleft.3, reject shutdowi, {right.3}) arises from the trace
(left.3, reject) and the stable failuré(shutdows, {right.3}). Only sequential composition
and interrupt require knowledge of the traces of their first componeosrder to derive their
stable failures.

In fact, the stable failures &UTH will be

{({), X) | shutdowngz X}

U{((left.x, shutdown, X) | x € T}
U{((left.x, right.x, shutdowi, X) | x € T}
U{((left.x, reject shutdowi, X) | x € T}

The refusal set in a stable failure is givendhutdown— STOPonly when the trace from that
component is not emptyshutdowrmust have occurred. O

6.3 RECURSION

A recursive definitiolN = P defines the proce$s in terms of a process descripti®rwhich

may itself contain instances &f. The stable failures model provides guarantees that any
such definition is sound: that any recursive equation has a solutiatsolprovides a way of
determining the stable failures of the appropriate solution—thedlest possible such set of
stable failures. This means that any solution to the recursive equatipraranteed to have at
least those stable failures as possible observations. The traces optberigte solution are
given in the traces model.

ExampLE 6.7 Therecursive equatidd = N O a — STOPhas many fixed points, including
a— STORa — STOPO b — STOR anda — STOPO DIV. The least of these in the stable
failures model i — STOPO DIV, and so this will be the semantics of the process defined
by the recursive equation. O

Operational semantics

The understanding of recursion in the Stable Failures model requirghdysdifferent
operational treatment of recursive unwinding than was presented in Chajpterder to give

a satisfactory account of divergence. In particular, unguarded recursionastica one in
Example 6.7 above are considered to be unstable because an infinite sequencesive
invocations of the proce$¢of Example 6.7 may occur without the occurrence of any external
events. Beginning with the procdssthe procesbl O a — STOPis reached from a recursive
invocation, and theN O a —+ STOPO a — STOR and so on. To consider this as a divergent
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sequence, an internal event is associated with a recursive unwindingngsuthe following
rule for recursion in place of the original transition rule given ag@12.

[N=P]

When the process expressiBris guarded inN, then this initial internal action makes no
difference to the visible behaviour & as compared with the original transition rule for
recursive processes: both rules will give rise to the same traces anelfsiabies. In fact, the
traces will be the same for all guarded and unguarded recursive processatefj@ind all the
results concerning the traces model remain valid if this rule for recuisiosed instead. The
only difference between the impact of the two rules is on the stabilizjmgbiarded recursions.

ExAMPLE 6.8 Concerning the proce$¢ = N 00 a — STOR the revised rule for recursive
unwinding allows the sequence of transitions:

N
T

N O a— STOP
37

N O a— STOPO a— STOP
7

The original rule for recursion had no internal transitions fgrand only one transition,
labelled bya, to STOP O

ExaMPLE 6.9 The procest\ = STOPI b — N takes an internal transition to unwind the
definition, and then a further transition to resolve the internal chokieally, it has either
reachedSTOPor else the stable proceBs— N. The same possibilities arise if the original
transition rule for recursion is used, except that the initial intemaalsition is absent. The two
transition graphs are compared in Figure 6.5. They are each associateHenstimte traces
and stable failures. O

All of the techniques for recursion introduced in Chapter 4 for the tracetehare also
applicable in the stable failures model.

The traces and stable failures associated with recursively defined processiexyzres
N = P can be obtained directly from the operational semantics, or alternativelgibg the
denotational semantics. Both of these approaches give the same result.

The proces$ with free variableN corresponds to a functioR(Y) = P[Y/N], and
successive applications of the functiewill give rise to approximations to the fixed point. The
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T ; T i b T
Caroms)”
T T\

Fig. 6.5 Two transition graphs fol = STOPr a — N

first approximation is the minimal proceBsV, and successive approximations &(@®IV),
F(F(DIV)) and thenF"(DIV) for n € N. The sequence of approximatio{fS"(DIV))nen
will define the fixed point, which will consist of those traces and stédilares that appear
in some elements of the sequence. The trace$ afe those given in the traces model. The
stable failures will then be

Unen SF [FY(DIV)]
This process is the minimal one which contains all of the approximstion

EXAMPLE 6.10 The processN = STOPIM b — N is the fixed point of the function
F(Y) = STOPM b — Y. For anyn, the semantics df"*!(DIV) can be calculated from the
semantics oF"(DIV), resulting in

SFIF'OV)] = {(B),X)|i<nAXCx'}
The union of these approximations yields

SFIN] = {((®),X)|ieNAXCEY}

which is in accordance with the behaviours predicted from the operatiemargics. O

Law recursion-unwinding of Page 118 will hold for any recursive definitidh = P.
The lawUFP also holds: all solutions to any guarded equation must have the sabie st
failures.
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(F(Y) guardedh (F(P1) =sr P1) A (F(P2) =se P2)) = P1 =se P2 (UFPsg)

For example, the functioR of Example 4.24 is event guarded:

N = F(N) = (a—N)Ob— STOP
M = a—>M
P = MA (b— STOR

Furthermore® =g F(P), andN =sg F(N) by definition, so it follows thaN =gg P.

Mutual recursion

Mutual recursion is a generalization of single recursion, with an apfatepgeneralized
treatment. The operational transition rule is adjusted in a similar megleling the recursive
unwinding of any process variabl as accompanied by an internal transition. As with the
case for single recursion, exactly the same results concerning the tradebremain valid if
this transition rule is used instead.

T

N — P

The stable failures associated with all of tieprocesses will be those that are predicted by
the operational semantics. They will give the minimal processes thsfysdie set of defining
equations—the ones with the fewest stable failures. The underlygugy of CSP guarantees
that such minimal processes must exist for any set of recursive CSPidefinit

The results concerning single recursion carry over to the more general cdse. T
semantics of thé&\; are the unions of the semantics of the chain of approximations, sfartin
from DIV. EachN; is defined by a functiofi(N). If the jth approximation td\; is written
asN!, then eaciN® = DIV, and eacrN{Jr1 = Fi(N), whereN! is the vector of all of thgth
approximations. Each approximatidl is associated with a set of stable failu® [N].
Each limitN; will have stable failures given by

SFIN] = UenSFINT

Law recursion-unwinding will hold for any family of mutually recursive definitions. When-
everN; = P; appears as a recursive definition, ti¢n=s¢ P;.

Law UFP also generalizes to mutual recursion. In a mutually recursive definition
N = P, a process variablbl; is recursive if it appears in any of tig. If each process
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definition P; associated with any recursi is event guarded in all of the process variables
that appear in it, then the recursive definition is event guarded. If twdiésnof processes
both satisfy the same guarded recursive equation, then they must belegti

(E(Y) guardedh (E(P1) =sr P1) A (E(P2) =seP2)) = P1 =se P2

As in the traces model, a family of process definitions may be rewritterg usaw
recursion-unwinding to equivalent processes whose definitions are in a form more suitable
for further reasoning.

Exercises

EXERCISE 6.1 What are the stable failures associated with the following state machines ?

EXERCISE 6.2 Give the stable failures of the following processes:

1. a— STOP|b— ¢ — STOP
2. a— STOP|b— (c — STOP| d — STOR
3. a— STOPO a— b— STOP

EXERCISE 6.3 What are the stable failures of the following non-recursive processes:

1. (coin— tea— STOR O (coin — coffee— STOR

2. (tea— STOB 11 (coffee— STOR

3. (coin— tea— STOB || (coin — coffee— STOR

4. (coin — tea— STOB ||| (coin — coffee— STOR

5. (coin— ((tea— STOP O (coffee— STOR)) \ {tea}

EXERCISE 6.4 What are the stable failures of the following recursive processes:
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1. VM1 = (coin— (VM1 1 choc— VM1))
2. VM2 = (coin— (VM2 O choc— VM2))
3. VM3 = VM3 O choc— STOP

ExERCISE 6.5 Give a proces® for whichP || P #sg P.

ISP || P=se P| P || Palaw of the stable failures model ?

EXERCISE 6.6
What is the behaviour of the following processes:

. RUN|| CHAOS
. RUN ||| CHAOS
. RUN4 || CHAOS

1
2
3
4. RUN, ||| RUNg
5. RUNs O CHAOS
6

. RUN; M CHAOS

EXERCISE 6.7 Give a single operational rule f@IV which is consistent with the stable
failures semantics.

EXERCISE 6.8 Give operational rules f&HAOSwhich are consistent with the stable failures
semantics.

EXERCISE 6.9 Does the law(O-r1-dist) on Page 180 hold in the traces model ?



Specification and verification

with failures

7.1 PROPERTY-ORIENTED SPECIFICATION

The introduction of failures information in the stable failures mloallows a wider range of
specification than was possible in the traces model. Specifications on betsagt@scribe
those executions that are acceptable, and a verification of a system or fPaeegsres an
argument to establish that no behaviouPafiolates such a specification. Since there are now
two sets of behaviours associated with any process—traces, and stabésfaibuspecification
will consist of two parts, each of which describe the required propergopsérvations from
the corresponding behaviour set. A specificaBman be written as a paifr (tr), Sse(tr, X)).
Each of the predicateS: andSgr can be expressed in any notation, though in common with
specifications in the traces model first order logic and elementary set and seqoéatmn
tend to be sufficient in practice.

P sat (Sr(tr), Sse(tr, X)) =  Vtr € traces(P) o Sr(tr)
AVY(tr,X) € SF[P] o Sse(tr, X)

Safety specifications, that ‘nothing bad will happen’, are requirementsioes, where ‘noth-
ing bad’ means that no event will occur at an inappropriate point. Safetyreegents are
captured in this model by using the predic&tdo constrain the traces that are permitted.

The stable failures model also contains sufficient detail to supportxiession of
liveness specifications, which require that ‘something good will happafithin the context
of synchronizing concurrent systems, liveness is expressed in ternmacdess’ willingness
to participate in events. This will mean that at particular points of an dieguhe process
should be guaranteed to offer certain events: any stable state reached bycesghould
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not refuse those events. These conditions are precisely what is esgpptssthe requirement
that certain events should not appear in the refusaf sHtthe process does not diverge, then
it should be guaranteed to reach a stable state where the events are offered.

For example, a stable component that must always be ready for inputigheet the
specification that input can never be refus8gk(tr, X) = in.TN X = {}. Whatever trace has
occurred previously, the process can never refuse input.

EXAMPLE 7.1 (RAILWAY CROSSING) The proces€CROSS defined in Example 1.16 on
Page 13, raises and lowers a barrier, and records when trains enter and leengssirey.
As well as its safety requirements, it should also meet the liveness requitehat it is
ready to lower the gate whenever the gate is up and an approaching train iedet€ots
is a conditional liveness property, requiring an offer of a particulaneenly under certain
conditions on the trace:

Sse(tr, X) = tr =tr’ ~ (gateraise, train.approach = gatelower ¢ X

[m}

ExamPLE 7.2 (BUFFERS) A common specification is that oftaufferor FIFO queue. The
safety requirements on a buffer have already been discussed in the prelvapisr, but a
buffer must also have some liveness requirements: that it must be mexaidpfit when it is
empty, and that it must be ready for output when it is non-empty. Téeifsgation of a buffer
of type T may be expressed as a predicate on traces and on stable failures:

Buffr(tr) = tryout<trin
Buffse(tr,X) = trout=tr{in=inTNnX={}
AtrJout<trlin=outT ¢ X

The safety specification, expressed on traces, states that the sequence tsfrougtumatch
the sequence of inputs, appearing in the same order. If the sequencetsfi;pqual to the
sequence of outputs, then the buffer must be empty, and the liveneg®negjt states that
no input may be refused. If the sequence of outputs does not contaipalinessages, then
the buffer is non-empty, and so not all outputs can be refused. The safstification allows
only one output to be possible, so any output which is not the elextent of the sequence
can be refused in a stable state.

The specification states nothing about the capacity of the buffer, or evetinertthe
capacity is fixed, or finite or infinite. It also allows events along other s since it places
no restrictions on the behaviour of the process with regard to otrert® However, the
specification is conventionally used to describe processes which havenpaolyand output
channels:o(P) C in.T UoutT. This can be introduced into the specification, as another
safety specification:

Buffi(tr) = Buffr(tr) A o(tr) Cin.TUoULT

The specification also implies that a buffer cannot terminate. It requiresdas after any
trace, and terminating traces would not be exempt. O
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7.2 VERIFICATION

The semantic equations associated with the CSP operators support arrafmpboof rules
for reasoning about CSP process descriptions. Proof obligationsf dahe dorm P sat
(Sr(tr), Sse(tr, X)). These can be split into a two separate obligations:

1. atraces obligatioR sat Sr(tr) which can be addressed with the proof system for the
traces model presented in Chapter 5;

2. astable failures obligatidd sat Sse(tr, X), which states that all the stable failuresPof
meet predicat&sg. Requirements of this form are the concern of this chapter.

This section will present a set of compositional proof rules for esthinlg stable failures
specifications for processes will be presented. Two of these rules (sedwemtposition,
and interrupt) rely on trace specifications of their component processes,ingftbet fact that
the definitions of the stable failures of these processes refer to the ofabes components.

STOP

There is only one trace of the proce3EOP the empty trace. It may be accompanied by any
refusal set, so there is no restriction on the refd&alhe constraint on any stable failure is
simply that its trace is empty.

STOPsattr = ()

The rule has no antecedents, corresponding to the facdTf@Phas no component processes.

Prefix

A failure of the procesa — P either has an empty trace, in which caseannot be refused,
or else begins with the eveatfollowed by a failure ofP. If P sat Sse(tr, X) then the part of
the trace aftea (that is: tail (tr)) together with the refusa{ must meet the specificati@.

P sat Ss(tr, X)

a—Psat tr=()Aa¢gX
Y,
headtr) = a A Sge(tail(tr), X)

Prefix Choice

The prefix choice operator generalizes the prefix operator: it contains a nofrdoenponent
processes, and the first event that is performed can be any one of the meentsfaifered.

196  SPECIFICATION AND VERIFICATION WITH FAILURES
The antecedent to the rule assumes a family of specificaBg(s X), one for each of the
component®(a).

Vae€ AeP(a) satS(tr, X)

x:A—=P(x)sat tr =() AANX={}
v
Ja € Ae headtr) = aA Sy(tail(tr), X)

Output and Input
The output processdv — P is simply a particular kind of prefix process, and the proof rule
reflects this:

P sat Ss(tr, X)

cv— Psat tr = () AcvgX
v
headtr) = c.v A Sge(tail(tr), X)

Similarly, the input process?x : T — P(x) is a special form of prefix choice, and so
the proof rule is very similar:

Vve T e P(v) sat Str, X)

c?: T = P(x)sat tr={) AInNTNX={}
\
Jv e T e headtr) = c.v A S(tail(tr), X)

SKIP

The procesS$KIPdoes nothing except terminate successfully. It has only two possiiiees
failures, one for before termination, and one for after.

SKIPsat(tr = () Av ¢ X) Vir =(v)

The refusal set is hardly constrained, apart from the requirement thahtgiom should not
be refused before it occurs.

DIV

The proces®IV has no stable failures at all, so there is no specification that it can violate. It
therefore vacuously meets any specificaiqevenfalse). falsgtr, X).

DIV sat S(tr, X)
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This apparently miraculous behaviour@V—that it can meet any specification—indicates
that there is some aspect of the behavioubbf that is not considered in the stable failures
model. The fact that it is divergent exempts it from any need to be concerriedstable
failures.

CHAOS

The worst proces€HAOS is able to perform or refuse anything. It will only meet the trivial
specificatiortrue(tr, X), the weakest specification.

CHAOSsat true(tr, X)

RUN

The proces®UN is able to do any trace, but unlikeHAOSIt is unable to refuse any event
before termination.

RUNsatv ¢ o(tr) = X = {}

The specification met bRUN imposes no restrictions on the traces that it can perform, only
on the refusals that may accompany those traces.

External Choice

The proces®; O P, behaves either &8, or asP,. If Py sat S (tr, X) andP, sat S;(tr, X)
then the choice proce&s O P, satisfies the disjunction of these two specifications, and their
conjunction when the trace is empty:

P, sat S (tr, X)

P, sat S, (tr, X)

Py OP;ysat (tr = () = S(tr, X) A S(tr, X))
A(tr # () = (Su(tr, X) v Sy(tr, X))

Any refusal ofP; O P, before any event has yet been performed must be a refusal of both
components.

The rule generalizes to indexed external choices:
Viel o PsatS§(tr, X)
Diel Pisat tr=() = Aig S(tr,X)
Atr#£ () = Vig S(tr, X)

Any events refused before the choice has been made must be refusablé theatbmmponents.
After the choice has been made, the refusal set is the responsibility pfahess in whose
favour the choice was resolved.
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Internal choice

The internal choice operator can behave as either of its components:

P, sat S (tr, X)
P, sat S (tr, X)

Py M Py satS(tr, X) v Sy(tr, X)

The indexed internal choice can behave as any of its components:
VieJe P satS(tr, X)
I_IIEJ Pisat3i € J e §(tr, X)

Parallel composition

A failure (tr, X) of the proces®; , ||, P2 is comprised of a contribution frofR; and a
contribution fromP,, contained within the alphabek{ andA{ respectively. In fact, the
projectiontr [ AY is a trace oP;, and the projectiotr [ Ay is a trace oP,. The refusal set
X is a made up oX; andX, from P, andP, respectively.

P satS (tr, X)
P, sat S, (tr, X)
P lla, P2satIXe, X o Si(tr [ AY,X1) A Sy(tr [ A, Xy)
Aa(tr) C (AL UAY)Y
AXN(ATUA)Y = (X NAY)U (X NAY)

Forinstance, two processes might both meet an initial liveness specificatibe event
a, thata must be available until it is performed, as follows:

P, sat S(tr,X)=ado(tr) =>a¢gX
P, sat S(tr,X)=ado(tr) =>a¢X

Each of them meets the specification that ifas not yet occurred, then it cannot be refused.
The rule yields that the combinati® , 1, [, P> Meets the specification

IX;, X e tr[{ab}Y =) =>a¢gX
rri{acl =()=>a¢X
Aa(tr) C {a,b,c}”
AXT{ab.c}” = (X n{ab})uXn{act)

which implies that ¢ o(tr) = a ¢ X, and so

Pi (appllfacy P2 sat ago(tr) = a¢X
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If both components are initially live on the eventthen so is their parallel combination.

The rule for the indexed parallel operator follows a similar patteachEcomponerf,
with interfaceA; imposes its own constraifi(tr, X) on the projection of the overall behaviour
onto the alphabey’ .

Vi el o P satS(tr, X)
|| Pisat3(x)e VieleS(rAX)
A AXA (U A) = Uy NAY)
Aa(tr) C (Ui A)Y

Interleaving

An interleaved combinatioR, ||| P, performs tracesr which consist of a trace;, of P,
interleaved with a tracér, of P,. A refusal after such a trace must be a refusal of both
processes.

P, sat S (tr, X)
P, sat S, (tr, X)

Py ||| Py sat3try, try, X;, Xo @ (Si(try, Xi) A Sy(tra, X2) A tr interleaves try, tr,)
AXiUXo = XAX \{v}=X \{v}

For instance, consider a procdgswhich meets the specification given previously that
the process must initially be live ane X:

P, sat ado(tr)=>a¢X

ThenP; interleaved with any (non-divergent) proc&ssat all will still meet this specification.
Firstly any such process h&s sattrue(tr, X), so the rule for interleaving yields that

Py ||| P2 sat 3Jtri.tro, X, X @ ag o(try) = a¢g X; Atrinterleaves trq,try
AXiUXo =XAXi \{vV} =X \{v}

Furthermore, iftr interleaves trq,tro theno(tr) = o(try) Uo(try), soa ¢ o(tr) = a ¢
o(tr). Also,a ¢ X; = a¢ X. Thus

Py ]| P2 sat ago(tr) = a¢gX

A single component of an interleaved combination can ensure liveness.
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Interface parallel

A failure (tr, X) of Py || P, must arise from two failuregtry, X;) and (trs, X») of P; and
A

P, respectively, wheré& synch, try,try, andX; andX, coincide on event®; andP, can
perform independently—those outsiéé. This results in the following inference rule:

P, sat S (tr, X)
P, sat S (tr, X)

Py || Py sat 3try, tro, X;, X0 ®
(Si(tre, X1) A Sy(tra, Xa) A tr synchp try, tro
AXiUXy =X
AXi \A=X\ A

Hiding

Atrace of the proces8 \ Aarises from a trace df simply by removing all of the events i
from the trace. Hence for any tracef\ A with refusal seX there is a corresponding trace
of P with refusal seiX U A. The rule is then as follows:

P sat §(tr, X)
P\ Asat3try e (Stry, XUA) Atr =tr; \ A)

ExaMPLE 7.3 Consider the procesdgiven byP = a - b — ¢ — P. The proof rule will
be used to establish the liveness specificatioR §n{b} thatc should be available whenever
ais the last event to have occurred:

P\ {b} sat foottr)=a=c¢X

A property thatP satisfies is

Str,X) = (foot(tr) =a=b¢ X) A (foot(tr) =b = c ¢ X)
If (tr, X) is a stable failure oP \ {b}, then3tr; e S(try,X U {b}) A tr = try \ {b}. If
foot(tr) = a, thenfoot(tr; \ {b}) = a, so eitherfoot(tr;) = a or foot(tr;) = b. The first of
these contradictS(tr;, X U {b}), since it implies thab ¢ X U {b}; and the second implies
thatc ¢ X U {b}, which in turn implies that ¢ X. The specification can thus be weakened
to obtain

P\ {b} sat foof(tr)=a=c¢gX

This is the specification required. m|
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In fact, the inference rule simplifies in the case where the specific&g(tr, X) is
independenof the setA being hidden. A failures specification Asindependent if/tr, X e
(Sse(tr, X) < Sse(tr \ A, X\ A)). For such a specification, the predicate; e Sgg(tr;. XU
A) Atry \ A =tris equivalent tdSse(tr, X). The resulting rule is

P sat Ss(tr, X)
P\ A sat Ssg(tr, X)

This rule states that if a proce§smeets a specificatioBsg(tr, X) independently of the
performance or refusal of any eventsAnthenP \ A also meets it. Both the specification
itself andP’s meeting of it are completely independent of its behaviouAon

[ Sse(tr, X) is A-independent

Observe that the earlier specificatfoot(tr) = a = ¢ ¢ Xis not{b}-independenteven
thoughb does not appear anywhere explicitly in the specification, since in thifoatt) is
not the same a®ot(tr \ {b}).

