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Preface

By relieving the brain of all unnecessary work, a good notation sets it free to concentrate
on more advanced problems.

Alfred North Whitehead

This book provides an introduction to Communicating Sequential Processes (CSP)
and its use as a formal method for concurrency. The CSP approach has been widely used
in the specification, analysis and verification of concurrent and real-time systems, and for
understanding the particular issues that can arise when concurrency is present. It provides a
good notation which enables specifications and designs to be clearly expressedand understood,
together with a supporting theory which allows them to be analyzed and shown to be correct.

Concurrent systems are complicated: they consist of many components whichmay
execute in parallel, and the complexity arises from the combinations of ways in which their
parts can interact. The design of such systems requires ways of keeping these interactions
under control. Concurrency by its very nature introduces phenomena notpresent in sequential
systems, such as deadlock and livelock. Deadlock can arise when a number of components are
each awaiting an interaction from some other component before they can themselves continue.
Livelock arises when components descend into an endless sequence of interaction among
themselves, excluding any other components and the outside world. These properties arise
not from individual components but from the way they are combined. Nondeterminism can
also arise naturally in parallel compositions, for example when race conditions arise. The
presence of time adds another dimension to the complexity. A theory of concurrency such as
CSP provides a way of understanding and thereby controlling such phenomena.
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The language of CSP is appropriate for capturing system descriptions atdifferent stages
in the development process:� Specificationsdescribe the required or expected behaviour of a system or component.

These may be captured within the language of CSP.� Designdecisions are concerned with how components might be combined to providea
system meeting a particular specification.� Implementation descriptions contain only those aspects of the language of CSP that
can be directly converted into program code.

These levels are not rigid. It may be difficult to tell whether a CSP description is a specification
or an abstract design, or to distinguish a more detailed design from an implementation. This
allows a stepwise development from specification to implementation, since all intermediate
stages may be considered as designs which progressively fill in more detail.One benefit of
using a single language is that different levels of description can be compared and related
within a single framework.

Even individual features of the language may be used at a number of differentlevels.
Parallel combination may be used at the level of specification to denote conjunction, at the level
of design to describe a concurrent architecture, and at the level of implementation to describe
how processes must synchronize. Internal choice likewise is appropriatein specifications
to denote a disjunction of possibilities, at the level of design to indicate that a number of
approaches may be appropriate to provide some service, and at the level of implementation
when run-time nondeterminism is present. Other operators of the language are appropriate
only at some stages of the development process. Event abstraction is not appropriate in
specifications, since it is concerned with internalizing events—and internalevents should not
appear in specifications. It is used in design, when describing the structure of complex systems
which have some internal detail.

The language has been evolving since its inception, even recently as application of the
model-checking tool FDR1 to real problems shows which operators are useful in practice, and
motivates new operators and alterations to existing ones.

Organization

This book is organized into four parts. Parts I and II are concerned with the untimed language
and theory of CSP, and Parts III and IV are concerned with the introductionof time into the
language and underlying theory. Part I introduces the core language of CSP, explaining in
operational terms how CSP processes might execute. Chapter 1 discusses the central notion
of processes, introduces the labelled transition system approach to operational semantics, and
covers the sequential part of the language: the performance of events, input and output, and

1developed and marketed by Formal Systems Europe Ltd
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the various forms of choice. Chapter 2 provides the ways in which processescan be combined
in parallel and introduces the various forms of concurrency into the language. Chapter 3
completes the discussion of the language, introducing the various abstraction mechanisms
provided by CSP, and the ways in which flow of control can be described.

Part II introduces the semantic models which provide ways of understanding the lan-
guage in terms of how processes can behave, and which provide foundations for specification
and verification techniques. Chapter 4 provides the simplest model, usingtracesas obser-
vations, and illustrates the denotational approach, particularly the way recursion is treated.
Chapter 5 introduces the approach taken to specification of processes, and provides a composi-
tional proof system based upon the traces model for verification of safety properties. These two
chapters between them exemplify the approach taken throughout the book to providing a deno-
tational semantics for CSP, and for specifying and verifying processes. Chapter 6 introduces a
more detailed kind of observation, thestable failurewhich allows analysis of phenomena such
as nondeterminism and deadlock. The stable failures model is closely related to the classical
failures-divergencesmodel—they are identical for divergence-free processes—and provides
a cleaner introduction to the notion of failures. Chapter 7 covers the additional specifications
that this model permits; and provides a proof system for their verification. Finally, Chapter 8
introduces thefailures-divergences-infinite tracesmodel which allows questions of liveness
and arbitrary nondeterminism to be properly addressed. This model is an extension of the
traditional failures-divergencesmodel to handle unbounded nondeterminism, and relates more
crisply to the timed models introduced later in the book.

In Part III, time is introduced into the CSP language. Chapter 9 presentsnew language
constructs to describe timeouts, delays, and timed interrupts, and provides a timed operational
semantics for the enhanced language which describes how processes are to be executed with
respect to the explicit passage of time. Chapter 10 considers in greater depththe nature and
character of the timed labelled transition systems used to provide CSP with a timed operational
semantics.

Part IV providesan understandingof the language in terms of timed observations. Chap-
ter 11 introduces timed observations in terms oftimed failures, and presents the corresponding
semantic model, together with the timed failures denotational semantics for CSP. Chapter 12
discusses the use of timed failures as a basis for specification of real-timerequirements, and
covers a specification macro language for expressing common timed specificationidioms. It
also provides a compositional proof system for verification of time-sensitive systems with
respect to such specifications. Finally, Chapter 13 draws together the untimed and timed ap-
proaches to CSP through the theory oftimewise refinement, and shows how to exploit the links
between the various models in order to combine analyses at different levels of abstraction.

Notes on work related to CSP and to timed CSP appear at the end of Parts I and III
respectively, and notes on the development of the theory appear at the end of Parts II and IV.
Exercises on the material appear at the end of each chapter.

The book has an associated web site

http://www.cs.rhbnc.ac.uk/books/concurrency

on which answers to many of the exercises can be found (some with restrictedaccess), as well
as a variety of other course material related to this book.
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Course suggestions

This book is intended primarily as a textbook, aimed at final year undergraduates and post-
graduates. As such, it can support a variety of courses on CSP.

Traditional CSP: The first two parts of the book are self-contained,and provide an introduction
to the language and theory of untimed CSP. These two parts (leaving outthe difficult material
of Chapter 8) can form the basis of a one semester postgraduate or advanced undergraduate
course on concurrency. The tool support provided by ProBe and FDR will enhance any such
course significantly. If used, emphasis should be placed on process-oriented specification at
the expense of property-oriented specification, and the main models to cover will be the traces
model and the stable failures model. There may even be some time at the end of the course to
cover an introduction to timed CSP.

Concurrent and real time systems: A less formal course covering issues in concurrency
can instead concentrate on the language of timed and untimed CSP and ignore the semantic
models. Parts I and III of the book between them introduce and explain thefull CSP language,
and are self-contained. This course would still benefit from introducing traces as a basis for
verification (and traces refinement in FDR), and a discussion of deadlock and divergence,
though failures and divergences semantics would most likely be beyond its scope.

Real time concurrency: The third and fourth parts of the book comprise a one-semester
course on real time CSP, or the basis for a course on design of real-timesystems. Parts III
and IV rest to some extent on previous exposure to CSP, and ideally this course would follow
a course based on the first half of the book. However, the required CSP canbe obtained as
the course progresses by dipping into the earlier parts as and when necessary, at the cost of a
slower pace. These two parts are self-contained and mostly independent of thefirst half (apart
from Chapter 13, which covers the relationship between untimed and timed CSP).

Semantic approaches

In this book the CSP language is introduced operationally: CSP programs are defined in terms
of how they are to be executed. This is for purely the purposes of explanation—experience
has shown the author that CSP operators are easier to understand initiallywhen explained
through operational semantics. However, the CSP approach is denotationalin nature, the
design of the language is driven by denotational considerations, and reasoning and analysis
should be carried out at the level of the appropriate denotational model.The operational
presentation is essentially for elucidation of the language. Different semantic approaches have
relative strengths and weaknesses, and there are benefits to be gained from combining them,
as elucidated in Hoare and He’s programme to unify theories of programming[48].

The denotational semantics will associate a CSP program with a set ofobservationsthat
may be made of it while it is executing. The denotational observations relate to executions
given by the operational semantics and may be extracted directly. However, the benefits of
the denotational approach derive from itscompositionalnature: the observations of a program
may also be deduced from the observations of its components, without anyneed to refer to the
operational semantics directly.
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Different kinds of observation give rise to different semantic models. The four models
introduced in this book—the traces model, the stable failures model, the failures-divergences-
infinite traces model, and the timed failures model—all arise from progressively more detailed
observations of processes, but all models have the same underlying philosophy: a process is
determined by what may be observed of it. A programP is always associated with the setfobs: OBSj P ‘exhibits’ obsg

where the type of observationOBSdetermines the model.

An important theme running through this book concerns the relationship between the
untimed and the timed versions of CSP. The untimed language particularly is introduced in
such a way as to make its relationship with the timed language plain. Thisbook takes the
view that analysis of system behaviour is appropriate at a number of levels of abstraction, and
provides a unified framework for the results to be combined. Timed systems have a number
of functional or logical properties which are independent of time considerations, and these
are best treated within the more abstract untimed models without carryingthe unnecessary
additional baggage of timing information where it is not needed. Timed properties which rely
on the timed behaviour must necessarily be verified in the less abstract timed world, but the
relationships between the different levels of abstraction allow results to be carried from one
level to another.

There are a number of reasons for taking this approach. The untimed theoryis more
abstract, enabling simpler proofs. It is also more mature, so there is more experience within
the CSP community in analyzing and verifying untimed CSP descriptions, and there are more
case studies. A third reason concerns computer aided verification, which is presently available
for untimed CSP in the form of the Failures Divergences Refinement checker FDRbut which
is not yet available for timed CSP.

The models presented in this book are those that best support the theory of timewise
refinement. In particular, the inclusion of infinite behaviours supports a much cleaner link
between the untimed and the timed levels of abstraction, and enables that linkto be exploited
in the design and development of concurrent real time systems.

Steve Schneider
Royal Holloway

May 1999
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The language of CSP



1
Sequential processes

1.1 EVENTS AND PROCESSES

Any approach to describing the world must concentrate on features of interest. Architects,
engineers, economists, cartographers, biologists, physicists, and computer scientists all cat-
egorize and describe the world from their own particular point of view, appropriate to the
phenomena they are trying to understand and control. They will focus on those aspects of the
world relevant to their study.

This book is concerned with the description and analysis of systems whichconsist of
interacting components. In such systems it is the myriad possibilities for interaction between
components that are difficult to understand. Since we are interested not only in understanding
such systems, but also in designing them, the description language usedwill influence how
we think about systems, and will dictate the way in which these systems will be designed.

The language of Communicating Sequential Processes (CSP) was designed forde-
scribing systems of interacting components, and it is supported by an underlying theory for
reasoning about them. The conceptual framework taken by CSP is to consider components,
or processes, as independent self-contained entities with particular interfaces through which
they interact with their environment. This viewpoint is compositional, in the sense that if two
processes are combined to form a larger system, that system is again a self-contained entity
with a particular interface—a (larger) process. This is the framework provided by CSP for
analyzing the world.Example 1.1 The kitchen of a fast-food outlet might be considered as a process. Its interface
will include the door through which the ingredients come in, the counter where the cooked
food is passed to the till staff, and the tannoy on which orders come in.