On the other hand, a specification thaf{ g -independent is the liveness requirement
that whenever the same numbegsfandc’s have been performed, tharshould be on offer:

trli{a}=trl{c}=>a¢gX

The proces® = a — b — ¢ — P meets this specification, and so the derived inference rule
for hiding yields thaP \ {b} also satisfies it.

Renaming

A failure (tr, X) of a renamed proces$gP) will be a renamed failuréf (tr, ), X) for some
try for which (try, f=1(X)) is a failure ofP. The inference rule for translating specifications
through a forward renaming is as follows:

P sat Sgg(tr, X)
f(P) sat3try o Sge(try, f=1(X)) Af(try) =tr

ExamPLE 7.4 In Example 3.14 a proce3FFICE models two staff who each answer
their own phones. When both phones are mapped to the same nufi{péperesylvie) =
f(phonejanet) = phonejanei&sylvie—then the best guarantee that can be provided is that
someone will answer, but with no guarantees as to who it will be.

The specification used to obtain this result through the inferencesule i

OFFICE sat foot(tr) = phonejanetV foot(tr) = phonesylvie
= {answerjanet answersylvie} ¢ X

The direct result of applying the inference rule with this antecedents/talelresult
f(OFFICE) sat Jtry e (foot(tr;) = phonejanetV foot(tr;) = phonesylvie

= {answerjanet answersylvie} ¢ f~'(X))
Af(try) =tr
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which is equivalent to the result required:

f(OFFICE) sat foot(tr) = phonejaneisylvie
= {answerjanet answersylvie} ¢ X

Observe that the specification @FFICE covered all of the possible ways in whiftot(tr) =
phonejanet&sylviecan arise irf (OFFICE), and showed that in each case the required result
followed. In order to establish th&tP) sat Rsg(tr, X) from the fact thaP sat Sge(tr, X), itis
necessary for all behaviours that mé&et to satisfyRsg when mapped through the alphabet
renaming. Another form of this rule is this:

P sat Sse(tr, X)
Viry, tr, X e (Sse(try, f~1(X) A f(try) = tr) = Rsg(tr, X))

f(P) sat Rsg(tr, X)

If Ssp does not constrain all tracés which map to a particular, then no useful conclusions
will be obtained. For example, the result that

OFFICE sat foot(tr) = phonesylvie= answersylvieg X

does not in itself provide any useful information about the behadbt( OFFICE) since any
trace off (OFFICE) ending inphonejanei&sylviemight have originated from a trace ending
in phonejanet, and no information is provided about the behaviour in such a ciramost

O

In the case wheréis a 1-1 function, its inverse™! is well defined and there is only
one possibility for the tracer; which maps undef to tr, namelyf ~!(tr). In this case the
inference rule simplifies as follows:

P sat Sse(tr, X)

[ f injective]
£(P) sat Sse(f = (tr). 1~ (X))

The backward renaming operator is more straightforward(trlfX) is a failure of
f 1(P), then(f(tr),f(X)) is a failure ofP, and so it must satisfy whatever specificatis
known to satisfy. The inference rule is as follows:

P sat Sse(tr, X)
f 1(P) satSse(f(tr), f(X))

The procesSALEof Example 3.15 is ready to accept payment after a choice of goods has
been made.

SALE sat foot(tr) = choose= pay¢ X
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The event renaming function

f(cash = pay
f(cheque¢ = pay
f(creditcard) = pay

is used to expand the interface 8ALEand accept any of these methods of payment. The
inference rule yields that

f~1(SALE sat foot(f(tr)) = choose= pay¢ f(X)
and this is equivalent to

f~1(SALE sat foot(tr) = choose= {cash chequecreditcard} N X = {}

After a choice has been made, the process is ready to accept any of the events that map t

pay—it cannot refuse any of them.

Sequential composition

Any given failure ofP;; P, must arise from one of two possibilities: either it is a failure of
P, which has not yet reached termination, or else it consists of a traPe faflowed by a
failure of Py. The proof rule reflects this:

P, sat (Sr(tr), S (tr, X))
P, sat S, (tr, X)

Pi; Pysat v go(tr) AS (tr,XU{v})
\Y
Jtry,tro etr =try 7 trg A Sp(try 7 (V) A S(tra, X)

The first case covers those failures frém that have not yet terminated: in this case,
must also be refusable. The second case is concerned with those failureparuieg to
executions that have passed control filénto P, at some point: in this case; ~ (v') is the
trace fromP; up to its termination, and so it must me®t's trace specificatioi®r (tr), and
(tro, X) is the contribution fronfP,.

Interrupt

A failure of the interrupt procesB; A P. is either a failure ofP; whose refusal is also a
possible initial refusal foP,, or else a non-terminated traceRyffollowed by a failure ofP,.
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The inference rule is as follows:

P, sat (Sr(tr), S (tr, X))
P, sat S (tr, X)
P APy sat S(tr,X) A (S:((),X) V v € aftr))
v
Jtry,try e tr =try “try AV € o(try) A Sr(try)
Atrs # () A Sy(tra, X)

In the second disjundt;, is the trace contribution from;, so it meet$; 's trace specification

Sr(tr).

ExampLE 7.5 If int is a special interrupt event, aR} is initially enabled on this event,
unable to refuse it, then

P, sat intgo(tr)=intg X

Then whatever form procefs takes, and whatever specificatiBnit satisfies, the rule yields
that

Py AP, sat  S(tr,X) A (intg XV v €aftr))
\Y
try,trp e tr=try “tro AV € o(try) AS(tr, {})
Atry # () A (int € o(tra) = int € X)

which can be weakened to
Py AP, sat intgo(tr) = (intg XV v €o(tr))

The interrupt combination will have the interrupt everttenabled throughout an execution,
until either it occurs or the execution finishes. O

7.3 RECURSION INDUCTION
If arecursive definitiotN = F(N) preserves the satisfiable specificatBg(tr, X)—F(Y) sat
Sse(tr, X) whenevelY sat Sse(tr, X)—thenN must also meet the specificati®s(tr, X).
VY e (Y sat Sse(tr, X) = F(Y) sat Sse(tr, X))
N sat Ssg(tr, X)

[N=F(N)]

In contrast to the rule for trace specifications, no separate check is requireatitfiability
of Sse(tr, X), since all such specifications are metbiy .
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The rule generalizes to mutual recursion in exactly the same way as it dbestia¢es
model:

VY e (Y sat Sge(tr, X) = E(Y) sat Sge(tr, X))
N sat Sgg(tr, X)

[N=EN)]

ExaMPLE 7.6 The light switch process has a recursive definition:
LIGHT = on- off - LIGHT

Itappears that wheneverthe lightis onitis ready to be turned off. Tin@ppate specification
to verify is

Sse(tr, X) = foot(tr) = on= off ¢ X

Assume thaty sat Sse(tr, X). Then two applications of the inference rule for prefixing
establish that

on—off - Y sat tr=() AongX
vV tr = (on) A off ¢ X
Vv tr = (on, off) " tr' A Sse(tr’, X)

If foot(tr) = on, then eithetr = on A off ¢ X or elsetr = (on, off) " tr’ A foot(tr') = on A
Sse(tr', X). In either caseoff ¢ X, so the specification weakensSex(tr, X), and so

on— off - Y sat Sge(tr, X)
Finally, an application of the inference rule for recursion allows theckmion that

LIGHT = on— off — LIGHT sat foot(tr) = on= off ¢ X
ThusLIGHT sat Sse(tr, X) as required. O
EXAMPLE 7.7 (ALTERNATING BIT PROTOCOL) A communications protocol provides a
service over a lower level medium which provides a lesser service. The aitterbiiprotocol

provides a service in which messages of tyee relayed between agents without loss, over a
medium in which messages can be lost, although they cannot become cornugteriered.

The service guaranteed by the underlying medium may be described by a tv@Spar
specificatiorMed(in, out):

Medsg(in,out) = tr Youttriin
AINTNX={}VvoutT ¢ X
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G MED(c) @ 3

n : s R | out
i d. d !
3 2 MED(d) |——— |

Fig. 7.1 The alternating bit protocol

Any output messages should have previously appeared as input messagesyashould
appear in the same order, but some messages can be lost. The medium is ehdsy®r
either input or output.

A well-behaved process such @OPY satisfies the specificatidded(in, out), as do
less well-behaved processes which can sometimes lose messages.

A medium which accepts input any and provides output oo, will be referred to as
MED(c). Such a medium does not need to be explicitly described in CSP; onlg¢hthat it
meets the specification is required for verification.

MED(c) sat Med(c;, )

The protocol itself consists of a sender compor@rind a receiver componeR whose
combined behaviour is intended to ensure that no message becomes lasfsystem. The
two components communicate in each direction over the unreliable mediuensyBtem is
illustrated in Figure 7.1.

The sender awaits input, and then transmits it along output chaptegether with a
particular bitb. It will wait for an acknowledgement to arrive on chandei receipt of the
correct bitb indicates that the message arrived, whereas receipt of the incorréathnuld
be ignored as being associated with a previous message whose acknowledgenadready
been received. The message can be resent as an alternative to waiting for acknoetgdgem
since it is possible that the message or its acknowledgement were togj ttansmission.

S = §0)
S(b) = in?x: T — c!(x.b) = Sb,x)
Sb,x) = ci!(xb) = S(b,x)
0 dy.b — S(b)
O db.b — S(b, x)

The receiver proced® awaits messagesb along channet,, and checks the bii to see if it
is the next bit expected, in which casenust be a fresh message for output. If the bit is not
the one expected, then the message must be a repeated transmission,rotdeipresented
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for output. In either case, an acknowledgement consisting of the bit recdivettide sent
out on channet;.

R R(0)
R(b) = c?%b': (T.{b}) — outx — d;'b — R(b)
O c?%b' : (T.{b}) — d!'b — R(b)

The two componentSandR do not synchronize on any events, and their combination is de-
scribed a$ ||| Rwhichis equivalentt&|| Rbecause obandR’s disjoint alphabets. Similarly,
the two channels are independent, and their combination is descriMERE) ||| MED(d).
Finally, the components are composed in parallel, resulting in theWolg description of the
alternating bit protocol:

ABP = ((S|IIR | (MED(c) ||| MED(d))) \ (¢; NU ¢,.N Udy.NU dy.N)

The requirement is that this system should behave as a buffer and saés$pecification
(Buffr(tr), Buffse(tr, X)).

The safety and liveness aspects of the specification may each be treated in turn. The
traces model can be used (see Exercise 7.9) to establish that

ABP sat trloutg; tr{in

The only further property to establish is deadlock-freedom, in ordestablish that
the combination is a buffer in terms of liveness as well as safety. The sgfetjfication
shows that only one df or out can ever be possiblén when the buffer is empty, anout
when non-empty. Hence deadlock-freedom will establish that it must betopeputs when
empty, and ready to output when non-empty. Furthermore, the defintidre sendeSis
data-independent—once it is ready to accept some input, it is ready to accept any.

The system can be seen to be deadlock-free by considering a stable steiterdfused
in this state, theBis live on bothc; andd,. If these are both refused by their respective media,
then bothc, andd; must be enabled within the media. The receRarannot be willing to
interact on either of these internal events, otherwise the state wotlltkrstable, so it must
be ready to provide output

Hence the required result is obtained: tA&P sat Buffsg(tr, X). 0

7.4 PROCESS-ORIENTED SPECIFICATION

As in the traces model, the refinement relation on procedse3F) Cse (T, SF) holds when
the second process has fewer possible behaviours than the first.

(T1,SkR) Csr (T2, SR) & T, CTi ASK CSKH
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The subscripSF emphasizes the fact that the relationship is defined on the stable failures
model.

Refinement holds between two process express$tpasdP, whenever it holds between
their sets of traces and stable failures. Another way of characterizing thenslaipP; Csr
P, is asP; =gk P; M P,. The introduction of the traces and stable failure®efloes not
introduce any new behaviours By. The subscripSF will be elided if it is clear from the
context.

The refinement relatioR; Csr P, supports a process-oriented approach to specifica-
tion. As in the traces model, a specification describes behaviours that areabdeepta
particular situation, and these behaviours can be described either bypreelichtes, or else
by means of a CSP process expression itself. A process desciRBEwill have partic-
ular traces and stable failures associated with it, and these are taken to eaaitéptable
behaviours. An implementation proce#8P meets this specification if all of its possible
behaviours are allowed BPEG or in other words, iSPECCsg IMP.

Many common specifications can be captured in a process-oriented style, where th
specification is the process with the most behaviours which meets thzergat. This
means thaBPECshould allow all possibilities that are not expressly forbidden.

The procesé\LT = a — b — ALT expresses the requirement that the performance
of a’'s andb's should alternate. It also contains the requirement that these eventisl sho
be available, and that no other events are possible, since none appear ibgitjgsssm
ALT. A weaker specification which places no constraint on any other events would be
ALT ||| CHAOS:\ b}, Which allows arbitrary behaviour on all other events, but still reggi
thataandb must be available when they are next in the alternating sequence. An evezrweak
specification, which also allows the possibility of deadlock, wouldb& || CHAOS Any

{a.b}

sequence ad's andb's must still be alternating, but no liveness conditions on them asmt.

ExampLE 7.8 (BUFFERS) The property of being a buffer of typ€ is expressible in a
process-oriented way, by means of a mutual recursion. Internal choice isoudestribe the
various possibilities:

NBUFFr(()) = in?x: T — NBUFFr((X))
NBUFFr(s™ (y)) outy — NBUFFr(s)
O (STOPMin?x: T — NBUFF((x) " s (y)))

The parameter ttNBUFF consists of the sequence of messages that the buffer currently
contains. If this sequence is the empty sequépdaen the buffer is empty and must be ready
for input. If the sequence contains some messages, then the buffer emestdy to output

the next message required. It is also possible that it will accept furthat, but it does not
have to. These possibilities are represented by the internal choice b&We&and a further
input.
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The buffer specificatioNBUFFr = NBUFFr(()) also specifies that the alphabet of the
buffer is restricted to its input and output channels. It encapsulatesuffer bpecification
given on Page 194:

NBUFFCseIMP < IMP sat (Buffr(tr), Buffse(tr, X))

If further events are to be possible (such as a channel which can reporetimerbr not
the buffer is empty), then the appropriate specification wilNBUJFFr ||| CHAOS,, whereA
are the other possible events. The most general specification, that corespBuffr(tr, X),
is given as follows:

NBUFFy ||| CHAOS:\ (in.TuoutT) Csk IMP
< IMP sat (Buffr(tr), Buffr(tr, X))

However, in general it will be more appropriate to restActo the particular set of events
which are allowed for the buffer. O

One of the benefits of the process-oriented approach is provided byahebdity of
model-checking tools which permit automatic checking of (finite state) Spadns against
implementations. The FDR tool allows processes to be checked against proeassd
specifications with regard to their stable failures.

The two styles of specification can often be combined within verificatiocBPECLC sg
IMP and SPECsat Spegg(tr, X), thenIMP sat Spegg(tr, X), and this result can be used
within the application of a proof rule.

A process-oriented version of the proof rule for recursion industiiuse SPECC sg Y
in place ofY sat Sgg(tr, X), resulting in the following antecedent:

VY e (SPECCsr Y = SPECLCsr F(Y))

This is equivalent to the assertion tIBRECC s F(SPEQ. The rule becomes

SPECCsr F(SPEQ
SPECCse N

N=F(N)]

Even if the relatiorBPECC sk N cannot be checked directly by mechanical means, for
example ifN has infinitely many states, it can still be verified via the proof rule byc&mng
thatSPECCsr F(SPEQ.

ExaMPLE 7.9 The bag procesBAGtakes messages as input, and makes them available for

output. Itis given by a guarded recursive definition.

BAG = in?x:T — (BAG||| (outx — STOB)
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One property that this process satisfies is that it is always ready fo. ifipis specification
can be captured as the process

INS = RUNgu7 ||| CHAOSuT

It is not possible to checkNS Csg BAG directly using a model-checker, since the process
BAGhas an infinite number of states. However,

INS Cge in?x: T — (INS]|| (outix - STOB)

which can be automatically checked, sifds has a finite (and extremely small) number
of states. This single refinement check establishes the antecedent to thecferenfor
guarded recursion given above, establishing the result

INS Csr BAG

The proces8AGis always ready for input. O

7.5 CASE STUDY: DISTRIBUTED SUM

The functional correctness of the distributed sum algorithm was esttebliin Chapter 5.
Only traces need to be considered in order to establish that any answer pioyitiedsystem
of nodes must be the correct one.

However, the trace analysis does not provide any guarantees that an answeemil
tually be output. This is a liveness property, so an analysis in #igesfailures model is
required. The main aim will be to establish deadlock-freedom of the nktwoore specific
liveness properties will follow from this. It will also ultimatelyetnecessary to establish that
the network is free from divergence. This will be discussed in Chapter 8.

The liveness of the network as a whole will rely on the liveness prigsedf the
individual nodes. The particular properties used to prove deadlockefme®dll be |1 andl2
concerning liveness on inpu®] andO2 concerning liveness on outputs, ahtlconcerning
liveness on termination. A subsidiary resNit is also useful: it can be established in the
traces model.

Liveness on input

All nodes will be initially live on all of their input channels. This specified for each input
channek; as follows:

I1j  NODE() sattr [ A" = () = ¢;.0 ¢ X
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Given a particular nodpand edg€i.j) € E, if nodej has not yet communicated with any
neighbour, then it must be ready for an initiating input from

Furthermore, any nodeon any particular input channgj will remain willing to accept
input until it occurs (see Exercise 7.11).

12;  NODE() sat(tr [ A" # () Atr ¢ = ()) = G.NNX = {}

Given a particular nodieand edgsi, j) € E, if nodej has performed some communication but

has not yet received any input from its neighbipihen it must be ready to input any possible
value.

Liveness on output

The first liveness property on output is that, once some message hasbe®ed along a
channelcy, then output is available along any chanoglother than the one matching the
initial input. This means that a node is ready to provide output tocdiitg neighbours with
the possible exception of the neighbour it first interacted with. rEfetionship between two
neighbours andj is expressed as follows:

O1; NODKE(i) sat tr # () A channel(headtr)) # ¢
= (tric=()=c.0¢X)

The process;j!0 — SKIPis live on channeg; until it occurs:
Gjl0 — SKIP sat (tr |} ¢j = () = ¢;.0 ¢ X)
Furthermore, the channg] is not in the alphabet of any of the processgl$ — SKIPwhere
k # j, nor of TOT(i, k, adj(i) \ {k},w) wherek # j. It follows that the same specification is
met by the parallel combination (providkd j):
. L leadj(i)\ {k}
(TOT(i, k, adj(i) \ {k},w) | (|
sat (tr ¢ = () = ¢.0¢X)

¢j!0 — SKIP)

Prefixing this process with an inpag.0 will yield the required specification whgn# k

6.0 — (TOT(, ke adj(i) \ {kp.w) | (||'“**""™ 510 - skap)

sat tr # () A channel(headtr)) # ¢i = (tr { ¢; = () = ;.0 ¢ X)
In the case wherg= k, then the specification is vacuously satisfied since whertever()

thenchannel(headtr)) = ¢j. Hence the specification is met in all cases, @ng¢ follows
from the fact thaNODE(i) is an indexed choice between all of these processes.
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The other liveness property required on output is that once a node haseceoguts

from all of its neighbours, it is ready to output to the neighbouwt th first communicated
with. The set of input possibilities to a nodwill be defined as\™:

A = {oin|gineA)

If all the input channels are mentioned in the trace, then the node has thigeteliveness
property:

02 NODE(i) sat channels(A") C channels(tr) A channel(headtr)) =
= ((r b= =c.NZX))

The proof of this property is left as an exercise (see Exercise 7.13).

Liveness on termination

When a node has had some communication along each of its channels, it is ettieto
terminate or else already terminated:

T1; NODE(i) satchannels(A)) C channels(tr) = (v intr Vv v ¢ X)

The proof of this property is left as Exercise 7.14.

Safety on the nodes

The safety property is simply that the first event of any process mushlmne of its input
channels. This may be established in the traces model.

N1;  NODE() sattr # () = channel(headtr | A”)) € A"

A single application of the proof rule for input (using simg¥x) sat true(tr) as the an-
tecedent) establishes that this specification holds for any process of theor T — P(x)
for whichc € A, This is indeed the case for all channels of the farwherej € adj(i), so
the proof rule for indexed external choice yields that any process dbthe

Gi?x: T — P(x,])

I:Iieadj(i)

must also satisfy this specification, since each of its components do. édueigtion of
NODE(i) is of this form, sdN1; follows without any need to consider the behaviour following
the first event.
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Deadlock-freedom for the network

The properties of the individual nodes given above are sufficient tolisstabat the process
NETWORK= HA NODE(i) is deadlock-free.

Consider a failurétr, X) of NETWORK Then the refusal set is made up of a family
of refusal setgX;)icn, one for each € N, whereX = (J; (X N A7), and(tr [ AY, X)) €
SF [NODE(i)]]. The special channets,, andc., appear only inA;. All other channels;;
appear in only two alphabetd; andA;. This means that if there is some valéor which
cj.v € X andcj.v € X;, thencj.v ¢ X. Ifitis offered by bothNODE(i) andNODE(j), then
it cannot be blocked by any other component.

To establish deadlock-freedom fdETWORKall the possible cases for the tracevill

be considered, and in each case (before termination) the liveness propértiesamough to
show that there is some communication which does not appear in the redti¥al s

There are essentially two cases to consider: whether or not any of the nodé&s are
their initial state. The two cases each split into a number of subcases.

CaseJietr [ AV =():

Subcase tr || co0 = (): Inthis case(tr | AY) I Cx0 = (), and so((), %) is a
failure of NODE(0). It follows from | 14,0 thatCx,0.0 & Xo, @and S0C0.0 & X.