1
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Another process within the fast-food outlet is the customer serving area. The interface
here will include the tills, the till counter where the customer’s food is placed, the tannoy for
relaying orders to the kitchen, the food counter for picking up food placed there by the kitchen.

The kitchen and the customer serving area may be considered as distinct processes, and
this separation may be appropriate from the management and company organization point of
view. Furthermore, their combination will also be a process, whose interface will include the
tills, the till counter, and the door through which ingredients comeinto the kitchen.

The kitchen itself need not be considered as an atomic process, and may instead be
viewed as a combination of more primitive processes, such as a grill process, a deep-fry
process, a microwave process, and an ingredients-sort-and-distribute process. 2

Since a process interacts with other processes only through its interface, the important
information in the description of a process concerns its behaviour on that interface. In
describing systems made up of interacting components and analyzing the effects of their
interaction, the appropriate level will abstract away the internal workings of the process and
will focus on its activity at the interface: its external activity.

The interface of a process will be described as a set ofevents. An event describes a
particular kind of atomic indivisible action that can be performed or suffered by the process.
In describing a process, the first issue to be decided must be the set of events which the process
can perform. This set provides the framework for the description of the process.Example 1.2 A printer can accept jobs, and it can print them. Its interface may be given as
the setfaccept; printg. 2Example 1.3 A telephone has12 buttons, a handset, and a bell. The handset may be lifted
or replaced. Its interface might be given as the setf1; 2; 3; 4; 5; 6; 7; 8; 9; 0;#; �; handset:lift ; handset:replace; ringg

This set is precisely the ways in which the telephone can interact with its environment. 2Example 1.4 A lift system which serves floors0 to 3 has anupbutton on each floor (apart
from the top), adownbutton on each floor (apart from the bottom) and agoto:i button for each
floor, within the lift. It also has doors at each floor which can open and close.Finally, it has
an emergencyhalt button within the lift. Its interface will be described by the following:fup:0; up:1; up:2; down:1; down:2; down:3;

goto:0; goto:1; goto:2; goto:3;

open:0; close:0; open:1; close:1;open:2; close:2;open:3; close:3;

haltg

All interaction with the lift is via this set of events. 2
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accept

print

Fig. 1.1 A machine with buttons

accept print

Fig. 1.2 A black box with wires

Processes may be thought of in a number of ways: a machine with a collectionof
buttons corresponding to the events in its interface, as in Figure 1.1; or alternatively as a black
box with a collection of wires corresponding to the events in its interface, as illustrated by
Figure 1.2.

The interface given for a process can be consideredas its static specification. Its dynamic
specification describes how it will actually behave at its interface. A process will be willing to
engage in interface events only at particular times. More generally, there will be constraints
on the sequences of events that it can engage in. For example, the lift in Example 1.4 would
be required to alternate on the opening and closing of doors. The dynamic part of the process
description will describe its permissible patterns of events.

Transitions

An operational semantics provides a way of interpreting a language—of stepping through
executions of programs written in that language. It describes an operationalunderstanding of
the language. CSP is concerned with the performance of events, so the operational semantics
will describe at what stages events may occur.

The operational semantics in fact defines how a CSP interpreter should execute.It
provides the first possible execution steps (if any) for any CSP process, together with an
expression of the subsequent behaviour in the form of another CSP process. An execution

step will be described in terms oflabelled transitionsof the formP1 ��! P2, whereP1 and
P2 are both processes. This describes atransition from P1 to P2, or equivalently a change
in state. The label� describes the action which accompanies this transition. It can be either
an external event (fromP1’s interface), a termination eventX (introduced on Page 11), or it
might be an internal action� which indicates that no interface event accompanied the change
of state. The set of all possible external events is denoted�, so� will range over�[ fX; �g,
which is written�X;� . Roman variablesa, b, c, will be used for events that must be external:
they range over� [ fXg, which is abbreviated�X.

4 SEQUENTIAL PROCESSES

up

down
aroundD U

Fig. 1.3 The finite state machine forD andU

The labelled transitionP1 ��! P2 asserts that there is an execution ofP1 which begins
with the occurrence of the event�, and its subsequent behaviour is that of processP2. The
operational semantics offers a way of stepping through executions one step at a time. Since any
execution unfolds one step at a time, this operational semantics providesall the information
necessary to step through an execution. At every stage, the rules will describe the next possible
steps (if any) for the execution.Example 1.5 The following system has two states,D andU, and three transitions between
them:� D

up�! U� U
around���! U� U
down��! D

This describes the finite state machine of Figure 1.3. 2

Event names will be written in lower case, and process names written in upper case.

Inference rules

An inference ruleallows thedeductionof a predicate from a collection of other predicates. It
will be of the following general form:

antecedent1

...
antecedentn [ side condition]

conclusion

This rule allows the conclusion to be deduced if all of the antecedents are true, and the side
condition is also true. In the special case where there are no antecedents and no side condition,
then the conclusion may be immediately deduced.

A number of conclusions which may all be drawn from the same set of antecedents may
be listed as conclusions one after the other beneath the line. This provides an alternative to
writing a separate rule with the same antecedents and side condition for eachconclusion.
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Inference rules will be used in two ways in this book. Firstly, rules may be given to for-
malize inferences concerning particular kinds of predicate. These rules can be independently
checked by considering the meaning of the predicate. For example, the ruleModus Ponens
can be given in this way:

p
p) q

q

If p andq are both logical statements, thenModus Ponensallows q to be deduced from the
pair of statementsp andp) q. The proof rule can be checked for soundness by considering
the possible meanings ofp andq: when both antecedents are true, then so too must be the
conclusion.

The law of the excluded middle is an example of a rule with no antecedents:

p _ :p

The inference rules given in the later chapters concerningsat specifications are of this kind:
an independent definition of thesat relation is given, and the rules are sound with respect to
this definition, and provide ways of reasoning about it.

Rules may also be usedaxiomaticallyto definepredicates. For example, if the relation
‘ is a parent of’ is already known, then a pair of rules can be used to define the relation ‘is an
ancestor of’:

p is an ancestor of q
q is a parent of r

p is an ancestor of r

p is an ancestor of p

The relation ‘is an ancestor of’ is defined to hold between two people precisely when the
rules can be used to deduce this. Technically, it is the smallest relation closed under these
inference rules.

Structured operational semantics are conventionally defined in this way, and this will
be the approach taken in this book. The ternary relationP1 ��! P2 betweenP1, P2, and�,
asserts that there is a transition labelled� betweenP1 andP2. The relation�!will be defined
axiomatically through inference rules. A processP1 can perform a� transition toP2 precisely
when the relationP1 ��! P2 can be deduced from the rules.

The operational semantics is just this relation between terms of the language and event
labels.

6 SEQUENTIAL PROCESSES

1.2 PERFORMING EVENTS

The simplest process of all isSTOP. This process is never prepared to engage in any of its
interface events. It might be used to describe the fast-food outlet afterit has closed down, or
a broken printer that cannot accept or print jobs.

The operational semantics forSTOPare extremely simple. It has no event transitions.
Any execution ofSTOPwill be unable to make any progress, and will remain in the same
state forever. An explicit description of its interface will describe precisely what it is unable
to perform.

Event prefix

If P is a CSP process, anda 2 � is an event in the interface ofP, then the following new
process may be constructed:

a! P

It is pronounced ‘a then P’. This process is initially able to perform onlya, and after
performinga it behaves asP. The labelled transition semantics captures this understanding:(a! P) a��! P

There are no antecedents and no side condition to this rule. It is always thecase that
a! P may perform ana transition and subsequently behave asP.Example 1.6 A one-shot printer is described by the process

PRINTER0 = accept! print! STOP

Initially it is able only toaccepta job, after which it will behave asprint ! STOP. This
subsequent process is able toprint a job, after which no further action is possible. Its complete
maximal execution is described as

accept! print! STOP# accept

print! STOP# print

STOP

The corresponding finite state machine is given in Figure 1.4. 2
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accept print

PRINTER0

Fig. 1.4 The finite state machine forPRINTER0

accept print

shutdown

PRINTER1

Fig. 1.5 The finite state machine forPRINTER1

Choosing between events

If A� � is a set of events, and for eacha in A the processP(a) is defined, then a new process
can be defined:

x : A! P(x)

This is called a menu choice, or prefix choice, since a menu of eventsA is offered as a prefix
to the subsequent behaviour. It is pronounced ‘x from A thenP(x)’. This process is prepared
initially to engage in any of the events in the setA. After an eventa is chosen, the subsequent
behaviour is that of the processP(a) corresponding to the eventa.Example 1.7 A printer which initially has ashutdownoption as well as anacceptoption can
be described using this form of choice. The initial choice is betweenacceptandshutdown. The
process followingacceptis to beprint ! STOP, and the behaviour subsequent toshutdown
is simplySTOP. This situation may be described as follows:

PRINTER1 = x : faccept; shutdowng ! P(x)

where

P(accept) = print! STOP

P(shutdown) = STOP

The corresponding finite state machine is given in Figure 1.5. 2
Prefix choice allows a notation for conditional choices to be introduced toCSP. In a choice
x : A! P(x), the definition ofP(x) might involve a conditional. For example, the printer of

8 SEQUENTIAL PROCESSES

the example above might haveP defined by

P(x) = print! STOP if x = accept
STOP otherwise

or even by

if x = accept
then print! STOP
elseSTOP

Neither of these is strictly within the language of CSP. Rather, they are constructions used in
the definition of a parameterized processP(x). However, they are conventionally used within
CSP descriptions, resulting for example in a description ofPRINTER1 as follows:

PRINTER1 = x : faccept; shutdowng ! if x = accept
then print! STOP
elseSTOP

In the case where the choice setA is finite, of the formfa1; a2 : : : ang, the branches of
the choice may be listed explicitly as follows:

a1 ! P(a1)j a2 ! P(a2)
...j an! P(an)Example 1.8 The printer above can be written as follows:

PRINTER1 = accept! print! STOPj shutdown! STOP

The events offered by the choice are listed explicitly. 2Example 1.9 A printer which begins with astartupevent:

PRINTER2 = startup! (accept! print! STOPj shutdown! STOP)

The choice is offered after the first event. 2
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In the case where the setA is empty, the choice is equivalent toSTOP. No initial events
are possible, so there can be no subsequent behaviour.

The transitions forx : A! P(x) are given by the following rule:[ a 2 A ](x : A! P(x)) a���! P(a)

For eacha 2 A there is a corresponding transition. There are no other transitions.

Compound events

Events are considered to be atomic and indivisible in their occurrence. However, a single event
may still contain various pieces of information, so events can have some structure. An example
of this has already been given in Example 1.4, where events are structured bythe kind of event
they are, together with the floor they are concerned with. Another instanceof a structured
event is given by a communication channel which carries messages. In order to model valuesv
being communicated along channelc, each possible communication is described as a separate
possible eventc:v in the interface of the process. If a processP has an input channelin that
carries0s and1s, then bothin:0 andin:1 will appear in the interface set ofP. The eventin:0

describes the appearance of value0 on channelin. Eventsin:0 and in:1 are distinct events,
though the intention is to consider them both as inputs of particular values along channelin.

If c is a particular channel name, andT is thetypeof the channel—the set of values that
may be passed along it—then the setfc:t j t 2 Tg will be the set of events associated withc.
For convenience this will be denotedc:T. More generally, it is often useful to allow a Cartesian
generalization of the ‘dot’ separator to sets. For example,c:d:S:T = fc:d:s:t j s2 S^ t 2 Tg.Example 1.10 The alphabet of the kitchen given in Example 1.1 might be given by

door:I [ counter:F [ tannoy:O
whereI is the set of all possible ingredients,F is the set of food dishes, andO is the seet of
possible orders. 2
Input and Output

If c is a channel name of typeT, andv is a particular value of typeT, then the CSP expression

c!v! P
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describes a process which is initially willing to outputv along channelc, and subsequently
behave asP. This means that the only event it is initially willing to perform isc:v, and its
transition semantics is (c!v! P) c:v�! P

This process has the same behaviour asc:v! P, but the intention of the designer in considering
it as output is made explicit. It is simply a convenient syntactic distinction.

If processesP(x) are defined for eachx 2 T then the CSP input expression

c?x : T ! P(x)
describes a process which is initially ready to accept any valuex of typeT along channelc.
Its subsequent behaviour, described byP(x), is determined by the valuev that it receives as
input. [ v 2 T ](c?x : T ! P(x)) c:v�! P(v)Example 1.11 A ‘squaring’ server could be described by

in?x : N ! out!(x2)! STOP

The output value is the square of the input. 2Example 1.12 If JOBSis the set of all possible print jobs that can be accepted by a printer,
then a more detailed description of a one-shot printer would be

PRINTER3 = accept?j : JOBS! print!j ! STOP 2Example 1.13 A multiplication server could be described by

in?m : N ! in?n : N ! out!(m� n)! STOP

or alternatively by

in?(m; n) : (N � N) ! out!(m� n)! STOP

The first process takes in one input followed by another, and then producesan output. The
second process requires the pair of numbers to be submitted as a single input. 2
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Successful termination

Successful termination is the point that a process reaches when its executionhas completed.
The process representing this state is

SKIP

which can do nothing except indicate that it has reached termination. It achievesthis by
performing the special termination eventX. It does nothing else.

SKIP

X�! STOP

The eventX is a special event used purely to denote termination, so it is not a member of the
universal set of events�. It therefore cannot appear as an event prefixa! P, or as one of the
choices in a menu choice: such processes describe behaviour subsequent to theirevents, and
this is inappropriate for termination.

1.3 RECURSION

The process constructors introduced thus far allow the construction only of finite processes,
which execute for a finite number of steps before stopping. In order todescribe infinitely
executing processes, arecursionconstruct is introduced. This allows looping executions to be
defined. For example, the processLIGHT = on! off ! LIGHT, illustrated in Figure 1.6,
allows the alternation of the eventsonandoff indefinitely.

A processname Nmay be used as a component process in a process definition. It is
bound by the definition

N = P

whereP is an arbitrary CSP expression which may include process nameN. The process
expressionP is thebodyof the recursive definition.

The rule for unwinding a process nameN recursively bound to a process definitionP is
as follows:

P

��! P0 [ N = P ]
N

��! P0
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LIGHT

off

on

Fig. 1.6 The finite state machine forLIGHT

This rule states that any execution ofP will be an execution ofN.

Another way to considerP is as a process dependent onN. To make this relationship
explicit, P may also be written asF(N).

The notationP1[P2=N] is used to denote the substitution meta-operation, where all (free)
instances of the process nameN appearing inP1 are replaced by the process expressionP2.
For example(on! off ! LIGHT)[on! STOP=LIGHT] = on! off ! on! STOP(on! off ! LIGHT)[Y=LIGHT] = on! off ! Y

If N = P is a recursive definition, thenF(Y) = P[Y=N] is the function (inY) corresponding
to the body of the definition.Example 1.14 The processLIGHT is recursively defined as follows:

LIGHT = on! off ! LIGHT

Equivalently,LIGHT = F(LIGHT), whereF(Y) = on! off ! Y.
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The execution ofLIGHT unfolds as follows:

LIGHT#on

off ! LIGHT#off

LIGHT#on

off ! LIGHT
...

It may alternate between the statesLIGHT andoff ! LIGHT forever. 2Example 1.15 The one-place bufferCOPYis initially ready to accept any message of type
T as input, and will then hold it until it is output.

COPY = in?x : T! out!x! COPY

After output, it returns to its initial state. 2Example 1.16 A specification of a railway crossing describes the required interactions
between the raising and lowering of the gate, and the arrival and departure ofa train.

CROSS = train:approach! train:enter! train:leave! CROSSj gate:raise! train:approach! gate:down!

train:enter! train:leave! CROSS

The initial state has the gate lowered, blocking road vehicles from crossing the rails. Either
the gate is raised, or else a train approaches the crossing. If the gate is raised then it must be
lowered on the approach of a train. If the train enters the crossing then itmust leave before
the gate may be raised. The transition graph forCROSSis given in Figure 1.7. Compound
events are used here simply to associate each event with either the train or the gate. 2
Mutual Recursion

A collection of recursive definitions will bind a number of process names to process definitions.
It is often useful to allow the process definitions to contain a number ofthe names being defined,
so that in fact the various processes are defined in terms of each other. This construction is
known asmutual recursion.
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CROSS
gate:raise

train:approach

gate:lower
train:enter

train:leave

train:approach

Fig. 1.7 Transition graph forCROSSExample 1.17 The processLIGHT may be defined in terms of a processON, which is itself
defined in terms ofLIGHT:

LIGHT = on! ON

ON = off ! LIGHT

These recursive definitions define two processes, each in terms of the other. 2

In order for a set of recursive definitions to be a mutual recursion, each name appearing
in any of the process bodies must be bound in one of the recursive definitions. The single
definitionLIGHT = on! ON by itself is not suitable as a recursive definition: the process
nameON must also be bound.

The transition rule for unwinding a recursive definition is exactlythe same as that given
for a single recursion. The transitions that can be made for a process name Ni in the context
of a collection of bindings which bindsNi to Pi are precisely the transitions ofPi .

Pi

��! P0 [ Ni = Pi ]

Ni

��! P0

The processCROSSdefined in Example 1.16 might also have been given using a mutual
recursion:

CROSS = gate:raise! train:approach! gate:lower! ENTj train:approach! ENT

ENT = train:enter! train:leave! CROSS
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The behaviour of this version ofCROSSis indistinguishable from the single recursive process
given earlier.

One execution ofCROSSis as follows:

CROSS#gate:raise(train:approach! gate:lower! ENT)# train:approach(gate:lower! ENT)#gate:lower
ENT# train:enter(train:leave! CROSS)

...

This is one of the paths through the transition graph shown in Figure 1.7. The names of the
recursive processes used in the definition ofCROSShave been chosen to reflect the important
states of the system:ENT is the point at which the train will enter the crossing.

This convention may be used more generally with a family of process namesN(i)

parameterized byi 2 I . A mutual recursion will bind them to a family of processes containing
these names. Alternatively they will be bound to a family of functionsF(i) where each is a
function of the family of namesN(i).Example 1.18 A heater has four power settings, which can be changed by the events
up anddown. We use the four process namesHEATER(0), HEATER(1), HEATER(2) and
HEATER(3) to describe the four possible states. Their interrelationships are described by
mutual recursion:

HEATER(0) = up! HEATER(1)

HEATER(1) = up! HEATER(2) j down! HEATER(0)

HEATER(2) = up! HEATER(3) j down! HEATER(1)

HEATER(3) = down! HEATER(2)

At any point in the execution, the process will be at one of theHEATER(i) nodes. The value
of i might be thought of as the state of the heater, corresponding to the setting on a dial. 2

It is appropriate to keep track only of those aspects of internal state that have an impact
on the external behaviour patterns of the process. The CSP notation isintended primarily
to support description and analysis of processes in terms of their interactions. However, the
interactions possible for a process might depend on the value of some internal state variable,
and so it is necessary in such situations to keep track of the relevant information, but only in so
far as it affects the process’ external behaviour. In theHEATERexample above, the value of
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the state determines how manyupanddownevents are possible. The heater might also contain
a thermostat, but if its setting does not have any effect on the behaviour under consideration,
then its value is superfluous to the description of the process, and should not be included.Example 1.19 A counter can beincrementedor decrementedat any point, provided the
total number ofdecrementevents does not exceed the number ofincrementevents. The
family of process namesCOUNT(i) will be used to defineCOUNTER, wherei will track the
difference between the number ofincrementevents and the number ofdecrementevents.

COUNT(0) = increment! COUNT(1)
COUNT(i) = increment! COUNT(i + 1)j decrement! COUNT(i � 1) if i > 0

The counter begins at0:

COUNTER = COUNT(0)
If there could be any number ofincrementanddecrementevents, in any order, then it

would be unnecessary to keep track of the difference between them, and the processdescription

C = increment! C j decrement! C

would be sufficient. State information should be carried only where itaffects the possible
executions of the process. 2Example 1.20 An ACCUMULATORis used to keep track of running totals of sequences of
numbers. It has aresetevent, aquerychannel on which the current total can be output, and an
addchannel where it is possible to add another number. The family of process namesTOT(i)

will be used to define this process, wherei represents the running total.

TOT(i) = reset! TOT(0)j query!i ! TOT(i)j add?x : N ! TOT(i + x)

ACCUMULATORcan now be defined:

ACCUMULATOR = TOT(0)

Its initial state will be0. 2

Indices for recursive process names need not be restricted to numbers: more generally,
any kind of index may be used. This allows processes to be parameterized by more abstract
values such as sets or strings. They do not need to be directly representablewithin a computer.



RECURSION 17Example 1.21 A process which models a set of elements of typeT allows elements to be
added, and provides information about whether a particular element is in theset. It will be
parameterized byS, the current set of elements:

SET = SET(fg)

SET(S) = add?x : T ! SET(S[ fxg)j query?y : T ! �

answer!yes! SET(S) if y 2 S
answer!no! SET(S) otherwise

The response depends both on the parameterSand the inputy. 2Example 1.22 A buffer of infinite capacity is always prepared to input a fresh message,
and when it is nonempty it is prepared to output the message at the head of the queue. It may
be parameterized by the sequencesof messages currently in the buffer.

BUFFER(hi) = in?x : M ! BUFFER(hxi)

BUFFER(hyia s) = in?x : M ! BUFFER(hyia sa hxi)j out!y! BUFFER(s)

x andy range overM, ands ranges overM�, the (finite) strings of elements ofM. The notationhmi represents a singleton sequence containing justm, and ‘a’ is sequence concatenation,
discussed in more detail in Section 4.

An initially empty buffer is described by

BUFFER = BUFFER(hi)

One execution ofBUFFERis

BUFFER# in:3

BUFFER(h3i)# in:8

BUFFER(h3; 8i)#out!3

BUFFER(h8i)

...

The parameter consists of the items still in the buffer. 2

18 SEQUENTIAL PROCESSESExample 1.23 The description of a stack is very similar to that of the buffer:

STACK(hi) = push?x : M ! STACK(hxi)
STACK(hyia s) = push?x : M ! STACK(hxia hyia s)j pop!y! STACK(s)

The only difference is that input messages are placed at the beginning of the string rather than
at the end. 2

1.4 CHOICE

Prefix choice has already introduced the possibility of process executionshaving a number of
possible courses of action. Whereas that operator offers a choice between events, this section
will introduce choices between processes.