Subcase tr o0 # () A Jj e tr [ A” = (): Inthis case the set of nodes can be
partitioned into the nodes that have engaged in some event, and tabkevh not. Both sets
will be non-empty:

S fieN|tr IA #(}
S = N\S

Connectedness of the grapN, E) implies that there must be some edgg) € E
connecting the two set$:€ S, andj € S,. Thenc; € A;, sotr |} ¢ = () becausg € S;, so
11 yields thatc;j.0 & X;.

Furthermoretr | AY # () sincei € S, andtr |} ¢; = () becausg € S, so fromO1;
it follows thatc;.0 ¢ X;. Thusc;.0 does not appear iX, which establishes the case.

CaseVietr | AV #():

In this case, every node has participated in some event in thettraceeach case, the
first channel a nodehas interacted on will bg; = channel(headtr [ A”)) for some other
nodej. The set of all such channels is defined to be thd set

T = {channel(headtr [ A"))|i€ N}

These are the channels from parent to child nodes. They form a tree.

PropertyN1; means that for ani/the sefT N A" contains exactly one channel: each
node has exactly one parent.
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If ¢j € T then node will pass the sum of its inputs, together with its own weight
along the complementary chanmg! The set of all such channels is defined tolbe

T = {glGeT}
This is the set of channels from child nodes to their parent nodes. Thetheateannels that

carry values rather than initiating messages.

The set of all channels apart from thoselinis given by
T = (UienChannels(A)) \ T/

These are the channels that carry initiating messages.

Subcase T’ ¢ channels(tr): The first subcase to consider is where not all initiating
messages have yet occurred: not all chann€ls appear in the trace.

In this case there is a channgl € T’ such thattr |} ¢;j = (). This means that
cj # channelheadtr | AY)). The propertyO1; implies thatcj.0 ¢ X;, andl 2 means that
cj.0 ¢ X;. Hencec;.0 cannot appear in the refusal et

Any channel inT’ that has not appeared in the trace cannot haegused.

Subcase T/ C channels(tr) A T' ¢ channels(tr): In this subcase, all initiating
messages have occurred (all channel¥ihave been used) but not all values have yet been
returned: some channelsTi have not yet been used. Then the set of charldels T’ that
have not been used by a child node to return its value to its parent sodaiempty:

U = {geT|tric=_}

The channels in the opposite direction to thosEinfrom parent to child, are given by

U = {Cji |Cij (S UI}

ThusU C T. The setsT, T/, U’ andU corresponding to the point reached in Diagram 3 of
Figure 5.2 are illustrated in Figure 7.2. The &ktonsists of those channedg which are

the first channels used by some nadeich thai has not communicated its output along the
corresponding channej. The last of those channels to have appeared in the trace is given
by channel(foot(tr [ U)) = ci for somel andk. The aim is to show that.N cannot be
refused.

To establish this, it is sufficient to show that all of the inputs chasw§glto nodek must
appear in the trace:

1. Firstly, all of those ifT” must have occurred, since all channelFfrappear irtr in this
subcase.
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Fig. 7.2 Example edge sef, T’, U’, andU

2. Secondly, all ok's inputchannelsii’ mustalso appear in. If any ofk’s input channels
do not appear irr, then there is some input chanmgk € U’, sinceU’ consists of
those channels df that do not appear itn. This means that the corresponding channel
cm € U. Both cim andcy are in the alphabe; of NODE(i). The fact thaty € A{{'
means that = channel(headtr [Ak“)), and sackm must appear aftegy in the trace
tr. But this is impossible, sinaghannel(foot(tr | U)) = ci, so no other channel id
can appear in the trace afiey.

Thus all ofk's input channels appear in, sochannels(Al") C channels(tr | AY). Since

tr |} cq = (), propertyO2y yields thatcy.N ¢ X, and so there is some numhbefor which
cu.V & Xk If | = oo (andk = 0) then this is sufficient to establish that.v ¢ X. Otherwise,
propertyl 2y yields thatcy.v ¢ X;. Hence in either casg.v cannot appear in the refusal set
X.

Subcase T’ C channels(tr) A T C channels(tr): In this case all of the channels
have been used, so for any ndde

channels(A;) C channels(tr [ AY)

The propertyT1 on each node yields in each case that eithén tr [ A” or thatv’ & X.
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1. If v ¢ tr, thens ¢ tr [ AY for any nodd, and so/ ¢ X; for anyi, and hence’ ¢ X.

2. If v € tr, then the execution has terminated and deadlock is no longer a concern.

Hence no possible trace NETWORKis associated with a deadlock before termination,
soNETWORKis deadlock-free.

The deadlock-freedom ddISTSUMallows further conclusions to be drawn about its
behaviour. The alphabet &ISTSUMis simply Cyoo.N U Cooo.N U {v'}. This is a subset of
the alphabet of node, so any constraints imposed by that node on the order of these events
must be respected )ISTSUM

In fact (see Exercise 5.15)0ODE(0) satisfies the following safety specifications:

trUCOoo#oétrUcocO#()
triv #{(=1lco #()
(tr  Coco) < (0)

(tr } Gooo) <1

These together mean that any first evenDdSTSUM must becy,.0, any second event
must be a communication along the chanmgl, and any third event must be termination.
Deadlock-freedom means that each of these events must be available in tambsbaviour
of DISTSUMis equivalent to a process

Co00-0 = Cono!V — SKIP

for some value. The safety specification proven in the previous chapter ensures thatulee val
vis the sum of all the weights of the nodes, and so

DISTSUM =sg Cow0.0 = Cooc!(ZienWi) — SKIP

Exercises

EXERCISE 7.1 A cheese shop sells Stilton, Brie, Gouda, and Jarlsberg cheese. Specify that

1. All of these will always be available;
2. All of these will initially be available;
3. Atany time at least three are available;

4. At any time some cheese is available;
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5. After a delivery there is at least one cheese available.
EXERCISE 7.2 If Pis deadlock-free, then prove that\ Ais also deadlock-free.

Exercise 7.3 If P; andP, are strongly deadlock-free, then prove that so tayis| Ps.
{a}
MustP; || P, be deadlock-free?

{ab}

EXERCISE 7.4 ProvethatifP; andP, are always live on an inpin, then sotoo i®; | P..
inT

EXERCISE 7.5 Prove that
VY e (SPECCsr Y = SPECLsr F(Y))
is equivalent to the assertion tHBPECLC s F(SPEQ.

EXERCISE 7.6 Prove thaP = on — off — P satfoot(tr) = off = on ¢ X. [You will have
to strengthen the specification before the recursion rule can be applied.]

EXERCISE 7.7 Prove thaP; 1M Py Cge P; O P, for anyP; andPs.

EXERCISE 7.8 Astack process (or last-in-first-out queue) of tyipeaust always be receptive
to input elements of along channgbushwhen empty, and is always willing to output along
channepopwhen non-empty. It can accept further input when nonempty, but is naeabli
to. Its output is always the item most recently input that has not yet hetpro The process
defined in Example 1.23 may be considered a process-oriented specificatibie foaces
model.

1. Give a process-oriented specification of a stack for the stable failuwdelmwhich
allows for the possibility of non-empty stacks being full.

2. Prove thaBTACK = pusitx: N — popx — STACK is a stack.

3. Prove thapusttx: T — STACK(x) is a stack, where

STACK(x) = popx— puslty: T — STACK(y)
| pusity : T — popy — STACK(X)

EXERCISE 7.9 (HARD) Prove thatthe alternating bit protocol of Example 7.7 meetsiits trace

specification:

ABP sat trloutg;tr{in
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ExXERCISE 7.10 If the graph of nodes in the distributed sSURETWORKprocess is not
connected, which part of the liveness proof breaks down? What will beghaviour of the
network in this case, and at what point will it deadlock?

EXERCISE 7.11 Prove that

12j  NODE(j) sat(tr [ AY # () Atrlhg =() = c.NNX={}

Hint: a useful starting point is to establish by a mutual recursidndtion that th&OT
family of processes meet a corresponding family of specifications:

TOT(,k,M,t) sat igMV
(rdcj=()=c.NnX={}

EXERCISE 7.12 Use the traces model to prodd; on Page 212.
ExXERcIsE 7.13 [Harder] ProveD2; on Page 212.

EXERCISE 7.14 ProveTl; on Page 212.



Failures, divergences, and
Infinite traces

8.1 OBSERVING PROCESSES

The stable failures model records the occurrence of events as processes pleefor, and
their refusal after processes stabilize. This approach is effective for prochasesnnot
diverge. When divergence is a possibility then the stable failures n®det discriminating
enough, since it completely ignores any divergent behaviour that a proagisshave.

In order to analyze processes for the possibility of divergence, it is reagessntroduce
the appropriate observations into the model. There are two kindshaviour that have a
bearing on divergence: traces that lead to a divergent state, and infinite tracesghtt
give rise to divergence. These are introduced alongside failures iafanmto yield the
Failures/Divergences/Infinite Tracesodel, which is the concern of this chapter.

Divergence

When a process executes, it may pass through a sequence of process states bfjintearal

7 transitions. In an unstable state, external events might be possiblell as the internal
event, but there can be no assurance that they will be available to therenent of the
process, since there is no way théransition can be prevented from firing. It is appropriate
to consider guarantees on event offers only for those states which havemal transitions
leading from them.

If a procesd is able to perform an infinite sequence of internal events, then there is no
guarantee that it will ever reach a stable state, and in fact there is no guatenttieevtl ever
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Fig. 8.1 Divergent processes

respond to any offer that its environment can make to it. As defined on P&gP s7said to
bedivergent writtenP 1 .

Divergence is the worst possible behaviour that a component of @nsystly exhibit,
since any other component waiting to synchronize with it might remaitirvgaior ever, in
anticipation that the process will eventually reach a point where it wilthronize. Infinite
computing resources will be consumed during a divergent executiomure=8)1 illustrates
some divergent processes.

ExampPLE 8.1 The proces$\; \ {a} has a divergent execution, wheXe is defined recur-
sively asN; = a — N;. ThusN; \ {a} 1. This s pictured in Figure 8.1. O

ExampLE 8.2 The proces$\, \ {a} has a divergent execution, whe¥e is defined recur-
sively asN, = (a = Ny | b = STOB. There is an infinite sequence of internal transitions
that can be performed. Thi \ {a} 1. This is pictured in Figure 8.1. O

If a processP is unable to diverge, this means that there are no infinite sequences

of internal transitions starting frorR, and so every sequence of internal transitions must
eventually reach a stable st&e] from which no further internal events are possible.

Divergent traces

If a divergent state is reached after a finite sequence of events, then thessgigerecorded
as adivergent traceof the process. No guarantees about the behaviour of the process can be
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made subsequent to a divergent trace. The thatea divergent trace d? if there is some
divergent proces®’ such thatP == P' A P' 1 . For example, the procesé \ {a} of
Example 8.2 ha$) as a divergent trace.

Infinite traces

If an infinite sequence of offers are all accepted, then an infinite trag be recorded. No
refusal information will appear since there is no point at which offerseftesed. If the trace
u = (ap,as,a ...)thenuwill be an infinite trace of if there is an infinite sequend®;)icn
such that

P=PyAVieP X p,,

For example, the proce$s= a — P has(a,a,a,...) as an infinite trace—in fact its only
one.

The set of all possible infinite traces is denot€@RACE and the variable is used to
range ovelTRACE It is the set of all infinite sequences of events frimSuch sequences
cannot contain the termination everit—if termination occurs at some point in a trace then it
must be last.

Failures

The stable failures of a process will continue to be recorded. Howedareegent process is
also able to refuse any set of offered events by default, since it is aljadoe permanently
any offers made to it simply by following the divergent execution. s@Wbations of such
behaviour will also be recorded as failures.

For example, the proceds, \ {a} of Example 8.2 hag(), {a,b}) as a possible
(unstable) failure, since it can engage in a divergent execution after thg gag#, and hence
refuse{a, b}.

The inclusion of both stable and unstable failures as observations theatise traces
of a process no longer need to be recorded separately. Unlike the stablesfailadel, all
traces of a process will appear in the failure set. Every trace of a processithér be
divergent, or will lead to a stable state. In either case, it will be associathdhe refusal },
either from a stable refusal of the empty set (which is possible for taffesstate, since no
events are offered), or else for an unstable refusal. Hence whenévertrace of a process,
then(tr, {}) will be a failure of that process.

ExaMmPLE 8.3 The procesdNs pictured in Figure 8.2 haéc) and (a, b, c) as two of its
possible divergent traces. It hé&. b), {b}) as a possible failure, an@, b, a,b,...) as an
infinite trace. O
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Fig. 8.2 Divergent processes

Semantic model

The failures, divergences, and infinite traces model (abbreviated &bDtheodel) for CSP
identifies a proced® with the failures, divergences, and infinite traces that may be observed of
it. This model is even more discriminating than the stable failuredehas it takes account of
divergent and infinite behaviour as well as stable failures, but the iyimtgapproach taken

to the semantics and to specification and verification is the same as in all tesnfior CSP.

If three sets~, D, and| are to correspond respectively to the possible failures, diver-
gences, and infinite traces of some process, there are some consistentgrsiiut they
should meet, both within and between the sets. These are properties #tatattiof any
triple of sets which describe some process.

Firstly, the seF should notbe empty: there must always be some observation. Althoug
each ofD and| can be empty (since it is reasonable for processes to have no divergent or
infinite traces) any experiment on a process will give some responsectlntfis possible to
be more specific: if the empty set of events is initially offered to angese, then it will be
refused, since the empty set can always be refused. This is described byutre({i {}),
which must therefore appear in any process’ set of failures.

FL (0.{beF

The second property is also inherited from the traces model, althougtidtrnulated dif-
ferently because of the presence of refusal sets. If a fafturX) is in the set~ of failures
associated with a process, then that process must be able to perform anyr poéfitie trace
tr. Although the failure gives no information about possible refusdier the tracér’, the
empty refusal sef} must always be possible aftet.

F2 (tr,X) eFAtr' <tr=(tr',{}) eF
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There is also a property of subset closure in the refusal componentebfaxibur: if a seX
can be refused after a tragethen any subset’ of X can also be refused after that trace.

F3  (tr,X)eFAX CX= (tr,X)€eF

The final property of the failures componéntis concerned with the relationship between
refusals and events that are not possibl€trifX) € F, and no event fronX' can follow the
tracetr, then the seX’ can augment the refusal set. Events are either possible or refusable.

F4 (tr,X)eFAVaeX o(tr"{a},{}) gF= (tr,XuX)eF

Sincev is always the last event in a trade} means that any set of events can be refused
afterv' has occurred, since the trace cannot be extended beyordterminating trace can
be associated with all refusal sets.

The FDI model takes a pessimistic approach to recording process belsavioorder
to guarantee that certain behaviours are not possible, which will beregidgfoir verification,
itis necessary to allow for the possibility of all behaviours that cabealefinitely excluded.
Behaviours are known to be possible if they can actually be observewydiame interaction
with the process, and correspond directly to some execution. Certagrsly behaviours cannot
be excluded. However, divergence complicates the picture, because an exmegetiye
view is taken of divergent processes.

Any proces$ which is attempting to interact with a divergent procBssan guarantee
nothing about the results of any attempted interaction, or even abomwitsndependent
progress, since the divergent execution might take precedence over anly detitf would
prefer, and the parallel combination Bfand Pp is also divergent. Since nothing can be
guaranteed about any future behaviour, nothing can be excluded. Tlialfigss divergence
masks all other possible executions, so once a process is divergentlthéreabehaviours
should be allowed as possible observations. Any process or enviroimtenacting with a
purely divergent process which can only loop has no guarantees about foténections, just
as if it were interacting with a divergent process that has some other efiglied executions.
Even the possibility of divergence is considered to be catastrophis i hiue in a precise
testing sense, as will be discussed at the end of this chapter. The reasmofding divergence
within the FDI model is because it is a phenomenon that may arise, so $séjlity must
be incorporated in order to provide a framework which can establishtthasinot arisen in
particular systems.

Hence once a divergence has occurred, then no behaviour can be excluded from the
possibilities associated with a process, so any behaviour prefixed bgrgeint trace will be
included in the semantics of a process. This means that any trace which cendaresgent
trace as a prefix will also be in the set of possible divergences:

D1 tre DAtr <t =t e D

Any possible divergence can be associated with any refusa{,satd appear in the set of
possible refusals:

D2 treDAXCYEY = (tr,X)eF
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Any infinite trace which has a divergent trace as a prefix cannot be excludedassiale
behaviour:

D3 treDAtr<u=uel

Once a process has diverged then nothing can be ruled out.

Finally, the relationship between divergence and termination is as faillow
D4 tr°(v)eD=treD

A process cannot diverge on termination—if it is divergent after terminathen this must
be because it was already divergent.

Determinism

In sequential programming, determinism is associated with progranchwgive the same
result each time they are executed from the same initial state. This charamarigatot
entirely appropriate for concurrent programs, since their executi@pisritlent to some extent
on their environment. Furthermore, such components are often nom#ggmgj, since they
are designed to provide some ongoing service rather than to perforatficpomputation
and return a result. Rather than focus on initial and final states, it is negéssansider the
interactions that a process can perform, and whether an environment will @atheegame
interactions every time it offers events.

There are three possible results that may be obtained from offeringante\a process:
it might accept the event, it might refuse it, or it may diverge and nce giresponse at all.
If the same response is guaranteed every time the offer is made, therotiesgpwill be
considered to be deterministic on this event. Hence a process will benilegic if it only
ever has one possible response to an offer, after any given previewscitidon. This means
that if a trace can be extended with some event, then that event cannot akfoiezlr A
procesgF, D, 1) is deterministiaf

Vtr,ae ((tr ~(a),{}) e F= (tr.{a}) ¢ F)

It follows from this definition that no divergent process can be detdstiin since after
divergence all failures are possible.

Deterministic processes are completely characterized by their traces: oncesttesr tr
are known, then their failures can be deduced from the fact that they are destieniogether
with (the contrapositive of) the properfyt. The refusals associated with a tracevill be
precisely those events that do not exténdhll the possible infinite traces will be present: the
infinite traces will be the limits of all the chains of finite traces.
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If T is the set of traces of a deterministic process, then its failures, divezgeand
infinite traces will be given by

Fr = {(r.X)|[treTAVaeXetr™ (a)¢T}
Dr = {}
It = {u|Vir<ue#tr<ooc=>treT}

Each process in the traces model corresponds to a deterministic proces§ bl tmodel.

For example, if
F={(@"X)|a¢X}

thenF gives the failures of a process which can only ever perfarewents, and can never
refuse them. The only trace sEwith Fr C Fis

T={@"|neN}

Thusly = {(a)“}.

Infinite traces

The relationship between the infinite traces and the finite traces of a ptwesaplications
in both directions. Firstly, the presence of an infinite tracequires that the finite prefixes of
u, must appear as traces in the set of failures.

11 UEIAtr<u=(tr.{})€F

For example, ifa)“ € I, then((a)", {}) € F for anyn.

Secondly, the presence of some infinite traces may be deduced from faiforesdtion
about sequences of events that can be forced from a process.

Theclosure(F, D, 1) of a set of behaviouré, D, |) includes all the infinite traces that
are consistent with the finite traces which appear in the refusal set.

(F,D,1) = (F,D.{u|Vtr<ue(tr,{}) eF})

A set of behaviours islosedif it is equal to its closure.

If a process is closed then that means that any set of finite approximatiansrtbnite
trace could have come from the same execution. Not all processes are ctowsedtdnce,
those with infinite choice such @iew P, are able to perform arbitrary length finite sequences
of a events, but no infinite sequencesad. (Recall thatP, = STOR andP;y; = a — P;.)
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In this case thea can be refused at any stage, so an infinite sequence cannot be forced.
Deterministic processes are closed. This means that their infinite traces be deduced
from their set of finite traces.

Any proces$ has a deterministic refinement, since in principle all of its internalag®i
can be resolved in advance of execution. Hence at any point of a process’ exghatimg
exhibited a trac& and reached a process stBtehere is a deterministic refinement®fvith
set of traceg.

12 V(tr,X) e F,3T e
{ttr "', X | (', X)) eFr} CFA{tr "ujuelr} Cl

This property allows the inference of infinite traces from finite onegesit asserts that a
particular set of infinite traces are containedl.ifror example, a process whose set of failures
is {((@",X) | n € N A a¢g X} has the sel = {(&)" | n € N} as the only possible
deterministic refinement (after the empty trace). If it has any fewer tracesthtbset1 will
allow the refusal of at some point, and this contradi¢®s requirement thaffr C F. Since

it has all possible traces @ the setiy = {(a)“}, and so(a)* must be a trace df. This
follows purely from the set of finite failures ard.

There are different degrees of nondeterminism that it is useful tadigsh. Processes
that only ever make internal choices between finitely many alternatives are smdindgely
nondeterministicand they will be characterized by their finite behaviours. This means that
once their finite traces and divergences are known, and their refusal behawifinite sets,
then their remaining behaviours can be derived. Such processes will be: dlosidnfinite
traces will be the limits of all the infinite chains of their traces. Ferthore, their refusal
behaviour on infinite sets will be deduced from the refusal behaviodinite sets. If they
are able to refuse all finite subsets of a set, then they will also be@bdéuise the entire set.
Such a property is callecbmpactnessa proces$F, D, 1) is said to becompacif

(VX' CMX o (tr,X") € F) = (tr,X) € F

Processes which are both closed and compact correspond to finitely nondestizrpio-
cesses. Together with closedness, a prog€fty characterises finite nondeterminism:

V(tr,{}) €F,ZFIN € F (B(Z¥)) o (r,X) e F & 3YEFINe XC Y

This states that after any tratre there are only a finite number of maximal refusals, given by
the finite set~IN. All refusals of the proces§=, D, ) aftertr must be contained in one of
these refusals.

Processes that are not closed, or which do not have the prdgeNy areinfinitely
nondeterministicat some stage they will contain some internal choice over an infinitdaum
of possibilities.

The propertyFFN is stronger than compactness, so any process which exhibits only
finite nondeterminism will be compact.
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For example, the proceﬁig\,(i — STOBR will internally choose a single numbeto

offer, and will refuse all others. This process can refuse any finite sob$étbut will be
unable to refuse all af, so it is not compact, and hence dtN. However, it is closed.

On the other hand, the procd§t:l.‘6\ P; described earlier, where

Py = STOP
Pn+1 = a— |:’n

does meeEN, since after any trace it will always be able to refuse everything apartéom
and may refusa as well. In this caseFIN = {=¥}. However, it is not closed, since it
can perform any finite number aefevents, but not an infinite sequence. This process is also
infinitely nondeterministic.

8.2 PROCESS SEMANTICS

Each CSP process expression will be associated with appropriate fallwergences, and in-
finite traces in the FDI model. These are defined compositionally, setiipurs associated
with a composite process will be defined in terms of the behaviouts ébmponents. The
failures associated with a CSP process expred3iaiil be given by F [[P], the divergences
by D [[P], and the infinite traces k¥ [P].

There is a close relationship between the traces semantics, the stabésfsdorantics,
and the FDI semantics of any process expresBiarich does not have any divergences. In
this case, the set of traces predicted by the trace seménaiies(P) is the same as the traces
appearing in the failure® [[P] of P:

DIPI={} = {tr|(tr.{}) € F[P]} = traces(P)

Any trace appearing with some refusal setAf{P] will also appear with the empty
refusal set, by propertly3, so the set of traces appearing with the empty refusal is precisely
the set of traces appearing in the failures set.

Furthermore, the set of stable failures predicted in the stable faisithe same as the
failures given in the FDI model:

DPl={} = F[PI=SF[F]

The definitions ofF [P] generally correspond to the definitions 8f [[P]] with an extra
clause which includes the additional failures introduced as a result@fgdinces oP.
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STOP

The procesSTOPIs a deadlocked process. It is able to perform nothing and can refuse
anything. It has no infinite traces (or finite traces apart fi®)nand it does not diverge.

FISTOR = {((.X)IXCx'}
D[STOR {
z[sTor = {}

Prefixing

In a failure of the procesa — P, there are two possibilities: either the evenhas not
occurred, in which case the trace must(p@nd any events other thancan be refused, or
else the everd has occurred and the rest of the failure derives from praeess

Fla=P] = {(0,X)|a¢X}
u
{@ 7, X) | (tr,X) € F[PI}

It does not diverge initially, so any divergence will be a divergenck,qirefixed with the
initial a:

Dla—P] = {(& " tr|tre D[P}
Its infinite traces will be those d?, prefixed with the initiak:
I[a—P] = {@"ulueT[P[}

Prefixing preserves determinism:Hfis deterministic, then so too &— P.

Prefix choice

A failure of the process : A — P(x) is again one of two possibilities. Either no event has yet
occurred, in which case no event fraktan be refused; or else an evernh A has occurred,
and the subsequent behaviour is that of the corresponding pre@ss

Flx:A=PX] = {(().X)[ANX={}}
u
{((a) " tr,X) |ae AA (tr,X) € F[P(@]}
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The prefix choice does not initially diverge, so any divergence will arisenfoehaviours of
theP(a) components; and infinite traces will also be generated bfthgprocesses.

Dx:A— P(x)] {a”trjaec AAtre D[P(a)]}
Ix:A=Px)] = {a"ulae AAueZ[P@]}

Prefix choice also preserves determinism.

SKIP

The atomic proces3KIPis used to denote successful termination, and it signals this by means
of the termination event . This is the only event it can perform. It cannot diverge, and it has
no infinite traces. All other events will be refused before terminatmal, all events will be
refused after termination.

FsKIFl = {((),X) v ¢X}
U{((v),X) | XCc =}

DskiFl = {}

Z[sKIF = {}

All of the laws given earlier concerning the behaviouB#fiPin parallel combinations remain
valid in the FDI model.

DIV

The process that can immediately diverge, and hence provides no guarantees gbout an
behaviour, is denoteBIV. This process has all possible failures, divergences, and infinite
traces.

F[DIV] = {(tr,X)|tr e TRACEA X C =V}
= TRACEx P(%¥)
D[DIV] = TRACE
TZ[DIV] = ITRACE
CHAOS

The process which can do absolutely anything except dive@EM0S This is able to accept
or refuse any events, but it is at least guaranteed to stabilize. It has abhlpdadures and
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infinite traces, but no divergences.

F[CHAOY = TRACEx P(X¥)
D[CHAOY = {}
Z[CHAOY = ITRACE

Chaotic behaviour may be restricted to a particular set of everts.¥ . The process
CHAOS, allows any events in the sAtto be performed or refused, but cannot perform any
events outside the sat

FICHAOS] = {(tr.X) | o(tr) C A}
DICHAOS] = {}
I[CHAOS] = {u]o(u)C A}
RUN

Both CHAOSandDIV have the same traces RE/IN, so there was no need to introduce them
in the traces model. In the FDI model, itRUN that is the best behaved, always willing to
interact, and never refusing any interaction, before termination.

FIRUN] = {({tr,X)|X={}VV €a(tr)}
D[RUN] = {}
I[RUN] = ITRACE

This process is deterministic.

The proces®UN, parameterized by a particular gets able to perform events in that
set, and to refuse all others.

FIRUNA] = {(tr,X) | o(tr) CAA (XNA={}VV €altr)}
D[RUNJ] = {}
Z[RUNA] = {ulao(u) C A}

If v ¢ AthenRUN, cannot terminate.

External choice

An observer of the choice construet O P, might observe an execution &, or of Py;
there are no other possibilities. Before any events are performed aoddive resolved, any
refused set must be refused by bBthandP,, unless the choice has already diverged in which



PROCESS SEMANTICS 231

case any refusal is possible. After the choice is resolved, any refusal ngdzeqrdssible for
the process in whose favour the choice was resolved.

FPrarR] = {0,X)[((0.X) e F[PnF[P.D) V() e D[Py O P:]}
u
{r.X) [tr £ O A (tr,X) € [P U F[P]}

The divergences and infinite traces of a choice are simply the unions afotheonent
behaviours.

D[Py OP] = DIPJUD[P:]
I[P OP,] = TZ[PJUT[Ps]

The properties of idempotence, associativity, and commutativity siill for external
choice in the FDI model. Furthermor&TOPis still a unit, thouglRUN is no longer a zero
becaus® might diverge whereaRUNdoes not. In the FDI model, the zero of external choice
is DIV, which has the same tracesRISN but minimal guaranteed behaviour.

P O DIV =gp DIV (Oppi-zero)

In fact the zero in the stable failures modelJN O DIV, is also a zero in this model
since here it is equivalent @IV .

The executions of the indexed external chdide P; are the executions of all of its
components. Its failures, divergences, and infinite traces will be tHoseammponents:

FIO_PI = {(0.X) (0. %) €N FIPD VO e D[O,_, RPI}
U
{(r.X) [t # () A (tr.X) € U, F[PT)

PO, Pl = U DIP]

1[0, P] = UaZIP]

In the case where the choice is over the empty set of processes, the inberSgcfiF [[Pi]

is taken to include all possible failures, since all of them are vacuonsigch of theF [P].
This means that in this case, any refusal is possible on the empty tradeerffuste, no events
are possible, and there are no divergences or infinite traces. As in the tradek am empty
choice is equivalent t§TOR
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Internal choice

The internal choic®, 1 P, behaves either &3, or asP,, and its environment exercises no
control over which, at any point. The possible observations are pregtisede that eithelP;
or P, are able to exhibit.

FIPinP,] = FIPJUF[P.]
D[P NP = D[P JUD[P.]
I[PinPy] = Z[PJUZ[P,]

The indexed internal choidElieJ P; is able to behave as any of its component processes,

and its behaviours will be the union of those of its constituents:

FIM,PI = UeZIPI
D[[mie.lpiﬂ = U DIP]
I[M, Pl = U ZIR]

Indexed internal choice over an infinite set is one of the few operatoichveilan introduce
infinite nondeterminism into a process description.

Alphabetized Parallel

An alphabetized parallel combinatif 4| P> consists oP; performing events i\, and
P, performing events ifB. Processe®; andP, synchronize on events ifA N B)*, and
perform the other events independently.

The definition of the failures of a parallel combination resembles thahefstable
failures model, though divergences must also be included:

FPiallgP]l = {tr,X)] 3X, X :P(EY) e
XN (AUB)Y = (X, NAY)U (Xo NBY)
A (tr [AY, %) € F[P1]
A (tr [ B, Xe) € F[[P2]])
Ao(tr) C (AUB)Y}
u{(tr,X) [ tr € D[Py Allg P2]I}

Failures will also be present as a result of divergence of the combination.

When one of the components has reached a divergent state, then the entineatiombi
is divergent. In order to reach a divergent state, co-operation may be reffoirethe other
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component, though once the divergence is reached then no further co-apiragiquired.

DIP AlgP2] = {tr "tr'| o(tr) C (AUB)¥) A tr' € TRACEA
(tr | A € D[P, A (tr | BY,{}) € F[P2]
vir [BY e D[P A (tr I A7, {}) € FIPD}

The infinite traces oP; |z P2, apart from those arising as a result of divergence, will be
those whose projections onto the interface #etsandB¥ are behaviours d?; andP,. The
projections could individually be finite, in which case they will appesthe failure of the
corresponding process, or infinite, appearing as an infinite trace.

I[P Allg P2l = {u| o(u) CAUBA
UlA=occ=>UlAeZ[P]A
UlA<oo= (UTA{}) eF[P] A
UlB=oc=ulBeZ[Ps]A
ulB<oo= (ulB.{})eF[P]}

U{tr Tultr e D[Py Allg P2]l}

All of the laws for the parallel operator given in Figure 4.5, witle txception of the law
||-idempotence, also hold for the FDI model.

If both P; andP, are divergence-free, then so too is their parallel combination. Further-
more, if bothP, andP, are deterministic, then so is their parallel combination: synchronized

parallel combination preserves determinism.

Interleaving

An interleaving of two processd% ||| P> executes each component entirely independently
of the other. Traces of the combination appear as interleavings of tracesteftltomponent
processes. Since they do not synchronize, an event (other than ternjimallibe refused by

the combination only when it is refused by both processes independehtmy-one of the
processes is able to refuse the event, then the combination will estitinon it when offered
the opportunity.

FPi ]| Pl = {(tr,X; UXp) | 3try,try e trinterleaves try, try
AXi =X [ X
A (tri, X)) € F[Pi]
A (try, Xy) € F[P:]}
u{(tr,X) [ tr e D[Py ||| P2]

An interleaved combination diverges as soon as one of its components does:
D[Py ||| P2l = {tr ™ tr' | 3try,tro e trinterleaves try, tro A

(trr € DIP] A (tr>, () € F[Ps]
v (tr> € D[P A (111, () € F[Pi])}
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Theinfinite traces are the infinite interleavings of finite or inéri.ces of the two components,
provided at least one of the components makes an infinite contributidimité traces may
also be present as a consequence of the combination’s divergence.

ZMPy ||| Pl = {u| Ju,u e uinterleaves uy,u,
AU € Z[Pi]] Aus € T[Ps]
V Juy,try o uinterleaves uy,try
AU € Z[Pi] A (tro,{}) € F[P:]
Vv 3try, U, e uinterleaves try, U,
A(tri,{}) € F[Pi] A u € Z]P2]}

u{tr “ultre D[P ||| P2]}

The interleaving condition involving infinite traces is defined as & lafinterleaving on finite
traces. If there are three sequences of tra@B$icn, (tr{)ien, (tr!')ien, Whose limits arev,
w, andw’ respectively, themv interleaves w/,w" if tr; interleaves tr{, tr{’ for eachi € N.
This definition is applicable both for finite and infinite w andw”. If all sequences are
infinite then it ensures that all of the events in batrandw”’ appear inw.

The laws given in Figure 4.9 are all true for the FDI model as wellhhe exception
of |||-zero. Although all of thetracesof RUNs; will be possible forP ||| RUNy;, if P is
divergent then it will be able to refuse arbitrary offers after it has diedrand hence will
not be equivalent tRUNx,. The zero for interleaving in the FDI model is the immediately
divergent procesBIV, and the law is

P || DIV =gp DIV (llgpi-zero)

Interface parallel

The proces®; || P, is a combination of synchronous and interleaved parallel, synchronizing
A
on events in the s& and interleaving outside that set.
Any failure of the parallel proces?; || P, will be a combination of failures of its two
A
components.
FPi I[Pl = {(tr,XUXs)| Ttry,trae
A tr synchy try, try)
AXi \AY =X, \ AY
A(try, %) € F[P:]
A (tra, Xo) € F[Po]}

u{(tr,X) |tr e D[P, \Alpz]]}
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Divergences will arise from divergences of either component:

D[P [|Ps] = {tr ~tr'|3try,tro e tr synchy try,tro A
A (trr €D [[P] ]] A (tra, {}) € f[[Pz]]
Viry € D[Po] A (tre, {}) € F[P1]}

Infinite traces will arise from infinite traces of the components, anfrdivergences:

Z[P:i IP] = {u| 3ui,u» e usynch, ur,us
A AU € T[Pi] AUy € T[[Ps]
V 3uy,try e usynchy ug,try
AU € Z[Pi] A (try,{}) € F[P:]
V 3try, Uy @ usynchy try,try
At {}) € F[P A € T[P.]}

Uftr "u|tr e D[P uP-z]]}

Thesynch, operator for an infinite trace is defined in a similar way to the corresponding
operation for interleaving. If there are three sequences of trérgssy, (tr))ien, (trf )ien,
whose limits arev, w', andw” respectively (where/ andw” can be finite or infinite, though

at least one of them will be infinite) themsynch, w', w" if tr synch, tr{, tr{’ for eachi € N.

The predicatev synch, w, w” will hold for precisely those traces which have an appropriate
sequence of approximations.

The laws for interface parallel given in Figure 4.10 all hold in the Ri2idel with the
exception oiTI -zero which does not hold for divergent process, aIthoE’thTOP STOP

for any non- dlvergent processwith a(P) C A. The general zero for |nterface parallel is
DIV, since immediate divergence is propagated:

P H DIV =gp DIV <H -ZerO)
A AFDI

Hiding

The proces® \ A will undergo the same executionsRsbut with all events in the sét as
internal events rather than external synchronizations. This means thaabhyrefusaX of
P\ Awill correspond to a refusal d¢f in which not only internal events but also all events in
Aare refused. The failures 8f\ A are constructed around this possibility:

FIPVAL = {tr\AX) | (tr,XUA) € F[P}
U{(tr,X) | tr e D[P\ A]}
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Failures arising as a result of divergence must also be included in theefagt.

The proces® \ Amay diverge becausedoes, but the abstraction Afmay also result
in some fresh divergent behaviour.Rfmay perform an infinite sequence of events from the
setA, then once those events are internalized the prdeesable to perform a divergent trace.
The infinite traces oP contain the requisite information.

DIP\A] = {(r\A)"tr'|tre D[P}
U{(u\A "tr' fJue Z[P] A #(u\ A) < 0o}

If the traceu \ Ais finite whenu € 7 [[P] is infinite, theru must end with an infinite sequence
of events fromA, and this becomes a divergent sequend@ pfA. Hiding is the only operator,
apart from recursion, that is able to introduce a divergence when appleeddo-divergent
process.

The infinite traces oP \ A are those infinite traces &fthat are still infinite wher is
hidden:

IMP\A] = {u\AfueZ[P]A#(u\A) =oo}

All of the laws for hiding given in Figure 4.12 are also true in #®| model.

Together with infinite choice and infinite-to-one alphabet renamingndiof an infinite
set is one of the few ways in which infinite nondeterminism can bednired into a process
description. For example, the proc&#d defined below offers the choice of any natural num-
ber, and then performs that numberadvents before stopping. This process is deterministic,
and so finitely nondeterministic.

CH = n:N=P,
P, = STOP
Phpi = a—=Py

If all of the initial eventsN are hidden, then the choice becomes internal, and the resulting
procesCH \ N = I_IIeN P; is infinitely nondeterministic: it can perform any finite sequence
of a events, but not an infinite sequence, so it is not closed.

ExampLE 8.4 Consider a one-time transmission process which polls two input efgnn
repeatedly until it receives an input, upon which it outputs the value redeind terminates.
This might be described as follows:

POLLI = in; — out— STOP

O switch— iny — out— STOP
0 switch— POLL1
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Its FDI semantics will be:

F[POLLL] = {(tr,X)| Inetr=(switch>" A {switchin;} N X = {}
v 3netr = (switch>™' A {switchin,} N X = {}
V 3netr = (switch?" ™ (in;) A out¢ X
V 3netr = (switch>™' 7 (iny) A outg X
V 3netr = (switch> ™ (iny, out)
V 3netr = (switch>™! 7 (iny, out) }
DpoLu] = {}
Z[POLL1] {(switch“}

If the switchbetween channels is abstracted, the res#O&L1 \ {switch}. This process can
perform an infinite sequence of interrsalitchevents from its initial state, so itis immediately
divergent. This is reflected in the semantics by the fact that the infirdte tof POLLL
becomes the empty trace whewitchis hidden:

D [POLLL \ {switch}]] =
{({switch“) \ {switch} ~tr" | #((switch* \ {switch}) < co}

= TRACE
ThereforePOLL1 \ {switch} also contains all infinite traces, and all possible failures, and is
thus equivalent t®IV. O
Renaming

The forward renamed proceld$) behaves aB, except thaf (a) can be performed whenever
P could have performeal It can refuse a set if every event that maps intoX can be refused
by P. This means that *(X) must be a refusal d? for X to be a refusal of (P).

FIED = {En),X) | @, f (X)) e FIPI}

u{(tr.X) |tr e D[f(P)T}

Failures arising from divergence are also included.

The divergences will be generated by those divergent tracBsrofipped through the
renaming functiori:

DIf(P)] = {f(tr) " tr' |tr e D[P]}

Finally, the infinite traces of (P) will be generated by the infinite traces Bf and by the
divergences of (P):

P = {f(ulueZP]}
U{tr ~ul|tre DIF(P)}
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Infinite-to-one renaming is one of the few operators that can introohficéte nonde-
terminism from a finitely nondeterministic process. For examplefuhetionf which maps
each numben € N to the same everlt, andf(a) to a, might be applied to the proce&
described above. The restiiCH) is a process for which followed by any finite number of
a events is a possible trace ©fP), butb followed by an infinite number of’s is not. The
application off has introduced infinite nondeterminism, since the resulting pré¢B$ss not
closed.

Finite-to-one renaming cannot introduce infinite nondeterminisoygh it might in-
troduce some nondeterminism even when applied to a deterministic prétewsever, iff is
a one-one renaming, then it will preserve determinism.

The renaming operator in the FDI model meets all of the laws given inr&igu 3.

The backward renaming operafor* (P) also behaves in a similar fashionRpbut any
eventain f ~(P) corresponds to an eveita) in P.

FIE'P)] = {tr,X) | (f(tr),f(X)) € F[P])}
u{(tr,X) | tr e DIFH(P)]}

The divergences df~! (P) will be generated by the divergencesof
DIt (P)] = {tr|f(tr) e D[P}

The infinite traces of ~!(P) will be generated by the infinite tracesmf
I P = {ulf(w e Z[P]}

All the laws given in Figure 4.13 for backward renaming remain valid.

Sequential Composition

The sequential compositid?; P, behaves aP; until P, terminates successfully, at which
point it passes control t8,. A failure of P;; P will arise either from a failure oP,, whose
stability means that it also refuses to transfer contréltoor else from a terminating trace of
P, followed by a failure ofP,.

FlPu; Po] = {tr.X) | (tr, XU{v}) € F [P}

U{(trs Ty, X) | (i T (), {}) € F[P:]
A (tr2,X) € F[P2]}
u{(tr,X) | tr e D[Pys: Po]}

A divergence ofP;; P, arises either from a divergence®f, or from a trace oP; followed
by a divergence oP,:

D[P1; P = DIPJU{tr ~tr' | (tr ~(v),{}) € F[Pi] Atr' € D[P>]}
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An infinite trace ofP;; P, also arises in ways similar to divergences: either from an infinite
trace ofPy, or else from a trace d?; followed by an infinite trace dP,:

I[P Pl = Z[Puftr~ul(r ™ (v).{}) e F[P]Aue Z[P]}

The same laws for sequential composition are valid in the FDI modelthe istable failures
model (see figure 4.14).

Interrupt

The proces®; A P, executes aP;, but at any stage before termination (or divergence) it
can begin executing & . lts failures will be given by these behaviours together with those
included from divergence.

FP1 AP = {(tr.X)| (tr,X) e F[Pi] A
(v €a(tr) v ((),X) € F[PI)}
u{(try T tra, X) | (tre,{}) € FI[PiJ AV € a(try)
A (try, X) € F[[P2]
u{(tr,X) | tr e D[P; A P,]}

The divergences are either divergenceBqfor else traces d?; followed by divergences of
Py:

D[P AP = D[P JU{try "try | (tr,{}) € F[P1]
AV goltry)
Atry € D[P.]}

Similarly, the infinite traces are either infinite trace$of or else finite non-terminating traces
of P, followed by infinite traces oP,:

I[Py AP = Z[PuU{try "tra| (tri,{}) € F[P:]
AV & o(tr)
Atry € T[P2]}

All of the laws concerning the interrupt operator that are presentedjur&i.15 are also true
in the FDI model.

8.3 RECURSION

The understanding of recursion in the FDI model requires the same iopeddteatment of
recursion as given for the stable failures model in Chapter 6: that renarsiovind via an
internalr event.
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The failures, divergences, and infinite traces associated with recursivelgdipfiocess
expression®N = P can be obtained directly from the operational semantics, or alternatively
by using the denotational semantics. Both of these approaches give theesaut.

A recursive definitiorN = P defines the procesds in terms of a process description
which may itself contain instances &f. The FDI model provides guarantees that any
recursive definition equation has a solution. It also provides a wagtefhining the failures,
divergences, and infinite traces of the appropriate solution.