In concurrent systems it is useful to distinguish between the cases where control over
resolution of choice resides within a process itself, and where control is outside it. For
example, a car showroom advertising cars in any colour might allow either the customer or
the manufacturer Henry Ford1 to make the choice; and these two possibilities are different.
The distinction is important in concurrent systems, since problems may arise if two processes
have both been given control over a particular choice. If both Henry Ford andthe customer
are considered to have control over the choice of colour then problems arise if they do not
agree. It is therefore important to distinguish betweenexternal choicewhere control over the
choice is external to a process, andinternal choicewhere the environment of the process has
no such control.

External choice

An external choice between two processes is initially ready to perform the events that either
process can engage in. The choice is resolved by the performance of the first event, in favour
of the process that performs it. This choice is written

P1 2 P2

and is pronounced ‘P1 external choiceP2’
1Ford offered the purchasers of his cars the choice of “any colour as long as it’s black”.



CHOICE 19Example 1.24 A particular bus journey is covered by two bus routes: the 37 and the 111.
The service offered for that journey is then described as the choice between these two bus
services.

SERVICE = BUS 37 2 BUS 111

This choice can be described even before the initial events of theBUSprocesses are known.

The bus services are used to travel from the bus station atA to a destination atB. The
pertinent events for this journey in the description of aBUSprocess areboard, alight, andpay.

BUS 37 = board:37:A! ( pay:90! alight:37:B! STOPj alight:37:A! STOP)

On boarding the bus atA, a passenger must either pay the fare and then travel toB, or alight
again atA without traveling.

The rival bus route charges a lower fare.

BUS 111 = board:111:A! ( pay:70! alight:111:B! STOPj alight:111:A! STOP)

The descriptionSERVICEdescribes the situation in the bus station. There is a choice
of two buses, and the choice between them is resolved when the first one is boarded. 2

The transition rules for external choice reflect the fact that the first external event resolves
the choice in favour of the process performing the event, and that the choice is not resolved
on the occurrence of internal events.

P1 a�! P01

P1 2 P2 a�! P01

P2 2 P1 a�! P01 P1 ��! P01

P1 2 P2 ��! P01 2 P2

P2 2 P1 ��! P2 2 P01

Control over resolution of the choice is external because the events of both choices
are initially available. Considering processes as machines with buttons,the buttons that are
initially enabled are those enabled by either of the choice processes. The choice is made
externally because the choice of which button to press is not restricted bythe process. The
choice of buses is not made by the processSERVICE, but this choice is instead offered to the
customer.

However, if the same event is offered by both of the choice processes, thenan external
agent will not have control over which process is chosen. An external agent has control only
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over the choice of initial event, not over the possible subsequent behaviours in the case where
both processes offer the chosen initial event.Example 1.25 The previous description of the bus service provided at the bus station was
appropriate in the case where the passenger looks at the number on the front of the bus and so
can distinguish the eventsboard:37:A andboard:111:A.

The buses available to a passenger who cannot read the bus number are better described
simply as two busesBUS 1 andBUS 2.

BUS 1 = board:A! ( pay:90! alight:B! STOPj alight:A! STOP)
BUS 2 = board:A! ( pay:70! alight:B! STOPj alight:A! STOP)

The choiceBUS 1 2 BUS 2 still offers the option of boarding either bus, but since the two
boardevents are not distinguished, the passenger has no control over which bus is boarded.
Ignoring the number on the front of the bus results in the inability to distinguish routes. The
passenger becomes unable to choose which fare to pay, since no further control over the
choice is possible. In the previous case, the passenger could control thefare by ensuring the
appropriate bus was boarded. 2

Indexed external choice

The binary form of external choice can be generalized to an external choice between any finite
number of processes. IfI is a finite indexing set (which can be empty) such thatPi is defined
for eachi 2 I , then it may be given an operational semantics as follows:

Pj
a�! P0 [ j 2 I ]2

i2I
Pi

a�! P0 Pj

��! P0j [ j 2 I ]2

i2I
Pi

��! 2

i2I
P0i

whereP0i = Pi for i 6= j.

In fact the relationship between indexed external choice and binary external choice is
captured by the following alternative definition of indexed external choice in terms of the
binary operator.2

j2fig Pj = Pi2

j2I[fig Pj = (2

j2I
Pj) 2 Pi
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RELAY

in:0

in:1

in:2 out:1

out:2out:0

Fig. 1.8 TheRELAYprocess

The external choice operator is associative, in the sense thatP1 2 (P2 2 P3) and(P1 2 P2) 2 P3 have the same execution possibilities2. It is also commutative:P1 2 P2 and
P2 2 P1 also have the same possible execution patterns. These two properties ensure that
the order in which components are added to an indexed choice is irrelevant tothe resulting
behaviour of the choice. The only information required is the identity of the actual processes
to be combined.Example 1.26

RELAY = 2

i2I
in:i?x : T ! out:i!x! RELAY

This process describes a relay service between a number of channels of the formin:i andout:i
wherei is in some (finite) indexing setI . It is prepared to input a messagex along any of the
in:i channels, and then output it along the corresponding output channelout:i.

Observe that this description has exactly the same transitions as the alternative descrip-
tion

RELAY2 = in?i?x : I � T! out!i!x! RELAY2

The difference is in the intention of the designer. In the first case, themodel is of a process
with a number of channels of the formin:i andout:i, each of typeT. The picture of this
process is given in Figure 1.8.

In the second case, the model is of a process with a single input channel and asingle
output channel of typeI � T. This is pictured in Figure 1.9.

An event of the formin:2:7 can be considered either as the message ‘7’ on the channel
in:2, or as the message ‘2:7’ on channelin. The transition system treats these both as the same
single event.

2Technically, they arestrongly bisimilar(see [77])—any internal or visible transition that one process can perform
can be matched by the other. This is what is meant in this chapter by two processes having the same execution
possibilities.
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RELAY2in out

Fig. 1.9 TheRELAY2 process

Observe however thatRELAY2 is well-defined even in the case whereI is infinite,
whereasRELAYis not well-defined in this case. This is because external choices2

i2I
Pi are

not permitted over infinite setsI . 2Example 1.27 A mail system connects a set of nodesNODE. It may accept an input at any
nodel consisting of a destination and message(d:m). This is captured as an inputinl?(d:m).
When there are such pairs(d:m) in the system, then it may also performoutd!mcorresponding
to outputting messagemat the destination noded.

This specification of a mail system may be described using indexed external choice
within a mutually recursive definition. TheMAIL processes are indexed by multi-sets (or
bags), which maintain the number of copies of each element. A fresh copy is added eachtime
a message is input, and one copy is removed when output occurs.

MAIL = MAILfg
MAILfg = 2

l2NODE
inl?(d:m)! MAILf(d:m)g

MAILB = 2
l2NODE

inl?(d:m)! MAILBdf(d:m)g22(d:m)2B
outd!m! MAILBnf(d:m)g

whereB ranges over non-empty bags,d is bag union, andn is bag subtraction. 2

Internal choice

A process considered as a specification describes a contract between the customer and the
system designer. It encapsulates the behaviour of the system that is acceptable to the customer,
and gives the designer the requirements that must be met.

The internal choice operator is commonly used as a specification construct. Itis a choice
over which the user has no control, and for this reason it is often called nondeterministic choice.
The process

P1 u P2
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pronounced ‘P1 internal choiceP2’, describes a choice betweenP1 andP2, and the choice is
resolved by the process itself, without any influence from its environment.

Transition rules given for a specification construct cannot completely characterize the
nature of this construct, since they provide a particular approach to implementation. One way
of implementing the choice construct is to resolve the choice immediately. This is accompanied
by a silent transition, due to the state change fromP1 u P2 to one of its components. Either
of the choices is possible: (P1 u P2) ��! P1(P1 u P2) ��! P2

These rules describe an operational understanding of one way this choice could be imple-
mented, though its use is more often as a specification construct. The processP1 u P2 is a
process which is guaranteed to behave on any particular execution either asP1 or asP2. As a
specification, ifP1 u P2 describes the customer requirement then the implementor is free to
provide eitherP1 or P2 for any execution and the customer will find either acceptable.

There are a number of ways a system designer might choose to provide a system which
meets the specificationP1 u P2:� P1 andP2 could both be developed, and whenever the process is run then a coin is tossed

to decide which one to provide.� P1 andP2 could both be constructed, and whenever the process is run then resource
considerations determine which one is provided� P1 alone is provided� P2 alone is provided

These possibilities are illustrated in Figure 1.10. In each case a black box labelled with
P1 u P2 is provided, but the implementations inside the boxes are different.Example 1.28 A mail router program might offer one of two routes:ROUTER= VIA A u
VIA B. Whenever this program is invoked, the choice is resolved at run-time internally by
considering the network traffic. The user is not concerned with the route,but simply in the
correct delivery of the message, and is therefore happy to devolve responsibility for making
the choice to theROUTERprogram. 2Example 1.29 A bus company guarantees to provide buses betweenA andB, but does not
guarantee any particular route. There are two routes, the 37 and the 111. The passenger is
happy to accept either, so the service offered byBUS 37 u BUS 111 is acceptable. The bus
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P1 P2 P1 P2P1 u P2 P1 u P2 P1 u P2 P1 u P2
P1 P2

Fig. 1.10 ImplementingP1 u P2
company decides to scrap the37 bus service and run only the 111. This is indistinguishable
to the customer from the situation where the decision to run the 111 in preference to the 37 is
in fact made every morning. 2Example 1.30 A customer who will accept a car of any colour must necessarily find a black
car acceptable. A manufacturer who guarantees to provide a car meeting the specification
CARblack u CARcolouredmay decide always to provideCARblack. 2

Indexed internal choice

Since the internal choice operator corresponds to the disjunction operator as used in specifi-
cation, it is natural to generalize it. IfJ is a set of indices (which may be finite or infinite3, but
must be non-empty) andPi is defined for eachi 2 J, then the processu

i2J
Pi

is a process which can behave as any of thePi . As a specification this process describes the
requirement that any execution should be appropriate to at least one of thePi .

Operationally the indexed internal choice operator resolves immediately toone of its
arguments: [ j 2 J ](u

i2J

)Pi

��! PjExample 1.31 The range of possibilities for a random number generator might be described
by the infinite choiceu

n2N out!n! STOP

3technically, there is a given universal set of indices whichcontainsJ
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Any positive integer might be output. CSP does not express the probabilities of the numbers,
it simply records the fact that they are possible. 2Example 1.32 A process which can perform some event from the set of eventsA, but where
its environment has no control over which could be described as follows:u

a2A
a! STOP

A processD which can repeatedly perform some event from the setA could be defined
recursively as follows:

D =u

a2A
a! D

The choice can be resolved differently each time round the recursive loop. 2

ExercisesExercise 1.1 Give suitable interface sets for the following. In each case you should decide
the events that would be required in a description of how the process behaves.

1. A video recorder

2. A vending machine

3. An automated teller machine

4. A personal computer

5. A computer chip

6. A telephone answering machine

7. A multiplexor

8. An analogue to digital converterExercise 1.2 Write a CSP description of a square-root server with channelsin andout.Exercise 1.3 Write a CSP description of a multiplication component which has three input
channelsin1, in2, andin3, and one output channelout. It reads in one number from each input
channel (in any order) and outputs their product.Exercise 1.4 Write a CSP description of a small fast food outlet which serves only two
items: burgers at 75p, and chicken at 95p. The sequence of interactions involves placing an
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order for one of the items, paying for the order, and receiving the order. Only one customer at
a time can be handled.Exercise 1.5 Give the transition graph for processPRINTER2 of Example 1.9.Exercise 1.6 Give the transition graph for the processHEATERof Example 1.18.Exercise 1.7 Give the transition graph for the processCOPYof Example 1.15.Exercise 1.8 What are the possible executions forX = X ?Exercise 1.9 Define a variant of theCOPY process which accepts a value on its input
channel, and stops if that value is0, otherwise it outputs it and begins again.Exercise 1.10 Define a process with an interface consisting of the eventspressandfinish:Z.
It accepts a number ofpressevents, and then outputs along the channelfinish the number of
pressevents that have occurred, after which it stops.Exercise 1.11 Are the choices in the following processes internal or external?

1. A shop which offers discounts of 10%, 30% or 50% on sale items

2. A cafe which offersteaor coffee

3. A mail-order book company which offers the choice between sending back theform
within two weeks, or receiving the book-of-the-month.

4. A lottery ‘lucky dip’ machine which gives any 6 numbers of 49 possibilities.Exercise 1.12 Write a process which offers a choice between three bus routes.Exercise 1.13 Write a CSP process which describes the choices presented by a sweet
trolley containing two pieces of cheese cake, one piece of apple pie and one pieceof chocolate
cake.Exercise 1.14 Write a process which describes the pattern of choices presented by the
maze in Figure 1.11

1. if the alphabet isfeast;west; north; south; in; outg

2. if the alphabet isfleft; right; forward; back; in; outg, where for exampleright means
‘turn right and then move’.Exercise 1.15 Give the transition graph of the processSERVICEof Example 1.24.
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in

out

Fig. 1.11 A maze offering choices



2
Concurrency

When two processes are executed concurrently, they constitute a parallel combination. Each
process executes independently, in accordance with its prescribed patterns of behaviour, but
its range of possibilities will be influenced by the other process.

The way parallel CSP processes interact is intimately bound up with the view of events
as synchronizations. Any event which appears in the interface of both processes must in-
volve both processes whenever it occurs. This is the mechanism by which parallel processes
interact—bysynchronizingon events in the interface between them. Synchronization is sym-
metric and instantaneous, and occurs only when both participants engage in it simultaneously,
much like a handshake. For this reason it is often known ashandshake synchronization. A
single event occurs—the handshake—with a number of participants. Examples of handshake
synchronizations include: the passing of a baton in a relay race; the delivery of a registered
letter; the closure of a contract; becoming married; inserting a coin in a vending machine;
starting a phone conversation; sending an email message; adding a job to a printer queue.

2.1 ALPHABETIZED PARALLEL

A process description includes a dynamic part, captured using the process description language
of CSP, which describes the possible patterns of events or synchronizations. When processes
are put together in parallel, it is also necessary to specify how they will interact. One way
of achieving this is by providing an explicit description of the interface or alphabet of each
process: its static specification.
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a b b c

a b c

P1 k P2P1 P2
Fig. 2.1 Synchronization with buttons

b b

a c

b ca

P1 k P2P1 P2

Fig. 2.2 Synchronization with wires

The interface of a process is the set of all the events that the process has the potential to
engage in. If a process is considered as a black box, the interface consists ofthe names of all
its buttons. If the process is viewed as a component with wires, then the interface provides a
list of all the wires. In either case, it describes all of the events that the process is potentially
able to perform. Since all external events are synchronizations between processes and their
environment, the interface is the point at which a process and its environment influence each
other.

A parallel combination of two processesP1 andP2 whose interfaces are given asA� �

andB� � respectively is described as

P1 AkB P2

(pronounced ‘P1 parallel on A, B P2’). In this combinationP1 can perform only events in
A, P2 can perform only events inB, and they must simultaneously engage in events in the
intersection ofA andB. This is illustrated by Figures 2.1 and 2.2. It is conventional for the
interfaceA of processP1 to contain at least all of the events used in the definition ofP1.
Similarly, B should contain all of the events appearing inP2.

Parallel components of the combinationP1 AkB P2 must also agree on termination, even
though theX event does not appear explicitly in the interface setsA andB. This means that a
parallel combination does not terminate until all of its components are terminated.
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There are two rules that define the possible transitions of a parallel combination. One
rule describes the independent execution of each of the components, and the other describes
the performance of a joint step. The setAX is defined to beA[ fXg.

P1 ��! P01 [ � 2 (A[ f�g n B) ]

P1 AkB P2 ��! P01 AkB P2

P2 BkA P1 ��! P2 BkA P01

P1 a�! P01

P2 a�! P02 [ a 2 AX \ BX ]

P1 AkB P2 a�! P01 AkB P02

The first transition rule states that each side can execute independently through per-
forming events which are not in the common interface. The second transition rule states that
if both components can perform an eventa which appears in each of their interfaces, then the
parallel combination can also perform it.

These rules also capture the fact that the interfaces of the components do notchange as
the processes execute: they remain fixed throughout the life of the parallel combination.Example 2.1 The parallel combination(a! P1) fagkfa;bg (a! P2 j b! P3)

can perform ana transition initially, and reachP1 fagkfa;bg P2, or else it can perform ab
transition initially to reach(a! P1) fagkfa;bg P3.

However, the same processes combined in a different way(a! P1) fa;bgkfa;bg (a! P2 j b! P3)

can perform onlya initially, since the presence ofb in both interfaces means that both
components are required to co-operate on its occurrence; and the left-hand process is not able
initially to performb. 2Example 2.2 A race between two competitors should have a singlestart event which both
of the participants synchronize on. However, each competitor will independently finish, so
two eventsfinish1 andfinish2 are used to describe these separate events. Participant1 will
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be described asstart! finish1 ! STOP, and participant2 similarly. The race can then be
described as

RACE=

start! finish1 ! STOPfstart;finish1gkfstart;finish2g start! finish2 ! STOP

The fact that eachfinish event occurs in only one interface set captures the fact that the
competitors can finish independently of each other. 2Example 2.3 On entering a restaurant, the cloakroom attendant might help the customer
off or on with her coat, as captured by the eventscoat:off andcoat:on respectively, storing
and retrieving coats as appropriate. This activity might be described by the following process
description:

ATT = coat:off ! store! ATT2
retrieve! coat:on! ATT

with an interface described as�ATT = fcoat:off ; coat:on; store; retrieveg

The dining behaviour of the customer is as follows:

CUST = enter! coat:off ! eat! coat:on! CUST�CUST = fcoat:off ; coat:on; enter; eatg

In the parallel combination

ATT �ATT

k�CUST
CUST

the eventsenterandeat are performed solely byCUST; the eventscoat:on andcoat:off are
synchronizations betweenCUSTandATT; and the eventsstoreandretrieveare entirely under
the control ofATT—the attendant is left to deal with the coat appropriately. 2Example 2.4 A pay and display parking permit machine accepts cash, and issues tickets and
change. A designer might decide to implement these functions using two separate processes:

TICKET = cash! ticket! TICKET

CHANGE = cash! change! CHANGE

The machine is then captured as the parallel combination of these two components:

MACHINE = TICKET fcash;ticketgkfcash;changeg CHANGE
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in outc
CALCg CALCf

Fig. 2.3 A pipeline of two calculations

The two components both participate in thecashevent, but they exercise independent control
over theticketandchangeevents. 2Example 2.5 A process to calculate and outputf (g(x)) from inputx may be constructed
from two processes which calculatef andg.

CALCg = in?x : Z! c!g(x)! CALCg

CALCf = c?y : Z! out!f (y)! CALCf

The composition off andg may be calculated by the parallel combination ofCALCg and
CALCf . The output ofCALCg is connected to the input ofCALCf , resulting in a pipeline of
two processes which together computef (g(x)) from inputx. This is described by

CALCg in:Z[c:Zkc:Z[out:ZCALCf

which is illustrated in Figure 2.3. 2

A parallel combination of processes is itself a process, with an alphabet and a range of
possible executions. Synchronization on an eventa by two concurrent components results in
a single occurrence of that event, and there can be no information contained in the occurrence
of a as to the number of participants. A further process may be run in parallel with the
existing combination, also synchronizing ona. This approach to parallel composition results
in a mechanism for multi-way synchronization. No matter how many parallel components a
system contains, all those with an eventa in their alphabet are required to participate in every
occurrence of it.Example 2.6 A team of furniture removers contains a number of people with responsibilities
for moving different kinds of furniture. Pianos require several people to lift them, so the event
lift pianowill be in the alphabet of several members of the team, and they must all synchronize
on this event for it to occur. The eventlift pianowill occur only once, no matter how many
participants it has. This event is a multi-way synchronization—it can occur only when all its
participants are ready. There is also the possibility of adding furtherparticipants by extending
the system: if a new person is added to the team with piano-lifting among their responsibilities,
then they will also participate in the eventlift piano. 2

A parallel component of a system constrains the occurrence of all events in its alphabet,
since the co-operation of that component is required for the performance of such events. The
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eventlift pianocan be prevented from occurring by any team member who is not ready to
perform it. This means that any constraint on the occurrence of events can be introduced
through the addition of a parallel component which enforces that constraint. Introduction
of constraints may be carried out at the specification level, where different facets of desired
behaviour are captured by different process descriptions which are then combined in parallel.
It may also be carried out at the design level, where responsibility for enforcing different
constraints is assigned to different processes.Example 2.7 A number of shopping opportunities are described by the processSHOPPING.
An item may be selected by the customer; the customer might pay; or the customer might
leave, in which case the other possibilities are lost until the shop isre-entered.

SHOPPING = select! SHOPPING2 pay! SHOPPING2 leave! enter! SHOPPING

There are a number of restrictions that the shop places on the free performance of events as
described bySHOPPING. One is concerned with ensuring that goods are paid for; and another
requires goods to be selected before payment.

Security ensures that selected goods are paid for by the time the customer leaves the
shop:

SECURITY = select!WATCH2 pay! SECURITY2 leave! SECURITY

WATCH = select!WATCH2 pay! SECURITY

This process is concerned with tracking the occurrence of eventsselectandpayand restricting
the possibility of the eventleaveunder the appropriate circumstances. The evententeris not
part of its alphabet.

The shop operating under this constraint is described by

SECURESHOP=(enter! SHOPPING) fenter;leave;select;paygkfleave;select;payg SECURITY

The cash tills impose another constraint: that payment is possible only after some
item has been selected. The initial situation is captured byBROWSING, whose alphabet is
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been selected, then payment is possible, though further items may also be selected.

BROWSING = select! TILL

TILL = select! TILL2 pay! BROWSING

The alphabet of this process does not contain eitherenteror leave, since it is concerned only
with the relationship between the eventsselectandpay.

The shop as a whole, integrating this last constraint, is described by

SHOP = SECURESHOPfenter;leave;select;paygkfselect;payg BROWSING

Each parallel component restricts the behaviour of the whole to some degree. The process
enter! SHOPPINGrestricts all occurrences ofselectandpay to betweenenterandleave;
the processSECURITYrestricts occurrences ofleave; and the processBROWSINGrestricts
occurrences ofpay. All three processes are concerned with the eventspayandselect, and so all
three processes participate in those events—each occurrence is a multi-way synchronization.
Since these events are all part of the alphabet ofSHOP, and hence available for further
synchronization, they may be further constrained by additional parallel components. 2

The default interface for a processP is its alphabet�(P): those events mentioned in the
process description. If the required interface in a process description isprecisely this set, then
it need not be mentioned explicitly. In the case ofP1 �(P1)k�(P2) P2 the alphabets may be
dropped andP1 k P2 written instead. The processSHOPdescribed above could be rewritten
as

SHOP = ((enter! SHOPPING) k SECURITY) k BROWSING

since the interface sets given in for each component process are precisely their alphabets. The
definition of the alphabet operator�(P) is given in Figures 3.7 and 3.8 on Pages 75 and 75.