The FDI model is concerned with the guarantees that can be made regardingproces
behaviour. This means that the more possible behaviours a proceasduvesated with it,
the less can be guaranteed about it in any particular context. The pBés$gms the most
possible behaviours of any process, and as a result nothing can be gedrahbut how it
will execute. More generally, any process of the fdenr P, will have more behaviours
thanP; alone, and so less can be guaranteed about how it will execute.

As in the traces model, the refinement orderiRg, D1,11) Cepi (F2, D, 1) between
processes holds when the second process has fewer possible behawioting first.

(F1,D1,11) Croi (F2,D2,12) & FoCFIAD2CDiALCH

The subscripEDI signifies that the relationship is defined on the FDI model.

Refinement holds between two process expres$tpandP, whenever it holds between
their sets of failures, divergences, and infinite traces. Another way of charawethe
relationshipP; Cgpy P2 is asP; =gp Py M Py. The introduction of the behaviours Bf,
does not introduce any new behaviours?o The subscripEDI will be elided if it is clear
from the context.

In the FDI model, refinement amounts to reducing nondeterminism in wese3he
minimal process with respect to this ordering, refined by all other proces&d¥. The max-
imal processes in the refinement ordering will be the deterministic pgeseso deterministic
process can be further refined. Unlike the traces model and the stable failodes there is
no single maximal process.

Any recursive CSP equatiod = P will have a least fixed point: a solution which
is refined by any other solutions that might exist. The least solytiowides the fewest
guarantees, and all guarantees that it does provide are also true for anytifehsolutions.
It is appropriate to use the least solutionNf= P as the semantics df, since the only
observations that can be guaranteedNo#ill be those that follow from the fact that it is a
solution of the equatioN = P. In contrast to the approaches taken in the traces and stable
failures model, approximation in the FDI model begins with as many\netis as possible,
and only excludes those behaviours whose absence is guaranteed byngrtfddrecursive
definition.

ExampLE 8.5 The recursive equatioN = N O a — STOPhas many fixed points in the
FDI model, includinga - STOR a — STOPO b — STOR andDIV. The least of these
in the FDI model isDIV, and so this will be the semantics of the process defined by the
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recursive equation. The equation does not exclude the possibilititiaf divergence, so that
possibility must be allowed, resulting in no guarantees at all conceusigfyl behaviour. The
possibility of divergence leads to its semantics being different tdatsle failures semantics
given in Example 6.7. O

The proces$ with free variableN corresponds to a functioR(Y) = P[Y/N], and
successive applications of the functiBrwill give rise to approximations to the fixed point.
The first approximation is the weakest process of2il/, and successive approximations are
F"(DIV) for n € N. Each of these will be refined by any fixed point, sinc i F(N), then

e DIV Cgp N; and

o if F'(DIV) Cgpi N thenF(F"(DIV)) Cepi F(N) = N because all of the CSP operators
comprisingF are monotonic with respect to the refinement ofder

If the function F does not introduce any infinite nondeterminism—in other wd?d$oes
not contain any infinite internal choice, infinite hiding, or infinieedne renaming—then the
sequence of approximatiofB"(DIV))nen Will define the fixed point, which will consist of
those failures, divergences, and infinite traces that are in the behagfalrelements of the
sequence. The fixed point will then be given by the triple:

(Nnen F [F" OV, Nien P [FYOIV)]L N ZIFMDIV)T)

This process must refine all of the approximations, since it is contamedch of them.

Furthermore, any other process which refines all of the approximatiohalsdl refine this

process, which is therefore the least fixed poirf oit will be refined by any other fixed point
of F.

ExAaMPLE 8.6 The proces®N = STOP a — N is the fixed point of the functiof(Y) =
STOPM a — Y. For anyn, the semantics d¥"! (DIV) can be calculated from the semantics
of F'(DIV), resulting in

FIF'OV)] = {(@.,X)[i<nAXcx'}

U{((@" " tr,X) | tr e TRACEAX C %V}
DF(DIV)] {{a)" " tr | tr ¢ TRACB
Z[F(DIV)] = {{(@""u|ueITRACE

The only behaviours that are in all of the corresponding sets are thasbave onlya’s in
their traces. There is no trace that appears in all of the divergence sets, andytirace that
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appears in all the infinite trace sets is the tréae . The intersections of the three components
reduces to

FIN] = {(@,X)]ieNAXC®"}
DIN] = {}
ZINI = {@<}

which is in accordance with the behaviours predicted from the operatiemargics.

In fact, the functiorF has two fixed points:

{(@"x) Ine NAXC S} {},{})
and

{(@"x)|ne NAXC 2}, {},(a))

Both processes have the same failures: any finite sequerisipossible, and any refusal
is also possible at any stage. However, one of the fixed points has aiteisfiguence of
a’s possible, whereas the other one does not. If nothing is known abather than the
fact that it satisfies the equation above then it is inappropriate to exthainfinite trace,
since its absence cannot be guaranteed. The appropriate semantitsiéfined by the
recursive definitiorN = STOP a — N will be the second process, with the infinite trace,
as calculated. O

ExamPLE 8.7 The unguarded procedé = N O a — STOPcorresponds to the function
F(Y) =Y O a— STOP Since the possibility of divergence is preserved by external choice, it
follows from the semantics of the external choice operatoifi@atV) has the same semantics
asDIV. This means that the entire sequekiEB(DIV))nen is simply (DIV )nen, SO the limit

of this sequence iBIV. HenceN = DIV, as predicted by the operational semantics. O

If the functionF does contain infinite nondeterminism, then some further work may
be required, as the intersection of the approximations might nottheséxed point. IfF is
guarded, then the intersection will at least give the finite behavidutsedfixed point: the
failures and divergences. However, it may be too pessimistic on théértiiaces and further
approximations may be required. Hencé&lif= F(N) for guarded~, then the FDI semantics
of N satisfy

FINI = Naen F [F(OV)]
DN] Nnern P [F(OIV]]
ZIN] € MaenZ[F(DIV)]
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ExaMPLE 8.8 The proces$l defined by

N = (STOPna—N)| A
A = T AW
A(0) = STOP
An+1) = a—A(n)

is prevented from performing any infinite sequenca'sfthough it can perform any arbitrarily
long finite sequence of them. Each of the approximatfl{PI1V) have the same behaviours
as the approximations in Example 8.6:

FIF'OV)] = {(@&.,X)[i<nAXCx'}

u{(a" " tr,X)|tr e TRACEAX C £¥}
D[F'(DIV)] = {{a""tr|tr e TRACE
Z[F'(DIV)] = {{(@""u|ueITRACE

and so the intersection of all the approximations will cont@y!' as an infinite trace. The
intersection is in a sense théh approximation to the fixed point, and will be denoked DIV).
In each approximatioR"(DIV) the infinite tracga)~ arises as a result of the divergerfag’.

FIFOV)] = {(@.%) i€ NAXC S}
DIFOV)] = {}
I[FOV)] = {@°)

The limit process has no divergences, and so one further applicatiBrwdf remove the
infinite trace and result in the fixed point (which also happens to bedhmstics of the
processd).

FINI = {(@.X)[ieNAXCE'}
DIN] = {}
I[N = {3

The functionF is guarded, and so the sef[N] and D [N] must be reached by theth
approximation, as the intersection of the finite approximatich§N] = F [F«(DIV)] and
D[N]] = D[F¥(DIV)]. Only the infinite traces may require more thaiterations, but even
they must eventually be reached. O

If a functionF is not guarded, then the number of approximations required to determine
the failures and divergences of the fixed point may be moredhdsee Exercise 8.12).
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Law recursion-unwinding will hold for any recursive definitioN = P. However, the
law UFP does not hold in general, since even guarded recursive definitions can adrait m
than one fixed point. For example, the (guarded) fundii¢y)) = STOPr a — Y has both
the least fixed point calculated in Example 8.6, and the protes&xample 8.8 as solutions
to the equatiofr(Y) = Y. However, all solutions to any guarded equation must have the same
failures and divergences.

A more restricted unique fixed point law holds in the FDI model. Tifaite traces
of finitely nondeterministic processes are determined completely by #ikirds and diver-
gences. This means thatf(P,;) = P, andF(P,) = P, whereP; and P, are finitely
nondeterministic, anBl is guarded, then must have exactly the same behaviBursep, P».
The second law for recursion in the FDI model can now be given:

(P4 finitely nondeterministie\ P finitely nondeterministic
A F event guarded (F(Py) =gp; P1) A (F(P2) =fpi Pa2))

= P1 =FDI Pg <UFP)

In particular, if a guarde# itself contains no infinite nondeterminism, then the recur-
sively defined proces8; = F(P;) will be finitely nondeterministic, and hence equivalent to
any other such proce®s for whichP, =gp; F(P»).

For example, the finite nondeterminism conditions hold for Bétand P of Exam-
ple 4.24:

N = F(N) = (a— N)Ob— STOP
M = a—>M
P = MA (- STOR

andP =gp F(P), so it follows thatN =¢p; P.

Mutual recursion

Mutual recursion generalizes single recursion in the same way as in the svaldeddy
introduced. The operational transition rule is adjusted in a simigt modeling the recursive
unwinding of any process variabl¢ as accompanied by an internal transition. As with the
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case for single recursion, exactly the same results concerning the tradebremoain valid if
this transition rule is used instead.

T

N — P

The failures, divergences, and infinite traces associated with all dfitpeocesses will be
those that are predicted by the operational semantics. They will givedeenondeterministic
processes that satisfy the set of defining equations—the ones with #tefaitores, diver-
gences, and infinite traces. The theory of CSP guarantees that such processesanics
any set of recursive CSP definitions.

The results concerning single recursion carry over to the more general case:

If all of the recursive calls are event guarded, and none of the recursivetidef
contains any infinite nondeterminism, then the semantics dfitlage the intersections
of the semantics of the chain of approximations, starting fliwi. EachN,; is defined
by a functionF;(N). If thejth approximation td\; is written as\!, then eaciN? = DIV,
and eactN/*' = F;(N/), whereN/ is the vector of all of thgth approximations. Each
approximatiorN! is associated with failure® [N{]], divergence® [N!], and infinite

tracesZ [N!]. The limitN; will have failures, divergences, and infinite traces given by

FINI = ﬂje]\' F [[NH]
D[N Njex DN
I[N = ﬂjeNI [[NH]

If all of the recursive calls are event guarded, then the finite behavietties failures
and divergences—uwill be given even if infinite nondeterminism is present

FIND = Mex FINT
DIN] = ﬂj@ND[[NIJ]]

However, the infinite traces may not be accurate, though they will be omatan the
intersection of those of the finite approximations:

ZIN] € Mien ZINT

Law recursion-unwinding will hold for any family of mutually recursive definitions. When-

everN; = P; appears as a recursive definition, thénr=gp P;.

Law UFP also generalizes to mutual recursion. In a mutually recursive definition

N = P, a process variablbl; is recursive if it appears in any of tig. If each process
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definition P; associated with any recursi is event guarded in all of the process variables
that appear in it, then the recursive definition is event guarded. If twdiéan® andP’ of
finitely nondeterministic processes both satisfy the same guardediveegsation, then they
must be equivalent:

(P finitely nondeterministic an@’ finitely nondeterministic
A E event guarded (F(P) =fpi P) A (E(P') =fpi P'))

=P = P (UFP)

8.4 SPECIFICATION AND VERIFICATION

Property-oriented specification

The inclusion of refusal, divergence, and infinite trace informatiom&RDI model allows
a wider range of specification to be presented than was possible in the tradesanthe
stable failures model. Since there are three sets of behaviours assodihteshywprocess,
the most general form of specification will consist of three parts which eashritbe the
required property of observations from the corresponding behas@uA specificatioscan

be written as a tripléS:(tr, X), S(tr), S (u)).

Psat (Se(tr, X), S(tr), S (u)) = V(tr,X) € F[P] o S(tr,X)
AVtr € D[P] o S(tr)
AVueZ[P]eS(u)

The most basic form of liveness is divergence-freedom, which requireatthay stage
of an execution the process should at least eventually reach a stable statapprbgeriate
specificatiory (tr) on the divergence set of a process states simply that no divergence should
occur. This is captured by requiring th&g(tr) should be false for any trad¢e Divergence-
freedom is then the specification

divergence-free = (true(tr, X), falsgtr), true(u))

It is satisfied by any process which has no divergences, and by no process thiatcge ak
any stage. The most nondeterministic process which satisfie€HAOS

ExampLE 8.9 A buffer B(N) of size N is guaranteed not to diverge provided it is not
overloaded. It provides no guarantees about its behaviour if it is epptied with more than
N pieces of data. In this case, the specificafig(tr) that it meets will be

Str) = Jtr' Ltretr’ Lin>tr' L out+ N
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This states that any divergeniemust begin with a sequentg witnessing the fact that too
many inputs occurred. In order to guarantee divergence-freedom of a systeimoshtains
such a component, the rest of the system will have to ensure thatffiee isinever asked to
carry more items than its capacity

Divergence here is associated with a limitation on the capabilities of thgpaoent.
A manufacturer would be unlikely to provide a component which is smdvierge when its
capacity is exceeded. It is more likely that the manufacturer simply makes maescidiout
the component in this case. For example, a bridge with a weight linitadbnnes does not
claim to support a heavier load: any weight which does collapse the tsfdgéd be heavier
than 44 tonnes. O

ExampLE 8.10 (DEADLOCK-FREEDOM) Deadlock-freedom is captured by the specifica-
tion

strong deadlock-free(tr,X) = X # %V

Whatever trace has already occurred, the process cannot refuse the entireeeti€. A
deadlock-free process must therefore be divergence-free, since all evedtbeoefused on
divergence.

A weaker form of deadlock-freedom, which allows the possibility of tewtion is
expressed as

deadlock-free(tr,X) = v go(tr) = X#%’

Deadlock-freedom for a proceBscan be established in the stable failures model pro-
videdP can also be shown to be divergence-freein the FDI model, since in tha 5] =
F [[P]. It also follows that if a divergence-free procéssat strong deadlock-free(tr, X) in
the stable failures model then this must also be true in the FDI model. O

The relationship between the traces model and the FDI model, on divergemce-fr
processes, means that results concerning safety obtained using the traglesambd imported
into the FDI model. IS (tr) is a predicate on traces, then a corresponding predicate on failures
can be defined to hold whenev@r holds on the trace componers(tr, X) < Sr(tr). If
P is known to be divergence-free, then the traces model can be used to verify aty saf
specification, and the result can be imported into the FDI model, sincgethantics in the
two models give the same traces. In particulal, #at divergence-free, then

PsatSr(tr) = P sat(Se(tr,X). falsetr), true(u))

This allows reasoning from the traces model and the FDI model to be cedhwithin a single
system’s analysis.
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ExawmpLE 8.11 (BUFFERS) As well as respecting the order on messages passing through
the system, and offering to receive input and provide output as apatega buffer should also

be divergence-free. This means that the specification of a buffer in the Fildlm@mbines the
trace specification and the stable failures specification into a requirememe &t failures:

Buffe(tr,X) = tr{out<tr{in
AtrJout=trdin=inTNnX={}
AtrJout<trlin=outT ¢ X

The restriction on traces and failures means that any process satisfyipgetiisate cannot
diverge, since any divergence will give rise to failures which violagesipecification. [m]

Specifications on infinite traces will often be concerned with some kindajrpss
requirement or fairness constraint. For example, any infinite sequenasseftof a fair coin
should contain infinitely many heads and infinitely many tails:

u | heads= oo A u | tails =

Allfinite sequences of heads and tails will be permitted in the failure podeess representing
such a coin, but the infinite traces will be constrained. Stronger remeints can also be
expressed, such as the expectation that the proportion of heads wilbapfr5 as the length
of the trace increases:

S = lim (((uln) | heady/n) =0.5

ExampLE 8.12 Resource allocation by a scheduler is often subject to fairness requirements
with regard to its servicing of requests from various processes. |f @est@f processis
represented by an eversty, and an allocation to processs represented balloc;, then one
possible requirement is that no request should be ignored for eves.mély be captured as

the specification

S(U) = Vie(ulreqg=o0= ulalloc = o)

In order to ensure that processes are not prevented from making theirtregaesther
process starving them out with an infinite sequence of resource allocatiomgght be
appropriate to ensure that tmeqg events are entirely under the control of the processes
themselves and so cannot be blocked by the scheduler or other processes. O

ExampLE 8.13 A communications medium which can sometimes lose messages might be
used as the basis for a link between two peers which wish to communicatéyrelinby will

be able to do this provided the medium can guarantee some form of pspgeesely that

it can never lose an infinite sequence of messages, and must eventualtjeppatput if a
message is input sufficiently often.
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The possibility of messages being lost, but not duplicated or reordsieptured by the
trace specificatiotr |} out < tr |} in: the sequence of output messages must be a subsequence
of the input messages, so everything that is output was previaysly.i However, not all
inputs are guaranteed to be successfully transmitted.

Liveness might be captured as deadlock-freedom: the medium must always ypé&oread
input or output.

The progress property is then described as
S(u) = ulin=o00=ulout=occ

Any infinite traces of a process must be consistent with the finite traceish meet the

safety property, so it is not necessary to specify that the outputs offthiie sequence must
be a subsequence of the inputs. This follows from the correspgmdoperty on the finite

traces. O

Admissible specifications

The infinite traces of a process must be consistent with its finite asekescribed by property
I1. If a process is required to meet a progress or fairness condition, thanfiitite traces
must be examined and checked against the specific&tiof. However, specifications are
often expressed only in terms of their failures, and no constraints aceglexplicitly on
the infinite traces except those required by consistency with the earestirfinite behaviours.
For example, deadlock-freedom is concerned with refusal information afiter tiiaces, and
buffer specifications are concerned with maintaining the order between iapdtsutputs,
and with liveness at finite stages of the execution. Such specifications age teasheck,
since they are dependent only on the finite behaviours of processefesedare often more
straightforward to calculate and reason about. They are knowdmsssiblespecifications,
and are equivalent to specifications of the fqi®a(tr, X), Sp(tr), true(u)).

Verification

The semantic equations associated with the CSP operators can supporber mfiproof

rules for reasoning about CSP process descriptions, but in practiceotecommon form
of specification is concerned with divergence-freedom. Once this is establibleestable
failures model can be used to analyze the requirements on the failures abtles@ This
section will be concerned with conditions for establishing divergensedivm of process
descriptions.

Processes can be shown to be divergence-free by calculating their semantigs direct
particular their set of divergences. However, there are some common teesfiagumaking
sure that divergence is not introduced at any stage of a process descripsolting in a
process that is divergence-free by construction.
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The only operators that can introduce divergence into a process desta|V, the
hiding operator, and recursion. All of the other operators presengtiperty of ‘divergence-
freedom’: if their components satisfjivergence-free then so too will their combination.
These three operators will be considered in turn.

DIV

This process is divergent, and any use of it will introduce divergertoglie process descrip-
tion. Itis therefore best avoided when constructing divergence-freegses.

Hiding

If P sat divergence-free, then a divergence of the proce®s\ A must arise from a trace
u of P which ends in an infinite sequence of events frAmIn order forP \ A to satisfy
divergence-free it is necessary to ensure that this possibility cannot arise.

This will be guaranteed if any trade \ A of P\ Ais associated with some bound on
the length that the original trade can be. This will ensure that \ A cannot be generated
from any infinite trace oP, and so there is no possibility of divergence. The bound associated
with a tracetr \ Awill be given by a bounding functiofi : TRACE— N: P should satisfy the
specification that the length of any of its tratemust be no greater than the bousdr \ A).

This means that there is a bound on the length of all of the traces thatlwddjiven rise to
tr \ A. If Pis divergence-free, then this may be established in the traces model.

The rule is as follows:

P satdivergence-free
Psat #tr < B(tr \ A)

P\ A satdivergence-free
ExaMmPLE 8.14 Consider the procesB given byP = a - b — ¢ — P discussed in
Example 7.3. The proof rule will be used to establish that{b} satdivergence-free.

The set{b} is to be hidden, so it is necessary to find a bounding function. In fact,
B(tr') = 2 % #tr’ is such a function, in tha® sat #tr < 2 % #(tr \ {b})—any trace of
P\ {b} of lengthn must have come from a trace Bfof length no greater than.

The existence of the bounding function yields tRaf {b} sat divergence-free.

8.5 RECURSION INDUCTION

Recursive definitions have the potential to introduce divergent heday so the possibility
of divergence must be addressed within a verification of a recursive process
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If a recursive definitiolN = F(N) is event guarded, anB preserves divergence-
freedom, themN will be divergence-free.

VY e (Y satdivergence-free
= F(Y) satdivergence-free) N = F(N)
[ F guarded}

N sat divergence-free

The event guard means that the unfolding of the recursive definitibmetiitself introduce
a divergent loop. The antecedent tifapreserveslivergence-free means thaF does not
introduce any divergences itself. This is required to exclude functool as

F(Y) = a—=(Y]||b— DIV)
which is guarded but does not presedixergence-free, sinceF (STOB has a divergenttrace.

ExampLE 8.15 The light switch process of Example 7.6 has a guarded recursive definitio
LIGHT = on- off - LIGHT

It can be seen to be divergence-free by observing that the furfefn= on — off — Y'is
guarded, and that it does not introduce divergence since it containsengtors that do not
introduce divergence. m]

A more general recursion induction rule allows an explicit treatmentwrdence. In
this case there are no constraints on the form of the recursive furfetisa in particular it
need not be guarded. This rule instead requires that each recursive ugfaidinncreases
the length of any possible divergence. The fixed poirft éfius cannot have any divergence
of finite length.

Let Speq = (true(tr, X), #tr > n,true(u)): this specification requires that any diver-
gence is of length at least

The Speg specifications are progressively strongernamcreases, with a limit of
divergence-free. In order to check if a process meets a specificaSpeg, only those
behaviours with traces of length less thrameed be considered. So any process will meet any
Speg.

vn,Y e (Y satSpeg = F(Y) satSpegy1)

- [N=F(N)]
N sat divergence-free

If recursive calls allow the approximatioBpeg to get closer talivergence-free, then in the
limit the specificatiordivergence-free will itself be met by the recursive process.