Deadlock

The introductionof concurrencybrings with it the possibility of deadlock, which is not possible
for purely sequential programs. In a concurrent system the execution of one process might
inhibit or temporarily suspend the execution of another. There are a number of situations
in which this might arise, such as resource sharing, or awaiting communication. It is thus
possible that every process in a concurrent system is waiting for some other process. Since no
process is actively executing, each process will remain blocked, forever waiting for some other
process to make progress. This unfortunate phenomenon is calleddeadlock: each process
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individually would be able to continue execution if it were in a different environment, but all
are prevented from doing so. Incompatible states between parallel components often arise as
a result of unforeseen and unexpected sequences of interactions.

The combined state of all the deadlocked components is known as thedeadlock state.
From the point of view of an execution, a sequence of transitions has resulted in a deadlocked
process if the final process description of the sequence has no possible transitions. In this
sense, the processSTOPcan be considered as a deadlocked process: no further progress can
be made, although the execution has not completed normally.Example 2.8 Two children share an paint box and an easel. Whenever they wish to paint,
they first search for the easel and the box until both are found. After they have finished
painting, they drop the box and then the easel.

ISABELLA = isabella:get:box! isabella:get:easel! isabella:paint!

isabella:drop:box! isabella:drop:easel! ISABELLA2 isabella:get:easel! isabella:get:box! isabella:paint!

isabella:drop:box! isabella:drop:easel! ISABELLA

KATE = kate:get:box! kate:get:easel! kate:paint!

kate:drop:box! kate:drop:easel! KATE2 kate:get:easel! kate:get:box! kate:paint!

kate:drop:box! kate:drop:easel! KATE

The easel and the box can each be held only by one child at a time:

EASEL = isabella:get:easel! isabella:drop:easel! EASEL2
kate:get:easel! kate:drop:easel! EASEL

BOX = isabella:get:box! isabella:drop:box! BOX2

kate:get:box! kate:drop:box! BOX

The combination of the children and the painting equipment is described as

PAINTING = ISABELLAk KATEk BOXk EASEL

The arrangement works well on the whole, but occasionally both children decide at about the
same time to paint. If this happens, then there is a danger that one of themwill find the easel,
and the other will find the box, after which neither of them can make any further progress (see
Exercise 2.3). The two items could be released, but their owners are not ready to release them:
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they are each waiting for the other item to become available first, a classic deadlock situation.
In this case the system could be made deadlock-free by insisting that theitems are acquired
in a particular order: the box first, and then the easel. Restricting the possibilities on the
children, to only the first branch of the choice in each case, results in an overall improvement
to the system. 2Example 2.9 A team of two furniture movers is required to move a number of pianos and
tables, and each piece of furniture requires two people to lift it. Each remover independently
makes his own decision as to which piece of furniture to lift first—thisis an internal choice,
since in each case it is a decision made by the furniture remover.

PETE = lift piano! PETEu lift table! PETE

DAVE = lift piano! DAVEu lift table! DAVE

TEAM = DAVEk PETE

If each remover makes the same choice, then they are able to co-operate and synchronize on
lifting the item. However, if their choices differ, then the result is deadlock.

DAVEcomprises part ofPETE’s environment, and so bothPETEand his environment
have control over the way the choice is resolved. Since it is not possible for two independent
parties both to exercise complete and independent control over resolutionof a choice, the
result might be deadlock.

If PETEinstead offered an external choice

PETE0 = lift piano! PETE02 lift table! PETE0

then he gives up control over the choice and instead is prepared to go along with the decision
of the environment. Since there is now only one agent making the choice, the resulting team
PETE0 k DAVEwill no longer deadlock. 2
Indexed alphabetized parallel

The binary parallel composition operator may be generalized to model situations where there
are a number of concurrent interacting components. IfI is a finite set of indexes such thatPi

andAi are defined for eachi 2 I , then the following system may be defined:ki2I

Ai
Pi
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This describes a combination of components where eachPi has interfaceAi � �. Any event
a must be performed in a multi-way synchronization by all those processesPi which have
a 2 Ai : all parties interested in a particular event must be involved in all of itsoccurrences.

The indexed parallel composition may be defined using successive applications of the
binary parallel operator. IfI contains only two indexesi1 andi2, then the indexed parallel is
equivalent to the binary form:ki2fi1;i2g

Ai
Pi = Pi1 Ai1kAi2 Pi2

An inductive definition is provided for the case where the setI has more than two elements,
defining the case withn+ 1 elements in terms of the definition forn elements. The interface

of ki2I

Ai
Pi is the union of all the individual interfaces:

S
i2I Ai . The addition of one more

componentPj (j 62 I ) with interfaceAj results in the parallel compositionki2I[fjg

Ai
Pi .ki2I[fjg

Ai
Pi = (ki2I

Ai
Pi) [i2I Ai

kAj
Pj

It transpires that the binary parallel operator is associative, in the sensethat the combination
P1 AkB[C (P2 BkC P3) has the same executions as(P1 AkB P2) A[BkC P3, and commutative:
P1 AkB P2 has the same executions asP2 BkA P1. These two facts mean that the same process
will result whichever order the processes are added to the parallel combination. As in the
binary case, the interface setsAi may be dropped from the process description, in which case
the alphabet of each process is taken as its default interface. The resulting combination is

writtenki2I
Pi .Example 2.10 A group of people are all required to be present for a meeting to be quorate.

If NAMESis the set of all the people’s names, then the alphabet and behaviour of a particular
person may be described as follows:

An = fenter:n; leave:n;meetingg

PERSONn = enter:n! PRESENTn

PRESENTn = leave:n! PERSONn2 meeting! PRESENTn

The situation is then described as

GROUP = kn2NAMES

An
PERSONn

The eventmeetingis in the alphabet of all the components, so it can occur when they are all
able to perform it. This can only be whenenter:n has occurred for alln 2 NAMESwithout a
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P0 P1 P2 Pn�1c0 c1 c2 c3 cn�1 cn

Fig. 2.4 A chain of buffers

subsequentleave:n. All the events of the formenter:n andleave:n appear in the alphabet of
only one process,PERSONn, so their occurrence is entirely under the control of that process.2Example 2.11 A chain of processes which act simply as buffers, passing on an item of data,
is given in Figure 2.4. There aren such components, indexed by the setf0; : : : ; n� 1g.

For everyi between0 andn� 1, the bufferPi and its interfaceAi are given by the
following definition,

Ai = ci :Z[ ci+1:Z

Pi = ci?x : Z! ci+1!x! Pi

The chain of buffers is then defined as

CHAIN = ki2f0:::n�1g

Ai
Pi

Each occurrenceci :mof a message passing along the chain involves exactly two participants,
Pi�1 andPi , apart from the two end channelsc0 andcn which in each case involve only one
component. 2Example 2.12 A network which sorts a set ofn+ 1 numbers into ascending order may be
constructed from cells each of which sort two numbers at a time, as in Figure 2.5. Here the set
of numbers is input alongv0;0 and theh0;i for 0 6 i < n. The numbers appear in ascending
order along thevj;n+1(0 6 j 6 n).

Each cellCi;j inputs a number on its left and a number from above, outputs the smaller
of these below, and the larger to its right. For internal cells, these are inputs to neighbouring
cells; and for the cells in the bottom row, they are the outputs of thearray.

For i < j theCi;j are defined as follows:

Ci;j = hi;j?x! vi;j?y! vi;j+1! minfx; yg ! hi+1;j! maxfx; yg ! Ci;j
Cells on the diagonal of the array are defined slightly differently, reflecting their different
connections:

Ci;i = hi;i?x! vi;i?y! vi;i+1! minfx; yg ! vi+1;i+1! maxfx; yg ! Ci;i
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h0;0

h0;1
h0;2

v0;0

v0;1
v0;3 v1;2

v1;3 v2;3v0;2 h1;1
h1;2 h2;2

v1;1
v2;2

v3;3
C0;0

C0;1
C0;2 C1;1

C1;2 C2;2
h0;n h1;n h2;n h3;n hn;nv0;n v1;n v2;n vn;n

v0;n+1 v1;n+1 v2;n+1 vn;n+1 vn+1;n+1C0;n C1;n C2;n Cn;n
Fig. 2.5 An array for sorting

The network for sorting may then be defined using indexed parallel composition:

SORTER = k06i6j6n
Ci;j

The indexing set is given implicitly: the predicate0 6 i 6 j 6 n is shorthand for(i; j) 2f(k; l) j 0 6 k6 l 6 ng. 2Example 2.13 A collection of2n nodes in a network can be efficiently connected for the
purposes of routing messages by assigning each node to the corner of a hypercube. Its
coordinates will be ann-tuple, with each value of the tuple either0 or 1. The set of possible
coordinates is given byCOORD= f0; 1gn.

To specify the connections between nodes, it is necessary to decide which pairs of nodes
should be adjacent. These will be those pairs whose coordinates differ in exactly one place.
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Fig. 2.6 Message routing through a hypercube of23 nodes; a route from100 to 001 emphasized

The set of coordinates adjacent tol is given byadj(l):
adj(l) = fk : COORDj 9 i � (k(i) 6= l(i) ^ 8 j 6= i � k(j) = l(j))g

This network is pictured in Figure 2.6. The notationl(i) denotes theith bit of coordinatel.
For example, ifl = 001 thenl(0) = 0, l(1) = 0, andl(2) = 1.

In order to route messages, it is sensible to send a message to a node closer to its
destination.

next(l; d)= fk : COORDj 9 i � (k(i) 6= l(i) ^ k(i) = d(i) ^ 8 j 6= i � k(j) = l(j))g
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The setnext(l; d) is the set of those coordinates which are adjacent tol and which differ from
d on fewer bits thanl does: the neighbours ofl which are closer to the destinationd.

A nodeNl will have channels to and from all of its neighbours: for eachk, l, the channel
ck;l carries messages fromNk to Nl . It also has channelsinl andoutl for input and output
outside the network. The interface ofNl will be

Al = finl ; outlg [ fck;l j k 2 adj(l)g [ fcl;k j k 2 adj(l)g
The cellNl itself is always prepared to accept messages (unless it is waiting to output),and it
maintains a list of all the messages it has outstanding. When this list is nonempty,Nl is also
ready to send the oldest message to the next node in the network.

Nl(hi) = 2
k2adj(l) ck;l?(d:m)! Nl(h(d;m)i)= 2 inl?(d:m)! Nl(h(d;m)i)

Nl(h(d;m)i a s) = outl!m! Nl(s) if d = l(2
k2next(l;d) cl;k!(d:m)! Nl(s)) otherwise22

k2adj(l) ck;l?(d0:m0)!

Nl(h(d;m)ia sa h(d0;m0)i)

Finally, the network may be described using indexed parallel composition:

MAILER = kl2COORD
Al

Nl(hi)

Each node is initially empty. 2

2.2 INTERLEAVING

Synchronization on common events provides one form of parallel execution of processes.
Concurrent execution of processesP1 andP2 where no such synchronization is required is
described by the combination

P1 jjj P2
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lift :nozzle:1

replace:nozzle:1 depress:trigger:1release:trigger:1

PUMP1

Fig. 2.7 Transitions forPUMP1

pronounced ‘P1 interleaveP2’. In this process, the componentsP1 andP2 execute completely
independently of each other, and do not interact on any events apart from termination. Each
event is performed by exactly one process. The operational semantics rules are straightforward:

P1 ��! P01 [ � 6= X ]

P1 jjj P2 ��! P01 jjj P2

P2 jjj P1 ��! P2 jjj P01 P1 X�! P01 P2 X�! P02

P1 jjj P2 X�! P01 jjj P02

Unlike synchronous parallel, there is no event that bothP1 andP2 engage in simultane-
ously (except termination).Example 2.14 A garage has two petrol pumps:PUMP1 andPUMP2. The petrol supply
service offered by the garage is described as

FORECOURT = PUMP1 jjj PUMP2

A customer will always interact with only one pump on any transaction; and the pumps
operate independently. The description ofPUMP1 is a sequential process, defined by a
mutual recursion.

PUMP1 = lift :nozzle:1! READY1

READY1 = replace:nozzle:1! PUMP12

depress:trigger:1! release:trigger:1! READY1

The state graph corresponding toPUMP1 is given in Figure 2.7.

The description ofPUMP2 is entirely similar:

PUMP2 = lift :nozzle:2! READY2

READY2 = replace:nozzle:2! PUMP22

depress:trigger:2! release:trigger:2! READY2
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r:t:1 d:t:1 r:t:1 d:t:1

r:n:1

r:n:1 l:n:1 r:n:1 l:n:1

r:t:1 d:t:1d:t:2
r:n:2

r:n:2
d:t:2

PUMP1jjj

PUMP2
Fig. 2.8 Transitions forPUMP1 jjj PUMP2

The executions of the two pumps are unrelated. The processPUMP1 will remain ready to
engage in the eventlift :nozzle:1 until it occurs, independently of the progress thatPUMP2

makes. The state transitions for the combination of processes are given in Figure 2.8. 2

When two processesP1 andP2 have alphabets�(P1) and�(P2) that do not intersect,
then their parallel combinationP1 �(P1)k�(P2) P2 will behave the same as their interleaved
combinationP1 jjj P2. Since they do not have any events in common to interact on, execution
of each component process will be independent in both cases. Given the definitions of
PUMP1 andPUMP2 an alternative definition ofFORECOURTwould bePUMP1 k PUMP2.
However, for the purposes of design, use of thejjj operator describes the design decision to
provide theFORECOURTservice as an interleaving of two processes, before those processes
are described any further.

Interleaved processes do not synchronize on events even when their alphabetsdo overlap.
In the case where both components are able to perform the same event,onlyone of the processes
will actually engage in any particular occurrence of that event. In such a case, theenvironment
which is interacting with the interleaved combination has no control or influence over which
of the two processes actually performs it.
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of phone lines.

LINEn = ring! connect:n! order! disconnect! LINEn

A line operated by personn will repeatedly take calls as follows: the phone will firstly
ring, then a connection will be made ton, then the order takes place, and finally the call is
disconnected, andn is ready to receive the next order.

The service employs Chris and Sandy to run one line each, both connected to the same
phone number, modelled by the fact that they each have the same eventring in their alphabet.
The service is described by

SERVICE = LINEchris jjj LINEsandy

In this situation, only one of the phones will ring when a customer dials in. The customer
has no control over which, and hence has no control over whether the next event in the call
will be connect:chrisor connect:sandy. A customer who wishes to talk only to Sandy may be
disappointed.

There is an internal choice between the two components over which of them performs
the eventring. The choice of which of theLINE processes takes the call is made internally by
SERVICE. It cannot be made externally, by the customer, since initially there isonly ring on
offer; a choice cannot be resolved externally if there is only one event tochoose. 2

The interleaving operator is appropriate for describing a number of identical resources
which are all available for use.Example 2.16 A fax machine may be described as

FAX = accept?d : DOCUMENT! print!d! FAX

The machine is initially ready to accept any document. After accepting a documentd, it prints
d and reverts to its initial state.

A collection of four fax machines may be connected to the same phone number (with
four lines): any of them is suitable for processing incoming faxes.

FAXES = (FAX jjj FAX) jjj (FAX jjj FAX)

This system provides the facility for processing up to four incomingfaxes at the same time.
It can accept up to four faxes before printing. An incoming fax has no influenceover which
machine is actually chosen to process it, but in this case this makes no difference since all
choices have exactly the same behaviour. 2
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Dynamic process creation

Dynamic process creation can be modelled by use of an interleaving construction within a
recursive loop. In general, a fresh copy of the entire process descriptionis generated every
time a recursive invocation occurs. Dynamic process creation occurs when suchinvocations
take place while the parent process continues to execute. This may be set up ina recursive
definition which contains a number of paths, some of which concern execution of the parent
process, and where others contain recursive calls.Example 2.17 A mail forwarder receives messages on channelin and forwards them along
channeloutat some later stage. It should always be willing to accept messages.

One approach to designing such a process would be to allow it to accept a message, and
then create two processes: one to take responsibility for sending the message on, and the other
to be a fresh copy of the original. This approach is described in CSP as follows:

NODE = in?x! (NODE jjj OUT(x))
The processOUT(x) describes the part of the process which deals with sendingxalong channel
out.

There are two views with respect to dynamic process creation. The parent process might
be considered as the processN = in?x! N which is responsible for accepting inputs; and a
child output process is generated every time an input occurs. Alternatively, the parent process
might be considered asin?x! OUT(x), where a fresh version of the entire process, ready to
handle the next input, is generated every time an input occurs. Both of these viewpoints is
consistent with the description above.

This structure is given before the processOUT(x) is defined, and there are different
possibilities for this process definition.

The expectation may be that the thread described byOUT(x) should finish afterx has
been output. This would be described by

OUT(x) = out!x! SKIP

After the output has occurred, then this thread of execution will finish—there is nothing
further that it is required to do. All further activity of the process will come from other
parallel components. Observe that any processP jjj SKIPhas the same executions asP, so a
garbage collector could remove component processes that have finished without affecting the
execution.

An alternative approach to defining the spawned thread might allow it to continue with
a fresh version ofNODEafter its initial output. This possibility is described by

OUT(x) = out!x! NODE
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so that after one input and its corresponding output the result is twointerleaved versions of
NODE. The number of active threads of control in this process will grow without limit, with a
fresh thread generated on every input, and no thread ever finishing. Despitethis proliferation,
this implementation has no more executions than the previous tidier definition.

A different requirement might be thatx should be logged as well as output. This could
be achieved sequentially asout!x! log!x! SKIP, or alternatively by two interleaved threads
out!x! SKIP jjj log!x! SKIP. 2Example 2.18 A book shop operates a system whereby customers pay for books at a
cashier’s counter and collect them at a different counter where they had previously been
lodged. The operation of the book counter may be described as follows:

BOOK = lodge! issue chit! BOOK2

receive receipt! claim! BOOK

A customer maylodgea chosen book with the counter, and have a chit issued in return. In
order toclaim the book to take away, a receipt must be provided. This may be obtained from
the cashier, described as follows:

CASHIER = receive chit! payment! issue receipt! CASHIER

Book chits must be issued by the book counter before they can be received bythe cashier:

CHIT = issue chit! (CHIT jjj receive chit! SKIP)

Similarly, receipts must be issued before they can be exchanged for books:

RECEIPT = issue receipt! (RECEIPTjjj receive receipt! SKIP)

Each of these components imposes some constraint on the customer; and they are all in place
together. The complete payment system which the customer must navigate is captured as the
parallel combination

CASHIERk BOOKk CHIT k RECEIPT

The first two processes represent the parts of the system which the customer interacts with.
The other two processes describe the relevant properties of the objects used by the customer
and by the book shop: that chits and receipts can be created only by the book counter and the
cashier respectively. The book shop’s payment system relies on the fact that chits and receipts
cannot be forged. 2
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Indexed interleaving

The interleaving parallel operator is associative, in the sense thatP1 jjj (P2 jjj P3) has exactly
the same execution possibilities as(P1 jjj P2) jjj P3; and commutative, in the sense that
P1 jjj P2 andP2 jjj P1 have the same execution possibilities. It can therefore be generalized
to finite combinations of processes. The generalization takes the formjjj

i2I
Pi

whereI is a finite set of indexes, andPi is defined for eachi 2 I . An alternative way of writing
an indexed interleaving in the special case where the indexing set is an interval of integersfi j m6 i 6 ng isjjjn

i=m
PiExample 2.19 A node similar to theNODEprocess of Example 2.17, but which can hold

a maximum ofn messages, could be described as an interleaved combination ofn versions of
COPY:

n NODE = jjj06i<n
C(i)

where eachC(i) is defined to beCOPY, for 0 6 i < n. To describe an interleaved combination
of n copies of the same processP there is a convenient shorthandjjj06i<n

P

so an alternative description ofn NODEwould be given by

n NODE = jjj06i<n
COPY 2

2.3 INTERFACE PARALLEL

Synchronizing parallel and interleaving parallel can be blended into a hybrid form of parallel
combination, which requires synchronization only on those events appearing in a common
interfaceA� � (as well as termination). This is described as

P1 k

A
P2
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The operational semantics is straightforward:

P1 a�! P01

P2 a�! P02 [ a 2 AX ]

P1 k

A
P2 a�! P01 k

A
P02

P1 ��! P01 [ � 62 AX ]

P1 k

A
P2 ��! P01 k

A
P2

P2 k

A
P1 ��! P2 k

A
P01

P1 andP2 co-operate on any event drawn fromA, and interleave on events not inA.Example 2.20 A runner in a race engages in two events,start andfinish:

RUNNER = start! finish! STOP

Two runners should synchronize on thestart event, but theyfinish independently.

RACE = RUNNER kfstartg RUNNER 2

Indexed interface parallel

This parallel operator is associative provided the same interface set is usedthroughout:P1 k
A(P2 k

A
P3) has the same executions as(P1 k

A
P2) k

A
P3. It is also commutative. This allows the

operator to be generalized as follows:k

Ai2I
Pi

whereI is a finite indexing set, andPi is defined for eachi 2 I . It describes the process where
any occurrence of an event fromA must involve all of thePi . An occurrence of any event not
in A involves exactly one of those processes.

50 CONCURRENCYExample 2.21 A marathon involving30; 000 runners could be described as

MARATHON = kfstartg30;000i=1 RUNNER

All runners start at the same time, but each of them finishes independently. 2Example 2.22 A function applied to a particular argument can be computed in two ways:
using algorithmg and using algorithmh. These two functions should agree on the value they
compute for any particular inputx, so the intention is thatg(x) = h(x) for any inputx.

A module is written for each algorithm. The communication pattern of themodules is
written as

G = in?x : T ! out!g(x)! SKIP

H = in?x : T ! out!h(x)! SKIP

These modules can be run concurrently, but there are a number of ways in which this may be
accomplished.

1. A fault-tolerant approach would runG andH in parallel, synchronizing on input and
output. The combinationG k H accepts one input which is received by bothG and
H, and also synchronizes on output. This means that an output can occur only if
both modules agree on its value. If the modules disagree, then a deadlock occurs and
successful termination cannot occur.

2. To receive the result of the fastest calculation,an independent approach could be adopted,
interleavingG andH. The combinationG jjj H has to accept the input twice, since
each module accepts its input independently of the other. If only one input is provided,
then only one of the modules is executed, though the user has no controlover which.
Furthermore, the combination does not ensure that the same input is provided to each
module.

3. The combinationG k

in:T H allows a single input to be received by both modules, but

allows for independent output, so a result can be obtained after the first module has
completed its calculation. It cannot terminate until both outputs have occurred.