In order to establish the antecedent, more general proof rules would hieegkthan
those given in this section, since there is also a need to consider digeesgexplicitly. This
may be done by a direct appeal to the semantics of the CSP furictionalternatively by

252 FAILURES, DIVERGENCES, AND INFINITE TRACES

developing from the semantics a more detailed collection of rules thatéharate general
specifications on divergence.

ExawmpLe 8.16 The definition of a buffer whose capacity expands as it accepts messages is
given as follows:

EXPBUFF = in?x: T — ((outx — EXPBUFF) > COPY)

Each time an input is provided, a fresh buf@®PYis spawned and added to the chain, and
the input value is passed to it. The definition of the body of the sienF(Y) = in?x: T —
((outx — Y) > COPY) is not guarded, since there is an implicit hiding operator within the
chaining operator. However, divergence-freedom can be proved by the recindiction
rule for divergence-freedom.

Lettr be a divergence of of length at leash giving rise to a divergencgn.v) ™ tr’ of
F(Y). Then(outx) " tr is a divergence obutx — Y, and there is some tra¢e’ of COPY
whose inputs match the outputs(@iutx) ~ tr: tr” | in = ((outx) " tr) § out Recall that

COPY sat tr{outgtr{in

sotr’” L outT > tr” | in.T — 1.

The events irir’ will be the inputs ofr and the outputs df”. So

#tr' = trlinT+tr" LoutT
> trlinT+ (" }inT-1)
tr Lin.T + (({outx) ~tr) L outT — 1)
= trlinT+tr|outT
FHr

> n

and so#(in.v) "tr’ > n+1. Thusthe antecedentto the inference ruleis true. Ifall divergences
of Y are of length at least, then those off (Y) are of length at least+ 1. Applying a recursive

call increases the length of a divergent trace, and so the rule allows the idediett the
process cannot diverge. O

Process-oriented specification

As well as its use in identifying fixed points, the refinement relafonCep; P> supports
a process-oriented approach to specification, similar to that taken in the macks and
stable failures model. A specification describes behaviours that are acceptalgarticular
situation, and these behaviours can be described either by use of predicates,by means
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of a CSP process expression itself. A process descrifiREECwill have particular failures,
divergences, and infinite traces associated with it, and these are taken toheesaltéptable
behaviours. An implementation proce#8P meets this specification if all of its possible
behaviours are allowed BPEG or in other words, iSPECCgp, IMP.

The specification is the most nondeterministic process which meets thizeragnt.
This means tha8PECshould allow all possibilities that are not expressly forbidden.

The specification for divergence-freedomdslAOS any non-divergent behaviour is
permitted, buCHAOSdoes not admit any divergences.

The FDR tool allows processes to be checked against process-oriented speagficati
with regard to their failures and divergences. The behaviour sets assowittidihite state
processes are closed, since no such processes can have any infinite nonidetesoithe
infinite traces do not need to be checked separately: if the failures and divergeecdb
acceptable, then the infinite traces must also be.

ExAMPLE 8.17 (ALTERNATING BIT ProTOCOL) The alternating bit protocol of Exam-
ple 7.7 was verified with regard to its traces and stable failures. It rentaiestablish
divergence-freedom.

Since the medium is not itself described as a CSP process, further pesperd to be
described in the FDI model in order to establish divergence-freedomlyFihstt the medium
is itself be divergence-free. Secondly, a fairness assumption is requitstre that the
medium does not simply lose messages for ever. These assumptionsloaexptessed in
the stable failures model.

Med (in,out)(u) = #(ulin) =oco = #(ul out) =
Meds(in,out)(tr) = false

The predicate on infinite traces requires that enough messages pass theugidium: if

infinitely many have been input, then infinitely many must be outpite fequirement that
there are no divergences is a consequence of the other requirements: ifisergertte is

possible, then the other requirements would be violated by the aybitetwaviours following

divergence.

The system can then be shown to be divergence-free. The components themselves
individually divergence-free, and the internalizing of the communicatmrer the channels
does not introduce divergence. If there were some infinite sequeotmternal actions on
the c andd channels without any inputs or outputs, thewould have to contain an infinite
sequence of transmissions along chamgkince the other channels can only see as many
messages as;. This would have to end with an infinite sequence of the same message
x.b, since they all arise from the staBb, x). Hence byMed andMed: there would be an
infinite number of occurrences &fb on channet,, and infinitely many acknowledgements
b sent alongd;, and so infinitely many acknowledgemebtseceived alongl,. But this is
impossible, since receipt @fin stateS(b, x) means thas becomes ready for the next input,
and does not engage in any further internal activity until this arrives.
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This permits the conclusion thaBPis divergence-free, and hence that it is a buffer.
O

8.6 CASE STUDY: DISTRIBUTED SUM

The final property required of the distributed summing netwdt8TSUMis divergence-
freedom.

The effect of abstracting the internal channels must be considered.
DISTSUM = NETWORK\ {c; | (i,j) € E}

If NETWORKcan be shown to be divergence-free, and a bound on the length of its traces can
be found, then it follows thadISTSUMis divergence-free.

All the recursive definitions for the family of proces§e3T are guarded, and none of the
definitions uses eith@IV or the hiding operator, so all ti@T processes are divergence-free.
This means that all of thRlODE(i) processes are divergence-free, since they are composed
of divergence-free processes, and henceNEFWORKis divergence-free, being a parallel
combination of divergence-free processes.

There is also a bound on the number of communications each node can edhivol
It will communicate on each channel at most once, and can terminate at most once.

N2; NODE(i) sat #tr < # channels(A) + 1

This may be established in the traces model (see Exercise 5.16), anddthpuaa the FDI
model using the fact that eatODE(i) is divergence-free.

This places a bound on the length of a tracef NETWORKnumber of internal events
that may occur. The property2 on each nodeidentifies a bound on the length of the trace
tr A7, andtr = tr [ (; A)Y, so#tr < i(tr L AY) < Sien(2+ | adj(i) | +1).

Hence an appropriate bounding functié(tr) is simply the constant functiofi(tr) =
Sien(2x | adj(i) | +1): no more than this number of internal events can ever occur. It follows
thatDISTSUMis divergence-free.

8.7 MUST TESTING AND FDI EQUIVALENCE

The FDI model is equivalent to another form of testing equivalence which eatfefined
directly on the operational semantics. In contrast to may testing, whicltevarned with
the possibilityof a process passing a test, the form of testing appropriate for thenebel
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is one which considers when processesqraranteedo pass tests. This is known asust
testing

A process is tested in the same way as described in SectionRli8placed in parallel
with a testT, and all of the events iX are hidden. Since this form of testing is concerned
with the guarantees about a process’ execution, only the maximal exexafigh || T) \ &

X
are considered, to allow the process the opportunity to exhibitebigati behaviour.

The maximal executions are those sequences of states and transitions tiwatbeann
extended, either because they reach a final state from which no further exeeptssible, or
else because they consist of an infinite sequence of transitions. Foplexéme process

N = P=a—»NOb-c— STOP
has(N,r,P,a,N,7,P,b,(c — STOB,c,STOB and(N,,P,a,N,7,P,a N,...) as maxi-
mal executions. On the other harftll, a, N, b, (c — STOB) is not a maximal execution.
The proces® passes a tedt if all of the maximal executions dP || T) \ ¥ pass
X
through some state in which a success euewas possible. This is writteR must T.

Two processes are considered to be equivalent if they must pass exactyraeests:

Pi=mustP2 = VT ePymustT < P, mustT

The requirement that only maximal executions are considered allows thfition
of refusal behaviour, since a finite maximal execution must end in a dekadistate. In such
a state, any events not refused by the testing process must be refuseghycss under test.

Must testing also allows the distinction of internal from externalicboFor example,
the two processes

Py a— STOPO b — STOP
P, = a— STOPMb— STOP

are distinguished by the tet= b — SUCCESS The first proces®; must pass this test,
since it is unable to refuse to synchronize on the inlialhe empty execution is not maximal
for (P, || T) \ ¥; its only maximal execution indeed passes through a success state. The

z
other procesP, might not pass the test, since one of its possibilities is to resbk choice in
favour ofa — STOR resulting in a deadlock and the inability of the test to reach its success
state.

The must approach to testing also results in the treatment of divergenceastsagtiic,
and the equivalence of all processes that might possibly divergd. =4f (a — N) \ {a},
then the divergent procedéis equivalent under must testing to a procBgswhich has the
possibility of diverging among other possibilities:

P, = P,Ob— STOP

256 FAILURES, DIVERGENCES, AND INFINITE TRACES

If a testT is not initially in a success state, then the infinite execution
(PsIMNE, 7, P D\S, 7, (P I T)\XE, ...)
z ) z

is a maximal execution which does not takehrough a success state. The possibility of
divergence irP; ensures thaP; does not always pads and soP; =nustN. No guarantees
can be provided about the behaviour of a process that might diverge.

This notion of testing equivalence turns out to correspond exactlyuvagnce in the
FDI model:

Pi=mustP: & (F[P. D[P Z[P:]) = (F[P1. D [P:]. Z [P.])

If two processes have different semantics in the FDI model, so therenis Behaviour of one
that is not a behaviour of the other, then a test can be constructed whtitgdishes them;
and conversely, if there is a test that distinguishes two processesh#rens some behaviour
in the FDI semantics of one that is not in the semantics of the other (sesti@ns 8.23 and
8.24). The FDI model is fully abstract with respect to must testing.

Must testing also gives rise to a natural notion of refinement:
P, CoustP2 = VT e (P, mustT) = (P, mustT)

If the specification proces8, provides some guarantees concerning its behaviour within a
particular context, then any implementation dPit must meet these guarantees.

Must testing refinement is equivalent to refinement in the FDI model:

Pi EmustP> & Pi Cepi P2

8.8 NOTES

The traces model for CSP was firstintroduced by Hoare in [46] . Theésilmodel [13] refined
the traces model with the introduction of failure observations, tuidelled divergence as
allowing arbitrary failures. This approach is not altogether satisfadmrya number of
technical reasons: some of the expected algebraic laws do not hold, arehibatEs of
recursive definitions are not always in accordance with the operational semahhis was
resolved by Brookes and Roscoe with the introduction of divergencedijngsn the failures-
divergences model [14, 12, 100].

Brookes also provided the firaigebraic semanticfor CSP [12] , in which a set of
algebraic laws on process terms are actually taken to define equivalence betwessseso
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A more recent presentation of algebraic semantics for CSP can be found Jn Th@Sis also
the primary semantic approach taken by the process algebra ACP [5].

Neither the failures model nor the failures-divergences model are abledelinfinite
nondeterminism, because the refusal sets essentially have to be forideiro ensure that the
model is a complete partial order, required for defining recursive proce$béslimitation
forces certain restrictions on the language of CSP: alphabet renaming heafnitehto-one;
hiding must be restricted to finite sets; and only finite nondetestiaghoices are permitted.
These restrictions were all enforced in [47] by the requirement that praf@sabets should
be finite. The introduction of the FDI model [101] introduced thdibio model arbitrary
nondeterminism with the introduction of infinite traces as additiobakrvations. See [103]
for an alternative presentation. The technical propkrtyf that model is defined rigorously
and discussed fully there and in [9]. A different fixed point theoryppsed by Roscoe [101]
and refined by Barrett [6, 79], is needed for this model as the standard apgscaehnot
applicable (see [101]).

The stable failures model for CSP [103], is a relatively recent developiaésing from
a collaboration between Jategoankar, Meyer and Roscoe. A similar model westpdeigy
Valmari [118]. Rather than attempt to model divergence within a failuredeithe insight
behind the stable failures model is that divergence can often usefullynbeeid.

The traces model and the stable failures model both form a complete latickhénce
a complete partial order) under the subset order. In both cases all of P@@S8ators are
monotonic and continuous, wiBTOPas the bottom element of the traces model, 2ahd as
the bottom element of the stable failures model. This ensures that abiexdefinitions have
a least fixed point, which means that all recursive processes are well-defingberfore,
they each form a complete metric space with the distance function

diP,P) = inf{2 "|P[n=P |n}

where in the traces modeI[ n = {tr € tracegP) | #tr < n} and in the stable failures model
P n={(tr,X) € SF[P] | #tr < n}. In each case, the longer it takes to flfrom P,
the closer together they are. In this metric space, all guarded CSP functioespond to

contraction mappings, and hence hawenauefixed point.

The FDI model also has the partial order structure and the same reslatfohadt.
However, this structure is weaker than those of the other models, andreceffort is required
to ensure that all the processes have the correct semantics. [21] provitédnction to
the lattices and partial order structures involved. Introductory matemiahetric spaces can
be found in [115]. Appendix A of [103] also discusses both kindstafctures with particular
emphasis on their use in CSP.

Note that the terminology dEHAOSfollows the more recent treatment given in [103]
and differs from [47]. In the latter boolGHAOSwas the immediately divergent process (what
we call DIV) and there was no special name for the most nondeterministic divergeece-fr
process.

The distributed sum algorithm is due to [18]; it is a variant of 8kgPropogation of
Information with Feedback protocol [112]. The first formal verificatafrihe algorithm was
given by Vaandrager [117]. Groote has also provided a formal verificaion [
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T T

Fig. 8.3 Two recursive processes

Exercises

ExERCISE 8.1 What are the failures, divergences, and infinite traces associated with the

finite state machines in Figure 8.3.7?

EXERCISE 8.2 What are the FDI semantics of:

1. N, = (a— N;) Ob— STOP
2.No=b—a—DIV
3N [N,
4. N, H N2
(b}
5. Ny ||| Na
6. N \ {a}
7. N3 = (@— (N3; b— SKIP) O ¢ — SKIP)
8. Ny =(a— Ny) A b— STOP
9. Ny \ {b}
10. Ny \ {a}

Exercise 8.3 Does the law(d-r1-dist) on Page 180 hold in the FDI model ?

EXERCISE 8.4 Are the operational rules you gave BV andCHAOSconsistent with their
FDI semantics? If not, give rules which are consistent with both thielestfailures and the
FDI semantics.

ExXERrcISE 8.5 1. Give a deterministic proce&sfor which P \ Ais nondeterministic
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. Can a nondeterministic procé3fave thaP \ Ais deterministic?

. Give a process P for whidh || P #gp; P

. Give a nondeterministic proceBgor whichP || P =gp, P

. Give two nondeterministic proces$@sandP, for which P, ||| P, is deterministic.

. If Pis nondeterministic, caR ||| P be deterministic?

N o g o~ W N

. Find a deterministi® for which P ||| P is nondeterministic.

EXERCISE 8.6 Give operational rules foblV and CHAOSwhich are consistent with their
FDI semantics given above.

EXERCISE 8.7 Capture the following specifications in either the property-orientethe
process-oriented style of specification:

1. A process cannot diverge if it has accepted at least as many coins as it has dispensed
chocolates;

2. A process can diverge only if it accepts three consecutive inputs wifitouiding
output;

. A process will not diverge if all of its inputs are less thét — 1;
. On average, no more th.’;}mf messages should be lost;
. Any infinite trace must contain aa’‘at some point;

. Every request is eventually serviced;

N o o b~ W

. Every execution eventually terminates
Exercise 8.8 Find anFFN process$? such thaP \ Ais notFFN.
EXERCISE 8.9 Find anFFN process such thaf (P) is notFFN.

EXERCISE 8.10 Which of the following variants of the proceEXPBUFFof Example 8.16
are divergence-free?

EXPBUFR2 = in?x: T = (COPY>> outx - EXPBUFR)
EXPBUFR3 = in?x: T = (COPY>> outlx - EXPBUFR3 > COPY)
EXPBUFF = COPY>» (in?x: T — outix - EXPBUFH)
EXPBUFR = in?x:T — (outx - EXPBUFF; > EXPBUFF)

Which of them can never refuse input?
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EXERCISE 8.11 Which of the following processes are deterministic? Which RiFN?
Which are closed?

1. BAG=in?x: T — (BAG]|| outix - STOR
2. DISTSUMof Page 161

3. ABPof Example 7.7

4. INN = in?’n— A(n) where
A0) = b— STOP
Aln+1) = a—A(n)
5. INN\ in.N

6. f(INN), wheref (in.n) = b for anyn

7. INN\ in.NU {a}

8. ND=a— NDrnb—NDma—b— ND
9. DIV

10. CHAOS

EXERCISE 8.12 If ais an ordinal number, identified with the set of ordinals less thahen
for eachs € a define

Ps = ~4:8— RUN,

This process allows any ordinal less thaas its initial event, and then allows all sequences
of ordinals less than. The recursive definition

N = B:a=((PzlIN)\a)
is not guarded, because of the use of the hiding operator within thatabefi

1. CanN diverge?

2. How long will the chain of approximatiof&’ (DIV) be before it reaches the fixed point?
How many of these approximations can diverge?

Deduce that for any ordinal, if « C X then there are recursions that require at least
approximations before the sets of failures and divergences is fixed.
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EXERCISE 8.13 The following processes are defined:

P, = a— STOPMb— c— STOP
P, = a— STOPOb— c— STOP
P; = a— STOPO P3

P, = a— STOPOb— RUN

Which of them must pass which of the following tests:

T, = a— SUCCESS

T, = b-»c— SUCCESS

T, = a— SUCCES$||b— SUCCESS
T. = (a— SUCCESS) {a}

T, = SUCCESS

EXERCISE 8.14 Find a test which distinguishes— STOPfrom STOPr a - STOR

EXERCISE 8.15 Find a test which distinguishes— b — STOPfroma — STOP||| b —
STOR

ExrRrcISE 8.16 Using your operational rule fobIV from Question 8.4, find a test that
distinguishe®IV from STORP

EXERCISE 8.17 Using your operational rules fafHAOS find a test that distinguishes
CHAOSfrom RUN.

EXERCISE 8.18 Find a test that distinguish& = rlne\' A(n) fromP, =P, M (N=a—
N), whereA(0) = STOPandA(n + 1) = a — A(n).

EXERCISE 8.19 Find a tesfl such thaP must T if and only if (a. b, ¢) ¢ D [P].
EXERCISE 8.20 Find a tesfl such thaP must T if and only if ((a, b, c), {d. e}) & F [P].

ExEeRcISE 8.21 Find a pair of processes that are equivalent under may testing but distin-
guished by must testing.

EXERCISE 8.22 Find a pair of processes that are equivalent under must testing but distin
guished by may testing.

EXERCISE 8.23 1. Giventr € D [[P;]andtr ¢ D [P.]], find atest suchthat:(P; must T)
and(P, mustT).
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2. GivenD [[P;]] = D[[P.]] and(tr. X) € F [[P:] and(tr, X) ¢ F [P.], find a tesfT such
that—(P; must T) and(P> must T).

3. GivenD[[P;] = D[P:]] andu € Z[P;]] andu ¢ Z[[P-], find a testT such that
—(P; must T) and(P> must T).

4. Deduce that iP; =qystP2 thenP; =gp Ps.

EXERCISE 8.24 Assume that-(P; must T) andP, must T. Show that there is some
divergence, failure, or infinite trace Bf which is not also in the semanticsBj.



Appendix B:
Model-checking with FDR

This appendix provides a brief overview of the operation and use ofrth@el-checking
tool FDR, which provides automated analysis and verification of CSP process deswipti
Section B.1 describes the use of the FDR tool; Section B.2 is concernbdheittheory
underlying the implementation of the tool; and Section B.3 introdttee$orm of machine-
readable CSP required to provide input to the tool.

Some understanding of the workings of FDR is required in order toenfest use
of the tool. However, for large and complex systems it supportsnaben of sophisticated
techniques which are beyond the scope of this appendix, and the intereati can find
further information in [102, 103, 104, 33].

FDR stands for ‘Failures Divergences Refinement checker'. It is a softwakéotoo
carrying out automatic analysis of (untimed) CSP processes. Its maiatigpeis in checking
whether or not one CSP process refines another. This provides a s\gigrigowerful
analysis mechanism, since many important questions about processes cgrdssekin
terms of refinement by employing the process-oriented approach to spedifjeatitiscussed
in Sections 5.5, 7.4, and 8.5. FDR provides refinement checking for eacle eintimed
models presented in this book. It also permits analysis for particulammmnproperties, such
as deadlock, divergence (livelock), and determinism.

1developed and marketed by Formal Systems (Europe) Ltd
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FDR has a companion tool, ProBE [34], which stands for ‘Process Betnalzikplorer’.
This tool interprets and animates CSP process descriptions, allowengser to interact
with a process and thus explore its behaviour patterns. It allowsgéeto synchronize on
events, to observe the available options at each stage, to backtrack, anchttheatace being
constructed as the process is executed. ProBE does not provide formalsgnedpes provide
a better informal understanding of CSP process descriptions. It @esimuse: it can input
the same CSP files as FDR, and the user interacts with a process througdoaniniterface
by selecting events to perform from the menus of events that are offereéxploration of
Example B.4 is illustrated in Figure B.1. Unexplored events are ethrkth a +'. Any event
that has been performed is marked with-d, ‘and followed by a description of the process
reached by performing it. For example, subsequent to the performamreerkateis the
processPERSONeleano) || PERSONisabellg) || PRESENTkate). The menu of events
that this combination offers is listed immediately below it:

entereleanor
leavekate
enterisabella

ProBE then offers the opportunity to explore any of these events.

B.1 INTERACTING WITH FDR

FDR allows automatic refinement checking between (finite state) processedetrimapply
FDR, it is necessary to supply both the specification process and the ienptizion process.
This is accomplished by loading a CSériptinto FDR. This is simply a text file containing
a collection of CSP process definitions. On loading such a script, FBRifibs all of the
potential processes within it.

FDR offers the opportunity to do a number of checks on any of the preséisat have
been loaded. There are specific options to check for deadlock, livelock, and iésermin
addition, refinement checks between processes can be carried out. The interfasgasat
in Figure B.2.

In requesting a refinement check, it is necessary to provide FDR with theeegpof
information:

e The specification process. This can be any of the processes that have beenriaexed i
part of the CSP script, or a process definition typed directly into$ipecification’ box.
In Figure B.2, the procesSPEChas been selected.

e The implementation process. This can also be any of the processes thateleave b
loaded, or a process typed into the ‘Implementation’ box. In Figue 8Y STEMas
been selected.

e The model in which the refinement relation is to be checked. There are threeshoi
traces, failures, and failures/divergences. These correspond to the ttineedimodels
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Fig. B.1 The ProBE tool

for CSP presented in Part 2 of this book. (The failures/divergences risoifiel same
as the FDI model for finite-state processes). In Figure B.2, the metkdted is the
failures model.

The CSP script loaded into FDR should therefore in general contain bethpecification
process and the implementation to be checked against it. There will useadiynbmber of
checks of interest (perhaps a number of properties to check of an implemeraaarumber
of implementations to check), and so the script will need to contain all @fd#finitions
required for these. The checks to be carried out (refinements or specificg)mreneither
entered into the relevant window in FDR, or they can be included directthe script as
assertions. This enables them to be loaded into FDR alongside the msicasd FDR will
list them when the script is loaded. In Figure B.2, a refinement check has bteeededirectly
into the refinement window. Furthermore, four checks have loaded diffeattythe script:
deadlock-freedom assertions on three different processes, and one traceerefaes@rtion.

If a check is successful, then this is reported by the tool withalongside the verified

assertion. If the check fails, reported bykathen this will be because the tool has identified

a particular erroneous behaviour of the implementation process thatesdahe assertion.
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Fig.B.2 The FDR 2.11 main screen

In this case, the tool will identify the behaviour and provide it as feeit to the user. For
example, withSYSTEMas a description of the dining philosophers combination checked for
deadlock-freedom, the feedback window provided when it identifies a pesiadlock is
given in Figure B.3. The trace leading to it is given in the ‘Perforbmx towards the right
hand side.

Deadlock is shown by the fact that the resulting state has an empty acceptance set as
shown in the ‘Accepts’ box, which means that all possible events can beedefu

The process tree labelled ‘'SYSTEM' shows the concurrent components pfdleess
SYSTEM It is possible to pick out the contribution of particular subcomgrts to the
erroneous behaviour. For example, the contributiemter2, picks2.2) of PHIL(2) can be
extracted by clicking ofPHIL(2).

This feedback is useful for debugging purposes. In establishing homcaiment system
is able to reach an incorrect state, design mistakes can be understood and corrected.
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Fig. B.3 Feedback from FDR

B.2 HOW FDR CHECKS REFINEMENT

FDR checks refinement claims of the foBRPECLC IMP, whereSPECis a process-oriented
specification. This is achieved by exploring the state space given byératmnal semantics

of the procesiVIP, and checking for each state that all of the possibilities of event perfaenan
(aswell asrefusals and divergences where appropriate) for the implemetiRiare allowed

by the specificatiorBPEC This is achieved by matchin@g/P’s transitions inSPEG and
examining whaSPECwill allow in each state thatMP can reach. SincBPECis considered

as a specificatiorSPECs behaviours are taken to be all of the behaviours that are permitted
for any refinementMP.

In order to useSPECeffectively in tracking the transitions dMP, it is necessary to
identify, for any given trace thaMP could potentially perform, all of the possible events that
SPECcan allow next, and also all of the refusals tS®ECwill permit. FDR achieves this by
determinizing the transition graph®PEG , and adding refusal and divergence information to
obtain a ‘normalized’ graph. Determinization involves removingralents, and coalescing
sets of states that can all be reached via the same sequence of visible evargsn ffe
determinized state space, each state will correspond to a set of states igithel state space.

Any event will appear on at most one transition out of each node, and soyqraaticular
trace of SPECthere is a unique node that can be reached in the determinized graph. For
example, the determinization of

VMSPEC = coin— ( (tea— VMSPEQ
M (coffee— VMSPEQ)

n water - VMSPEC
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water

coffee

NVMSPEC

VMSPEC

Fig. B.4 Determinizing a state graph

to the grapiNVMSPEGQ s illustrated in Figure B.4.
Divergent states are also detected during this procedure, and labelled Bxaticitich.

Refusal information is not contained in the transitions of the detéed graph alone,
since transitions from different states of the original graph are aBipte from their coalesced
state. Forexample, stateand6 of theVMSPEGgraph of Figure B.4 are both part of statef
NVMSPEC from which bothteaandcoffeeare possible. The information thia andcoffee
are also refusable in those states cannot be derived simply from thi¢gitrasef NVMSPEC

The refusal possibilities thus need to be recorded explicitly withrtbées of the
determinized graph. The complete normalizatioW dSPECis given in Figure B.5.

Although the process of normalizing a CSP process is exponentiaginumber of
states in the worst case (since each state in the normalized graph will comlespa set of
states in the original graph), it has been found that in practice the vasstarises very rarely.
This is partly because specification proces3eECare often very simple, so that usually the
size of the normalized graph is the same size or even smaller than theabgoaph.

FDR checks a procesMP by identifying for each reachable state the corresponding
state of (the normalize@PECthat indicates what is permitted. In exploring the state space of
IMP, it checks for each reached st#téP, that all of the transition#VP, IMP{, possible
from that state are also possible from the corresponding SREG of SPEC If x is an

external event then there must be some (uniREG, for which SPEG £ SPEG, and
the statdMP{ will need to be checked againSPEG,. The case wherg = 7 is a special
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{tea coffeewater}
{tea coffee coin}

{tea coin, water}
{coffee coin, water}

Fig. B.5 The state graphVMSPEQabelled with maximal refusals

case—the matching stateSPECis still SPEG, since the visible trace is not changed by this
transition. Thus in this cad® Py must be checked agairSPEG.

With regard to refusal information, FDR also performs additional checkihe stable
states ofMP: that the refusable sets of events are possible refusal se3®H6€

ExampLE B.1 The transition graph of the implementation
VMIMP = (coin— tea— water - VMIMP)

is given in Figure B.6. It will be checked against the transition gidpMSPEC

Firstly, statel of VMIMP is checked against stateof NVMSPEC In this statecoincan
be performed, and this is possible for the corresponding stat&/&SPEC Furthermore,
only subsets oftea coffee water} can be refused ByMIMP, and these refusals are permitted
by NVMSPEC

In covering the state space ¥MIMP, the transitiorcoin is followed, which requires
state 2 oVMIMP to be checked against state 28¢¥MSPEC This check is also successful:
the refusal sets &fMIMP are allowed, and the single transiti@ais permitted, takin/ MIMP
to state3, matched by the transition ?fVMSPECback to statd. In this state, the refusals
are all permitted by the possible refusald\WMSPEC and the single transitiomatercan be
matched, returning botiMIMP andNVMSPEQo their initial states. Since this pair of states
has already been checked, the exploration of the state graptMiMP is complete and the
refinement relatioWMSPECC aiiures VMIMP is confirmed. At this point FDR will confirm
that the refinement relation holds. O
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{tea, coffee, coih

{tea, coffee, watgr refuses
{tea coffee
water}
refuses
. {coin, coffee
{coin, tea, wateyf water}

{coin, coffee, watgr

refuses
{tea coffee
coin}

NVMSPEC water

VMIMP

Fig. B.6 CheckingVMIMP againstNVMSPEC

ExampLE B.2 An alternative implementation
VMIMP2 = (coin— tea— SKIP||| water— SKIP); VMIMP2

fails to refineNVMSPEC The pairs of states that are checked is illustrated in Figure B.7.
When checking/MIMP2 state2 againstNVMSPECstate2, we find awater transition that

is not permitted by the specification. This means that the implementatioperéorm a
trace that is not allowed by the specification: the trgmen, water). In this way the model-
checking provides a witness trace which demonstrate3/ié¥IP2 is not a trace refinement

of NVMSPEC When FDR finds that a refinement fails to hold, it provides the courdgenple
which it has discovered. The feedback window that it provides for this plaappears in
Figure B.8. It simply provides the tra¢eoin, water) which fails the specification.

O

The checks that are carried out when the state space is explored depend orgifiicsem
model under consideration.

Traces model: checking for refinement in the traces model means checking that all the
possible traces of the implementation are allowed by the specification. reflasal and
divergence information in the normalized system is ignored. This isogpiate for checking
safety properties.

Failures model: In this case, stable states that are reached while exploring the impleraentati
are checked with respect to the refusal information recorded in the normafieeifisation.



HOW FDR CHECKS REFINEMENT 475

NVMSPEC

VMIMP2

Fig. B.7 CheckingVMIMP2 againsNVMSPEC

The failures model completely ignores divergence, and so the possdfiliiyergence in the
implementation is simply ignored. This means that if some states azegéint, then they will
not be checked with regard to refusal information.

Failures/Divergences modelin this case, states in the implementation are also checked for
divergence, which will correspond tdoops. This can add some considerable overhead to the
state space exploration. In practice, implementations will not contagrginces, so it will
generally be more efficient to check an implementation specifically for divergeeedem

first (using the specific ‘livelock check’ option). Once this has been astadal then a check

in the failures model will be equivalent to a check in the failures/divecgemodel and the
faster failures refinement check can be carried out.

Compression

When the state space of the implementation becomes large, it is often advastegyealuce it
before carrying out the state space exploration. FDR provides a naibays of compressing
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Fig. B.8 Feedback on VMIMP2 from FDR

the state space of a process to another (smaller) graph which has the sasen@®Hcs, and
which will take less time to explore. We mention the main mechanisrefiyotiere.

One example of graph transformation is the normalization that FDRieapfd the
specification process of a refinement, though in this case more states mayVesyl of the
compression mechanisms, sucldasmond eliminatiormndr-loop eliminationare concerned
with the elimination ofr events in a semantics-preserving way. Other mechanisms factor
a graph by some semantic equivalence. This means that all nodes which hasribe
semantics are represented by a single node. This reduction can be done bfficiesitong
bisimulation (which is stronger than all the CSP semantic equivalentissjomputational
expense for other semantic equivalences is rather greater.

There are other mechanisms which achieve some compression but do noeralgen
preserve the semantics, and should therefore be used with extreme carka3éperator will
selectinternat transitions over external ones, possibly removing some of theaterrdinism
presentand resulting in a refinement of the system it is applied to.| theflefore preserve the
semantics of a deterministic system, but may not preserve semantics imlgérfepriority
operator (still under development) also alters the operational semanptiesioving some of
the possible transitions when those of a higher priority are pte3éis does not even result
in a refinement (except in the traces model), since some new refusals mayooei@ed by
the removal of external transitions.

The compression mechanisms are discussed in more detail in [103, 104].

B.3 MACHINE READABLE CSP

A CSP script defines a number of processes. Channels used by the process8fisaipt
must be typed, where the types are either predefined types or else defirielexpthin the
script. For example, the set of dining philosophers and their claigsstan be defined by

nametype Phils = {0..4}
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| Operator | Syntax | ASCII form | | Alphabetized parallel | PiallgP2 |PL[AIB] P2 |
| Stop | sTOP | sTOP | | Alphabetized parallel [PLP: | |
| Run | RUNa | RUN(A) \ ‘ General alphabetized parall#l”fl P ’ li: 1@ Al P |
| Chaos | CHAOS: | CHAOS(A) \ : =
— ‘ General alphabetized parall%l” Pi ’ ‘
| Prefixing |a—P |a>P |
- - | Interleaving [PLlIP: | Pl P |
| Prefix choice | x: A= P(x) |[Da: A@a->P@a |
| Output | cv— P |cv > P | ‘ General interleaving ‘ H|iel P | mi:-1e P |
Input m: T = P(m) c?mT > P(m) ‘ Interface parallel ‘ PIHPZ | PPILALN P |
} \(/:\/T]Zr:z'?'lg S S ‘ General interface parallel ‘ - | fAqli: 1@ Pi |
C Aiel
| Recursion |N=P [N =P | | Hiding [ P\A |[PVA |
| Mutual recursion | N(e) = P(e) | N(e) = P(e) | | Forward renaming | £(P) | PIL 11 |
Choice of process definition| El if b . if b then P, else P, ‘ Labelling ‘ P | PIL Al |
,  otherwise - - -
| Backward renaming [ £71(P) | PI[ 7] |
| External choice | PLOP, [PL Dl P2 | ini i
| Chaining | PL>>P, | Py [out <-> in] Py |
‘ General external choice ‘ Uit P | gi-re m ‘ | General chaining [ >L, P |[out <>inli: <l.n>@ P |
| Internal choice | PPy [P 1T P ‘
| Generalinternal choice | [1,_ P, [nNi: Je P ‘ Fig.B.10 The ASCII representation of CSP: concurrency and abstracti
Fig. B.9 The ASCII representation of CSP: prefix and choice these channels would loeit.1 ; and the third declares a chanpétks which carries two
values—a value frorRhils  and a value fron€hops—so an example event on this channel
nametype Chops = {0..4} would bepicks.3.4

Once the channels are declared, the CSP processes themselves are given. An ASCII
form of CSP is used to enable machine readability. Figures B.9, B.1®B dddyive the main
constructs of the ASCII form of CSP.

All events and channels that are used by any CSP process in the script rdestdred
explicitly. Simple events are treated as channels which do not carry messagexample,
the following declarations may appear in a CSP script:

Mathematical style expressions can be used in the manipulation of praresseiers
and data variables, and the definition of indexing sets and data types. aEbmandles
notation for arithmetic, sets, and sequences, and permits functionadlsfidéions.

channel coin, tea, copy
channel in, out : {0,1}

channel picks : Phils.Chops
ExampLE B.3 An boundedN place version of the buffer given in Example 1.22, may be
The first declares three events,tea will be permitted as a process event; the second defined using a mutual recursion indexed by sequences of messages. Imthpgext will
declares two channeis andout which both carry bits, so an example communication along have typeT = {high, low, middle}.
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| Successful termination| SKIP | sKIP |
| Sequential Composition Py; P, | Py Py |
| Interrupt | PL AP, [P A Py |
| Eventinterrupt | Py Ae— P, |int( Pie, P) |

Fig. B.11 The ASCII representation of CSP: flow of control

B({()) = in?x:T — B({x))
B((x) "tr) = (in?y: T —= B((x) " tr " (y))
O outix — B(s) if #((x) "tr)) <N
out’x — B(s) otherwise

This definition involves pattern matching on the sequence parameter todbesgB,
as well as the manipulation of sequence expressions. It may be renderadd8® script as
shown below.

N =5

datatype Message = high | low | middle
channel in, out : Message

B(<>) = in?x -> B(<x>)

B(<x>"tr) = if # (<x>"tr) < N

then (in?y -> B(<x>"tr'’<y>) [] out!x -> B(tr))
else (outlx -> B(tr))

In order to check a process, values have to be provided émdT. The value folNis simply
declared, whereabis instantiated by the enumerated tyyessage O

ExampLE B.4 Example 2.10is concerned with conditions under which a meeting of @grou
of people is considered to be quorate. It consists of a number of pebpleam each enter or
leave the meeting independently, but who are required to synchronife@ommon event
meeting It may be given in machine-readable form as follows:

datatype NAMES = kate | eleanor | isabella
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channel enter, leave : NAMES

channel meeting

A(n) = {enter.n, leave.n, meeting}

PERSON(n) = enter.n -> PRESENT(n)

PRESENT(n) = (leave.n -> PERSON(n)) [] (meeting -> PRESENT(n))
GROUP = || name : NAMES @ [A(name)] PERSON(name)

Observe that the proce&ROURould also have been defined by means of an interface parallel
construction:

GROUP = [| {meeting} [] name : NAMES @ PERSON(name)

In order to check that at any stage either a meeting is possible or else socae@rger,
the following specification will be used.

SPEC = MEETENT ||| CHAOS({|leavel})
MEETENT = (meeting -> MEETENT [| enter?x -> MEETENT)
The specificatiorSPECmust always allow one aheeting andenter to be offered. It

places no restrictions on occurrencedezfve , reflecting the fact that it is not concerned
with such events.

The following assertion captures the failures refinement check to be carriezhou
GROUP

assert SPEC [F= GROUP

A CSP script to verifGROURvould need to contain all of these components. O

Exercises

EXERCISE B.1 Give a machine-readable version of the cloakroom system of Example 2.3,
whose components are as follows:

ATT = coatoff —» store— ATT
O retrieve— coaton — ATT

CUST = enter— coatoff —» eat— coaton - CUST
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R(1) outl

b.1
transmit

SEND REC

b.n

R(n) outn

Fig. B.12 A multiplexing scheme

Use FDR to check wheth&TT || CUSTis deadlock-free.
coat

EXERCISE B.2 Give a machine-readable version of the payment system of the bookshop of

Example 2.18. Alter the description @HIT andRECEIPT(to CHIT, andRECEIPT,) so
they allow only four chits and receipts to circulate. Use your descriptiameck whether

CASHIER| BOOK || CHIT, || RECEIPT,

is deadlock-free. Do the results of your analysis apply to the case whegesete an unlimited
number of chits and receipts?

ExERCISE B.3 Use FDR to check that the railway crossing sys®RAIN || CROSSIN®f
Example 13.4 cannot deadlock. Check further that the gate can only ever mexteen the
train is not on or entering the crossing. Obtain a trace from FDR tlatsthat the train can
enter the crossing when the gate is down.

EXERCISE B.4 A multiplexing scheme for a family of buffers over a single transios
channetransmitis illustrated in Figure B.12. The network is intended to behave astan i
leaved collection of buffer processBEFFER3N) = |Hi6| BUFF(i,N), whereBUFF(i, N)

is the general (nondeterministic) specification of a buffer with maximunaaapN, on

channelsn.i andouti.

The components are described as follows:

S(i) = ini?m— ailm— (i)
R(i) = b.i?m— outilm— R(i)
SEND = a?j?m— transmitj!m — SEND

RECEIVE = transmifj?m — b.j!'m — RECEIVE
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transmit

receive

Fig. B.13 An alternative multiplexing scheme

Use FDR to check that the combination system (with the internal channielert)iis a trace
refinement o BUFFERSN) for a suitably largeN. Is it a failures refinement? Is it deadlock-
free? Is it a trace refinement BUFFERS1)? What is the fundamental problem with this
multiplexing scheme?

ExERCISE B.5 In order to overcome some of the shortcomings of with the mukipe
scheme given in Exercise B.4, message acknowledgementis added to thelilbcsirated
in Figure B.13.

1. The components are now described as follows:

S(i) in.i?m— a.ilm— d.i — (i)
R(i) = b.i?m— outi!lm— c.i = R(i)
SEND = a?j?’m— transmitj!m — SEND
O receiv€j — d.j - SEND
RECEIVE = transmifj?’m — b.jlm — RECEIVE
O ¢?j — receivéj] — RECEIVE

Use FDR to check that the combination system (with the internal chanmelsriis a
trace refinement BUFFERS]1). Is it a failures refinement?

2. Place a one-place buffer on tliansmitchannel so the communication betwesaND

andRECEIVEbecomes asynchronous. Is the resulting system divergence-free? Isita

failures refinement BBUFFER®
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Notation

Sets and logic

aes

{}

{ai,...,an}
{alP(a)}
SUT, UiGIS
SNT, Nia S
S\T

PS

FS

b.o
b.¢

(b.e)
(b.¢

-P
Py A Py
P,V P,y
P, = P,
VXxeS
Vx:TeS
IxeS
Ix: TeS

Event notation

)

Z/

Z\/‘T

v

.

a

o

cv
channel(c.v)
value(c.v)
A

A'/
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ais a member of the s&

the empty set

the set of the elements listed

set comprehension: the set of elements which meet predicate
set union

set intersection

set subtraction

power set ofS

finite power set: the finite subsets ®f

natural numbers

real numbers

non-negative real numbers

r rounded up to the integer immediately above

r rounded down to the integer immediately below
interval of the real numbers

the half-open interval frorb to e (includingb and excluding)
the closed interval frorb to e

the open interval frorb to e

the half-closed interval frorh to e

negation: noP

conjunction:P; andP,

disjunction:P; or P,

implication: P, impliesP,

for all x, Sholds

for all x of type T, Sholds

there is some for which Sholds

there is some of type T for which Sholds

(Sigma) the universal set of events
Su{v}

Yu{v.7}

(tick) the termination event; not iR
(tau) the internal event; not B
external event fron*

external or internal event from* ™
communication event with channeand valuey
the channet of the compound evemtv
the valuev in the compound evermtv
set of eventd C v

AU{v}
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Sequences and Traces

seq

(

(@, .., an)

(a] a+ seqP(a))
seq " seg
headseq

tail(seq

foot(seq

init(seq

#seq

o(seq

ain seq

seq < seg

seq < seg
seq@i

seql A

seq\ A

seql A

f(seq
channels(tr)
seqinterleaves seq, seg
segsynch, seq, seg
flatten(sseq
term(seq

TRACE

ITRACE

tr

u

a sequence of elements

the empty sequence

the sequence of elements listed

sequence comprehension
concatenationseq followed byseg

first element of the sequence
sequencseqwithout the first element

last element ofeq

seqgwithout the last element

length of the sequence

the set of events appearing in the sequence
aappears in the sequenseq

sequencseq is a prefix ofseg

subsequence (not necessarily contiguous)
theith element of the sequence (counting from 0)
the subsequence of elementsefjin A

the sequence of elementss&gnot in A

the number of occurrences of elementg\of

f applyingf to each element afeqin turn

the set of channels usedtin

seqis an interleaving of the sequenceesy andseq
segsynchronizeseq andseg on events imA”
the elements ofsegconcatenated together
seqcontains a/

the set of all finite traces

the set of infinite traces

a finite trace

an infinite trace



NOTATION
Timed Traces
TT the set of timed traces
s atimed trace
STA srestricted toA: ((t.a) | (t,a) «+ s, a€ A)
slA number ofA'sins: #(s[ A)
s\ A swithout the elements ok: s| (X \ A)
strip(s) swith the times removeda | (t,a) « s)
s+t sdelayed byt: ((t' +t,a) | (t',a) « )
s—t sbrought earlier by: ((t' —t,a) | (t',a) < st' > 1)
begin(s) the time of the first event ia (andoo for the empty trace)
first(s) the first event to appear B
ends) the time of the last event in the finite traséand0 for the empty trace)
last(s) the last event to appear in the finite trace
st sduringl : ((t,a) | (t.a) < stel)
st sstrictly beforet: s [0,t)
s|t shbeforet: s1 [0, 1]
sit saftert: s1 [t, o)
st sstrictly aftert: s1 (t, 00)
s|A sprojected ontd\: ((t',a) | ('.a) «+ s,a€ A)
Timed refusals
RSET the set of possible refusal sets: sets of timed events
N (aleph) a timed refusal
R Rduringl : {(t,a) e R |tel}
Rt Natt: {(t',a) eN|t' =t}
Rt X beforet: X 1[0,1)
N7t N aftert: N 1[t, o0)
N+t X translated through {(t' +t,a) | (t',a) € N)}
R—t R translated backwards through{(t' —t,a) | (t',a) € N, t' >t}
RTA N restricted toA: {(t,a) € XN |a€ A}
N\ A N with A events removedt | (X \ A)
o(N) the set of events appearinghin
beginR) the time of the first event ilt (andoo for the empty refusal)

endR) the least upper bound of times mentionedin
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CSP processes

P
Q

STOP

a— P

a:A— P(a)

a; > Pia > Py

clv— P

c?v — P(v)

SKIP

DIV

CHAOS

RUN

N

N=P

P, O Py, O P
PinPy, Tl P

P1 allg P2,
P[] P2, |Hielpi
Py [ P,

A
P\ A

untimed CSP process
timed CSP process
deadlock

prefix

prefix choice (guarded choice)

guarded choice
output

input

successful termination
divergence

the most non-deterministic divergence-free process
the process that will deterministically perform any event

process variable
recursive definition
external choice

internal choice

alphabetized parallel
interleaved parallel
interface parallel
hiding

renaming

labelling

backward renaming
chaining

sequential composition
interrupt

interrupt one

timed prefix

timeout
delay
timed interrupt



CSP notation

Pi =P
P, C P,
PyCr Q
PsatS

P ref X

P

Pl

P 5 Py (Lp)
P =% P,

Q4 Q (3d)
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P, andP, have the same behaviours

P, is refined byP,

Pis timewise refined b@

all the observations of proceBaneet specificatio®
PrefusesX

P is divergent

Pis stable

P, can perform a transition toP,
P, can perform the sequentreand becom®,
Q, can perform a evolution toQs
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Index

ACP, 72

actions with duration, 266

adj(i), 159

admissible specification, 249, 369

A-independent, 201

N (aleph), 339

algebraic laws, 89

algebraic semantics, 256

alphabetized parallel, 29-42
FDI semantics, 232
inference rule, 146, 198
laws, 102, 352
operational rules, 31
stable failures, 180
timed failures, 350
timed inference rule, 377
timed operational rules, 289
traces, 97

alphabets, 74, 75

alternating bit protocol, 205-207, 253, 443
timed, 427

ATP, 329

backward renaming, 63—64
FDI semantics, 238
inference rule, 151, 202
laws, 110
operational rules, 63
timed failures, 353
timed inference rule, 381
timed operational rules, 303
traces, 111

Baeten, J. C. M., 329, 442

Barrett, Geoff, 257

Bergstra, J. A., 72, 329, 442

bisimulation, 73
strong, 21

Bolognesi, T, 329

bookshop, 47

boss, 57

Brookes, Stephen, 72, 256

buffer, 17, 54, 247, 285

and timewise refinement, 422
liveness, 194
process-oriented specification, 208
specification, 141, 194
timed law, 425
timed specification, 426

buses, 279

Cauchy sequence, 358
CCS, 72
chain of processes, 292
chaining, 64-66
chaining timed buffers, 423
chains, 39
channel, 9
CHAOS
FDI semantics, 230
inference rule, 197
stable failures, 178
traces, 178
cheese shop, 216
circular saw, 367, 372
communications protocol, 54
compactness, 226, 423
complete lattice, 257
complete metric space, 358
complete partial order, 257
compositional semantics, ix, 89
compound events, 9
compression, 475
congruence, 134-135
associated equivalence, 134
consistency with an execution, 341
constancy of offers, 297, 315
contraction mapping, 358
CSP
ASCII form, 477-479
CSP script, 468

Davies, Jim, 442
deadlock, v, vii, 35-37
deadlock-freedom, 247



timed, 426
debugging, 470
delay, 275
laws, 348, 352, 353
timed failures, 347
timed inference rule, 376
delayed prefix, 276
delayed prefix choice, 276
& delay, 441
dequeueing, 58
design, vi
determinism, 224
determinization, 471
Dijkstra, E. W., 77
dining philosophers, 77
discrete timed CSP, 452
discrete timed traces, 459
distance function, 357

distributed sum, 158-166, 210-216, 257

distributivity, 114
laws, 114-115
DIV
FDI semantics, 229
inference rule, 196
stable failures, 177
traces, 177
divergence, 59, 173, 219-220, 247
and hiding, 59
in recursive calls, 186
interacting with, 223
divergence-freedom, 173, 246
by construction, 249
divergent trace, 220
duration calculus, 329
dynamic specification, 29

encapsulation, 53

environmental assumptions, 371-373

ESTEREL, 329

ET-LOTOS, 329

event guarded, 119

event prefixseeprefix

event renamingseerenaming
events, 2

eventual non-retraction, 415
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on aset, 416

evolutions, 267, 268

exception handling, 276

executions, 85, 88, 313-315
structure, 326

external choice, 18—-22
FDI semantics, 231
inference rule, 145, 197
laws, 93, 179, 180, 231
operational rules, 19
stable failures, 179
timed and nondeterminism, 280
timed failures, 349
timed inference rule, 376
timed operational rules, 278
traces, 93

failures, 221

fairness, 248

FDI model, 222
properties, 222-226

FDI timewise refinement, 434-436

FDR, vi, 467-482

Fencott, C., 328

FFN, 226

finite nondeterminism, 226
and recursion, 244

finite timed failures model, 357

finite variability, 325

Fischer, 388, 443

Fischer’s algorithm, 389

fixed point, 116

fixpoint operator, 73

flatten, 407

Ford, Henry, 18

FTF model, 357

furniture removers, 33

garage, 43

global clock, 266
Groote, J. F., 257
guarded function, 244
guardedness, 119

handshake synchronization, 29
Hanssen, H., 328
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He Jifeng, viii
Hennessy, Matthew, 329
hiding, 53-59
across choice, 57-59
FDI semantics, 235
inference rule, 149, 200
laws, 108
operational rules, 54
stable failures, 183
timed failures, 352
timed inference rule, 380
timed operational rules, 297
traces, 108
hierarchy of semantic models, 440
Ho-Stuart, C., 329
Hoare, C. A. R. (Tony), viii, 72, 77, 256

ill-timed processes, 387
implementation, vi
indexed alphabetized parallel, 37-42
inference rule, 146, 199
indexed external choice, 20
FDI semantics, 231
inference rule, 145, 197
laws, 95
operational rules, 20
stable failures, 179
traces, 95
indexed interface parallel, 49, 295
indexed interleaving, 48
indexed internal choice, 24
FDI semantics, 232
inference rule, 145, 198
operational rules, 24
stable failures, 180
timed failures, 350
timed inference rule, 377
timed operational rules, 282
traces, 96
indexed parallel
timed inference rule, 379
inference rules, 4-5
infinite nondeterminism, 236, 238, 241
and recursion, 242
infinite trace, 221

infinitely fast processes, 286
input, 10
inference rule, 144, 196
operational rules, 10
traces, 92
instantaneous events, 266
int, 460
interface, 1, 30
interface expansion, 63
interface parallel, 48-50
FDI semantics, 234
inference rule, 148, 200
laws, 105, 106, 182, 235, 352
operational rules, 49

relationship with parallel operators,

107
stable failures, 182
timed failures, 351
timed inference rule, 380
timed operational rules, 295
interleaves, 103
interleaving, 42-48
FDI semantics, 233
inference rule, 147, 199
laws, 104, 182, 234, 352
operational rules, 43
stable failures, 181
timed failures, 351
timed inference rule, 379
timed operational rules, 293
traces, 103
internal choice, 18, 22-25
distributivity laws, 114
FDI semantics, 232
inference rule, 145, 198
laws, 96
operational rules, 23
stable failures, 179
timed failures, 349
timed inference rule, 377
timed operational rules, 282
timed resolution, 281
traces, 95
interrupt, 70-72
and nondeterminism, 70



FDI semantics, 239
inference rule, 153, 204
laws, 114
operational rules, 70
timed failures, 354
timed inference rule, 382
timed operational rules, 305
traces, 114

interrupt event, 204

ITRACE 221

Jackson, Dave, 442
Jategoankar, Lalita, 257
Jeffrey, Alan, 329

Klop, J. W,, 72
Kruskal's algorithm, 299

labelled transition, 3

labelling, 61
traces, 111

Langerak, Rom, 464

Larsen, Kim, 442

lattice, 257

law of the excluded middle, 5

laws
alphabetized parallel, 102, 352
backward renaming, 110
delay, 348, 352, 353
distributivity, 114
external choice, 93, 179, 180, 231
hiding, 108
indexed external choice, 95
interface parallel, 105, 106, 182, 235,

352

interleaving, 104, 182, 234, 352
internal choice, 96
interrupt, 114
prefix choice, 91
recursion, 118, 189, 244, 246
refinement, 167
renaming, 110
sequential composition, 113
timed interrupt, 355
timeout, 348

Leduc, Guy, 329

INDEX 499

Léonard, Luc, 329
Leveson, N., 443
Liang Chen, 328

lift, 2

livelock, v

liveness, 140, 171, 370
LOTOS, 72

Lowe, Gavin, 442

mail forwarder, 46

mail system, 22

marathon, 49

maximal parallelism, 266

maximal progress, 266
and external events, 266
and hiding, 296
and internal events, 266
in timeout, 273

may testing, 131-133
refinement, 362
timed, 362

menu choiceseeprefix choice

metric space, 257

Meyer, Albert, 257

Milner, Robin, 72

model-checking, 209

modus ponens, 5

Moller, Faron, 328

n, 73

Mukkaram, Abida, 464

must testing, 254—-256
refinement, 362
timed, 362

mutual exclusion, 388, 406

mutual recursion, 13-18, 124-127
operational rules, 14, 189
timed failures, 360
timed operational rules, 286
traces, 125
unique fixed points, 128-131

negative premisses, 297
Newton’s method, 66
Newtonian time, 266
Nicollin, X., 328
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non-divergent, 173
non-pre-emptive, 442
non-retraction, 412-418

and timewise refinement, 414, 416

eventual, 415

on aset, 416

nondeterminism, v, vii
nondeterministic choicegdnternal choice
nondeterministic delay, 283, 284
nondeterministic delayed prefix, 283
normalization of state space, 471

observation, ix

OCCAM, 72

office junior, 71

one time stack, 69

operational semantics, 3, 5, 73

Ouaknine, Joel, 463

output, 9
inference rule, 144, 196
operational rules, 10
traces, 91

parallel,seealphabetized parallel,
seeinterface parallel,
seeinterleaving

parallel composition
timewise refinement, 411

PARTY, 329

party, 308

Petri nets, 329

Phillips, I., 464

Pi-calculus, 72

pipeline, 33

pipes, 64

Plotkin, Gordon, 73

point nondeterminism, 338

polling, 285

polling for input, 59

postman, 276

Prasad, K. V. S., 442

prefix, 6
FDI semantics, 228
inference rule, 143, 195
operational rules, 6

stable failures, 177
timed failures, 346
timed inference rule, 374
timed operational rules, 269
traces, 90
prefix choice, 7
FDI semantics, 228
inference rule, 144, 196
laws, 91
operational rules, 9
stable failures, 177
timed failures, 346
timed inference rule, 375
timed operational rules, 272
traces, 90
Prim’s algorithm, 299
process, 1
process algebra, 72
process creation, 46
process-oriented specification, 166—-168, 207—
210, 252-254
promptness, 418-422
on a set, 420-422
preserving, 421
property-oriented specification, 139, 246—
252

Quemada, J., 329

railway crossing, 429, 443
railway network, 79
random numbers, 24
real-time, 266
recursion, 11-13,115-118
FDI semantics, 241, 242
inference rule, 204
laws, 118, 189, 244, 246
operational rules, 12, 187
stable failures, 188
timed failures, 359
timed operational rules, 284
timewise refinement, 402, 411, 436
traces, 116-117
unique fixed point
timed law, 359, 361



unique fixed point law, 120
unique fixed points, 118-123
unwinding, 118
well-defined, 257
recursion induction, 153-155, 204-205,
250-252
divergence-freedom, 250
mutual recursion, 156—-158
process-oriented, 209
timed, 383
Reed, G. M. (Mike), 440
refinement, 166, 207, 398
laws, 167
may testing, 439
must testing, 439
refinement checking, 468, 474
refinement ordering, 240
refusal, 172
refusal testing, 349-350, 457
model, 457
refusal token, 339
Regan, Tim, 329
renaming, 60-63
and recursive calls, 66
FDI semantics, 237
inference rule, 150, 201, 202
laws, 110
operational rules, 60
relational, 73
stable failures, 184
timed failures, 353
timed inference rule, 381
timed operational rules, 302
traces, 109
responsibility and control, 267
Roscoe, A. W. (Bill), 72, 73, 79, 256, 440
routing, 40
RUN
FDI semantics, 230
inference rule, 145, 197
stable failures, 178
traces, 92

safety, 140, 171
sat 139, 193, 367
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satisfiability, 140

scheduler, 248

secretary, 57

Segall, A., 257

segments of track, 79

semantic models, relationships between,

227,247

sequence notation, 86—88

sequential composition, 67-69
FDI semantics, 238
inference rule, 153, 203
laws, 113
operational rules, 68
stable failures, 185
timed failures, 354
timed inference rule, 382
timed operational rules, 303
traces, 112

Shiddinger’s cat, 281

Sifakis, J., 328

SKIP, 11
FDI semantics, 229
inference rule, 144, 196
operational rules, 11
stable failures, 177
timed failures, 347
timed inference rule, 375
timed operational rules, 273
traces, 92

sorting, 39

soundness, 5

specification, vi, 86, 139
conjoining, 142
independent of a set, 149
liveness, 193
safety, 139
timed, 367
translating, 403
vacuous, 141
weakening, 141

specification macros, 369-373

spin divergence, 316

spin execution, 316

stability value, 440

stable, 172, 268
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stable failure, 174
stable failures model, 174-175
stable refusals, 172-174
stack, 217
static specification, 29
STORG6, 9
FDI semantics, 228
inference rule, 142, 195
operational rules, 6
stable failures, 176
timed failures, 345
timed inference rule, 373
timed operational rules, 268
traces, 90
stop and wait protocol, 54, 58
stopwatch, 287
successful terminatiosge SKIP
sum, 149
swag,d, 65
synch,, 105
synchronous CCS, 328

t-active, 324
andt-guarded, 324
t-guarded, 321
temporal logic, 442
real-time, 329
term 149
termination, 73, 316
in parallel combinations, 30
test, 132
testing, 73
may testing, 131-133
timed failures, 361
threads, 46
time additivity, 312
time closure, 313
time determinism, 311
time interpolation, 312
time-abstracting bisimulation, 442
time-guarded, 286, 288, 320
timed ACP, 329, 442
timed CCS, 328
timed computational model, 266
timed CSP, 265

timed event prefix, 270
timed operational rules, 270
timed failures, 334, 342—-343
timed failures model, 343-345, 356
properties, 344
timed failures stabilities model, 440
timed interrupt
laws, 355
timed failures, 355
timed inference rule, 383
timed operational rules, 308
timed LOTOS, 329
timed prefix
timed failures, 346
timed inference rule, 374
timed process algebra, 327
timed refusal, 334
notation, 340-341
timed refusals, 338
timed synchronization, 289
timed trace, 334
notation, 334-335
of an execution, 336
timeout, 273
laws, 348
timed failures, 347
timed inference rule, 376
timed operational rules, 274
untimed, 58
variables in time expression, 277
timestop, 316, 317
absence, 325
timewise refinement
and non-retraction, 414, 416
finite interfaces, 422-423
preservation by operators, 399-401,
410-411
stable failures, 408
trace, 398
tockevents, 445
tock-CSP, 452
tocktimed, 459
Tofts, C., 328
trace equivalence, 89
trace specification



timed translation, 403

traces, 85

traces, 88

traces model, 89
properties, 90

transitions, 3—4

in timed context, 267

urgency, 296, 315

in timed failures, 342

Vaandrager, Frits., 257
Valmari, A., 257

verification, compositional, 141

Wang Vi, 328, 442
watchdog timer, 277
well-behaved, 315
well-timed, 325, 448

zeno behaviour, 319-320

zeno divergence, 317
zeno execution, 317
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2COPY, 65

AB, 296
ACCUMULATOR16
ALT, 208

ATT, 32,137

AUTH, 185

B, 479

BAG, 209

BOOK, 47
BOUNCE 128
BOX, 36
BROWSING35
BUFF, 387
BUFFER 17, 158
BUS 1, 20, 91, 94
BUS 111,19
BUS 2, 20, 94
BUS 37, 19
BUS_STOR 304

C1 (constraint process), 290
C2 (constraint process), 291
C3 (constraint process), 291
C4 (constraint process), 291
CALC, 33

CARL, 289, 378

CASHIER 47

CH, 236

CHAIN, 39, 61

CHANGE 32, 121

CHAOS 178

CHIT, 47

CHOPR, 78
CHOPSTICKS78

Ci;j, 39

CLOCK, 309

COFFEE 457

COLLEGE 78

CON, 79
CONTROLLER430
CONTROLLER, 448

COOKED, 169
COPIER 306
COPIER, 307
COPY, 13, 61, 123
COUNT, 156
COUNT(i), 16
COUNT(n), 130
COUNTER 16
COUNTURnN), 130
CROSS13, 14, 194
CROSSING430
CROSSING, 449
CUST, 32,137

DAVE, 37, 181
DELIVERY, 277
DISPENSE381
DISTSUM 161, 216, 254
DIv, 177

DOOR 170

EASEL 36
ELEANOR 306
EMERGENCY306
EMPTY, 79

ENT, 14

FASTLIGHT, 318
FAX, 45

FAXES 45
FIRST, 79
FISCHER 390
FOOQT, 66
FORECOURTA43

GATE 430
MOVEqck, 449
GATEqck, 449
GROUR 38

HARDBUFF, 285
HEAD, 66
HEATER(), 15



HELEN, 289, 378
HIGH, 124
HOUR 66

IN, 388
INPUTS 409
ISABELLA 36, 60

JANET, 62
JOURNEY 306
JUNIOR 71
JUNIOR2, 72

K1 (constraint process), 292
K2 (constraint process), 292
KATE, 36, 61, 306
KATE_BED, 291

KRUSKAL 299

LATECARL 290

LEFT, 128

LEVEL, 322

LIGHT, 11,12, 14,117, 156, 205, 251
LINE,, 45

LOW, 124

MACHINE, 32, 121
MACHINE, 122
MAIL, 22
MAIL_SERVICES55
MAILER 42
MARATHON 50
MASTER54, 137
MED(c), 206

MID, 124
MORNING 443

NBUFF, 208

NETWORK 161, 213, 254
NEWTON 66

N, 42

NODE, 46, 154, 211
NODE(i), 162, 170, 254
NODE(x), 67
NONREADER76
NVMSPEG 472
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OFFER 58, 277, 301
OFFERS418
OFFICE, 62, 201
ON, 14, 156
ONE_SHOT, 282
ONE_SHOT, 284
ONE_SHOT; 5/, 283
OUT, 388

OUT(x), 46

OUT,, 137

PAINT, 62
PAINTING 36
PARITY, 59
PERSON, 38
PETE 37,181
PETE, 37

PHIL;, 78

PHILS, 78

POLL, 59, 301
POLLI, 236
POLLING, 285, 409
PRIM, 299
PRINT, 300, 380, 461
PRINTI, 183
PRINTER 461
PRINTER), 6, 269
PRINTER, 7
PRINTER, 8
PRINTER, 10
PRINTQ 57
PUMPI, 43
PUMP2, 43
PURCHASE69

QS 390

RACE 32, 49
RAW, 169
REACT, 272
REACT, 283
READER 76
RECEIPT, 47
RECORD 137
RELAY, 21
RELAY, 21
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RIGHT, 128
ROUTER 23
RUN, 92

RUNNER 49

SAFETY, 451
SALE 64, 202
SAWR 123

SAWR, 58

SEG 57
SECOND79
SECURESHOR 34
SECURITY 34
SERVICE19, 45
SET, 17, 67

SHOR 35
SHOPPING 34
SIMON, 405
SORTER40
SPAWN 131
SPEEDQ318
SPEEDO, 319
SPENDING 69
SPOOL 300, 380, 461
SPY, 54, 137
SQRT 66

STACK 18, 76, 170
STACK, 217
STACK, 217
START128
STOPPEDWATCH288
STOPWATCH?288
STORE69

SYLVIE 62
SYSTEM430
SYSTEMg, 450

TASKS71

TCHAIN, 293
TCONTROLLER432
TCOPY, 286

TEA 457

TEAM, 37

TFAX, 294

TFAXES 294

TGATE 432
THROUGH 388
TICKET, 32, 121
TILL, 35
TIMED_BUS 1, 280
TIMED_BUS 111, 279
TIMED_BUS 2, 280
TIMED_BUS 37, 279
TIMESTOR 318
TINPUTS 409
TINPUTR, 416
TINPUTS, 417
TMED, 428
TMORNING 443
TOFFER 301

TOT, 161, 254
TOT(i), 16

TOY, 322
TPERSON296
TPOLL, 301
TPRESENT296
TPRINTER, 274
TQ, 292

TRAIN, 430
TRAINoci, 450
TRANS287, 417
TRANSMIT 286
TSWITCH 384
TTRAIN 432
TTRANS417

UFISCHER 406
UOFFERS 418
UWITHDRAWS418

VAR 71
VAR, 137

vV, 137

VM1, 191
VM2, 191
VM3, 191
VMIMP, 473
VMIMP2, 474
VMSPEG 472

WAITER 276



WAITER, 413
WAITER, 414
WAITER, 414
WATCH 34, 364
WATCHDOG 277
WITHDRAWS418
WOBBLE 128

Z(n), 319
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