Different flavours of concurrency are appropriate for different requirements. 2

ExercisesExercise 2.1 Give the transition graph forMACHINEof Example 2.4.



EXERCISES 51Exercise 2.2 Give the transition graph forCUSTk ATT of Example 2.3. What behaviour
does this parallel combination exhibit that you would not expect to findin a real cloakroom
system? Amend the descriptions of the interacting partiesCUSTandATT appropriately to
remove this possibility.Exercise 2.3 Give the transition graph forPAINTINGof Example 2.8, and use it to identify
all the ways in which deadlocks can occur.Exercise 2.4 The book shop of Example 2.18 does not contain sufficient detail to prevent
fraud: it allows any book to be claimed with any receipt. Adapt the description to keep track
of the identity of the book that has been lodged throughout the paymentprocedure, so that
customers can only take the books that have been paid for.Exercise 2.5 A dishonest shopper will select an item, and will then either leave without
paying, or else will pay if the circumstances in the shop make the first course of action
infeasible. This can be described by the following process:

DCUSTOMER = enter! select! ( pay! leave! DCUSTOMER2 leave! DCUSTOMER)

What is the expected behaviour of this customer in parallel with theSHOPprocess of Ex-
ample 2.7? What difference does it make to the expected behaviour if the external choice is
replaced with an internal one?Exercise 2.6 Draw the hypercube in the case wheren = 4. How many ways are there for
a message to get from(1; 0; 0; 1) to (0; 0; 1; 0) using the message routing algorithm?Exercise 2.7 Consider the hypercube network of Example 2.13.

1. Not all of the channel names in Figure 2.6 have been given their subscripts. Give the
subscripts for the remaining channels.

2. IsMAILERdeadlock-free?

3. Is it deadlock-free if the next destination for a message is chosen internally by nodes,
rather than by an external choice, as follows:

Nl(hi) = 2

k2adj(l) ck;l?(d:m)! Nl(h(d;m)i)2 inl?(d:m)! Nl(h(d;m)i)

Nl(h(d;m)ia s)= outl !m! Nl(s) if d = l(u

k2next(l;d) cl;k!(d:m)! Nl(s)) otherwise22

k2adj(l) ck;l?(d0:m0)!

Nl(h(d;m)ia sa h(d0;m0)i)
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4. Is it deadlock-free if nodes can hold at most one message, i.e. they block input when
they hold a message (rather than being able to hold arbitrarily many), as follows:

Nl(hi) = 2
k2adj(l) ck;l?(d:m)! Nl(h(d;m)i)= 2 inl?(d:m)! Nl(h(d;m)i)

Nl(h(d;m)i) = outl !m! Nl(hi) if d = l(2
k2next(l;d) cl;k!(d:m)! Nl(hi)) otherwise

5. What is the maximum number of nodes a message will pass through in a network of2n

nodes?Exercise 2.8 Consider the arraySORTERof Example 2.12:

1. Is it deadlock-free?

2. Is it deadlock-free if the order of each cell’s output is reversed (so output occurs on the
h channel before thev channel) as follows:

Ci;j = hi;j?x! vi;j?y! hi+1;j! maxfx; yg ! vi;j+1! minfx; yg ! Ci;j
3. Is it deadlock-free if the order of both inputs and outputs for a cellis reversed as follows:

Ci;j = vi;j?y! hi;j?x! hi+1;j! maxfx; yg ! vi;j+1! minfx; yg ! Ci;j
Which other orders of inputs and outputs avoid deadlock?Exercise 2.9 Show that interface parallel is not associative in general when the event sets
are different, by finding processesP1, P2, andP3 and setsA andB such thatP1 k

A

(P2 k

B
P3)

is different from(P1 k

A
P2) k

B
P3.
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Abstraction and control flow

3.1 HIDING

When a collection of processes has been combined into a system, there will often be commu-
nications between the components which should be internal. Such events areinappropriate
to include at the system interface, which should contain only those events through which the
system interacts with its environment.

When processes are placed in parallel, the events on which they synchronize remain in
the interface of the combination. This is the mechanism which supportsmulti-way synchro-
nization. It also means that even when all the intended participants in an eventhave been
described and composed in parallel, the event is still in the interface of the combination. A
new CSP operator,event hiding, is required to encapsulate the event within the process, and
to remove it from the interface.

A set of eventsA may be encapsulated within a processP using the notation

P n A

(pronounced ‘P hideA’). This operation describes the case where all participants of all events
in A are already known and described inP. All these events are removed from the interface
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of the process, since no other processes are required to engage in them. Theseevents become
internal to the processP. The operational rules reflect this:

P
a�! P0 [ a 2 A ]

P n A

��! P0 n A

P

��! P0 [ � 62 A ]
P n A

��! P0 n A

The processP n A may make the same transitions asP, but all the events inA are
renamed to the internal event� . Termination cannot be hidden, so the eventXmust not appear
in the setA.

This operator is used in design and in implementation. It explains a process in terms of
internal activity, so it is used in a description of how a particular end isaccomplished. It is
not appropriate at the level of specification, since at that level internal events should not even
be mentioned: specifications of processes should be concerned purely with the behaviour on
their external events.Example 3.1 A spy listens out for particular pieces of information, and then relays them
to a master spy who logs them. In order for the spy to be effective, it is important that the
relaying of information is kept hidden from its environment.

SPY = listen?x : T! relay!x! SPY

MASTER = relay?y : T ! log!y! MASTER

The combination of the master and the spy is described by(SPYk MASTER) n relay:T
The only visible activity the spy is involved in is listening. 2Example 3.2 A stop-and-wait protocol implements a one-place buffer. It consists oftwo
halves,SandR: a message is input toS, passed toR, and finally output fromR.

S = in?x : T ! mid!x! ack! S

R = mid?y : T ! out!y! ack! R
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in out
S Rmid

ack

SAWP

Fig. 3.1 A stop-and-wait protocol

Having accepted a message, the senderSpasses the message toRalong channelmid, and then
waits for an acknowledgement before accepting the next message. The receiverR accepts
messages alongmid, and sends an acknowledgement once a message has been output.

The two halves of the protocol are designed to combine in parallel. The channel mid
and the acknowledgement eventackare private connections and should have no participants
other thanSandR. The protocol is then described as

SAWP = (Sk R) n (mid:T [ fackg)

This is pictured in Figure 3.1 2Example 3.3 Each cellNl in the network of cells connected as vertices of a hypercube,
described in Example 2.13 asMAILER, has interface

Al = finl ; outlg [ fck;l j k 2 adj(l)g [ fcl;k j k 2 adj(l)g

The inl andoutl channels are intended for communication with the users of the network, and
thec channels are used for the cells to pass messages between each other. The intention is that
no external parties are involved in the communications on thec channels. The only processes
involved in communications on any particular channelck;l are the cellsNk andNl . In order to
encapsulate thec channels within the processMAILERthe hiding operator is used:

MAIL SERVICE = MAILERn fci;j j i; j 2 COORD^ j 2 adj(i)g

The only external events thatMAIL SERVICEcan perform are communications along the
channelsinl andoutl for eachl; only through these events can it interact with its environment.2

A process exercises complete control over its internal events. With this control over
when internal events are performed comes the responsibility to perform them: internal events
should not be delayed indefinitely once they are enabled, since otherwise progress could not
be expected. In the Stop-and-Wait Example 3.2 the environment can expect amessage to be
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c111;110

c110;111

Fig. 3.2 The processMAIL SERVICE

offered as output after it has been input. The message must be passed internally alongmid
after it has been received on thein channel, andSAWPcannot refuse to perform amid event,
or indeed anackevent, once it is enabled.

When the events offered by an external choice are hidden, the environment nolonger
has any control over how the choice is resolved: it is resolved internally.Example 3.4 A fax is to be sent to someone who has two fax machines. A secretary is given
the fax to send (modelled by the eventin:x). It can be sent to the first, modelled by the channel
send:1, or it can be sent to the second, modelled by channelsend:2. The secretary is prepared
to send it to either number, and offers the choice to her boss, modelled as an external choice.
Sometime later a receipt is obtained indicating successful transmission tothe corresponding
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machine. This situation is described bySEC.

SEC = in?x! ( send:1!x! received:1! STOP2 send:2!x! received:2! STOP)

If the boss does not wish to be involved in the choice between different fax numbers, she
delegates the choice by hiding the channelssend:1 andsend:2, giving complete control over
them to the secretary.

SECn (send:1:T [ send:2:T)

The hiding of these events removes them from those communications on which the boss and
the secretary have to agree. They are encapsulated within the processSEC, indicating that all
participants (in this case just one) have been identified. Although the secretary has complete
control over which one to perform, she is still obliged to perform one of them: the boss can
expect a receipt. From the point of view of the boss, this choice will now be resolved internally.
After giving a fax to the secretary she has no control over which of the twomachines will
receive the fax, and will only find out which it was once the receipt is obtained. Observe that
if the receipts were indistinguishable (both modelled by the singleeventreceipt) then the boss
would have no way of determining which way the choice was made. 2Example 3.5 In Example 2.13, when a cellCl is waiting to send a message to an adjacent
cell, it offers an external choice of all the possibilities. It is willing to send its message to
any cell that is ready to receive it, and its environment—the rest of the network and the rest
of the world—will determine how the choice is made. Since all cells are always ready to
receive messages, the choice is available externally. When the rest of the world is excluded
by hiding the communication channels between cells to obtainMAIL SERVICE(pictured in
Figure 3.2), the choice must be made internally within the processMAIL SERVICEitself. The
environment is not concerned with the routes that messages travel, only with the assurance
that they will arrive. 2

When only one event of an binary external choice is made internal, the process is
required to make a choice between performing the internal one autonomously, or waiting for
a synchronization on the external one. If its environment is not preparedto engage in the
external event, then its responsibility to perform the internal eventmeans that it cannot wait
indefinitely for the external one, since this would involve indefinitely delaying the internal
event. On the other hand, if the environment is prepared to engage in the external event, then
one of two things could happen: either the choice has not yet been made, and theexternal
event can occur and resolve the choice in its favour; or the internal event has already occurred,
since the environment cannot prevent it from occurring, and the externalevent is no longer
available.Example 3.6 A printer queue which can hold one message at a time is described as follows:

PRINTQ = in?x : JOB! ( print!x! out!x! PRINTQ2 dequeue! PRINTQ)
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When a job is queued, it will either be sent to the printer and received as output, or else it
could be removed from the queue. The user is not normally involved in the communications
between the queue and the printer, so the communications along theprint channel will be
internal. The process which the user interacts with is

PRINTQn print:JOB

The user has no control over when the job will be sent to the printer. After inputting a job,
it may be possible to dequeue it if it has not yet reached the printer, but the other possibility,
entirely outside the control of the user, is that it may already have been sent to the printer and
the option of dequeuing has been withdrawn. 2Example 3.7 A course of action might be made available for a particular interval, but is
then timed out if it has not yet been chosen. Although timed CSP will enablea more precise
description of this kind of behaviour, it is possible to analyze it in terms of a timeout event.
In this case a choice is offered between the initial event, and the timeout event. For example,
a special offer is available only for a limited period, after which the offer lapses and purchase
must then be at the standard rate:

OFFER = ((cheap! STOP) 2 (lapse! standard! STOP)) n flapseg

The user has no control or influence over when the cheap offer will end, so thetimeout event
lapseis made internal. It is possible to buy at the cheap price if the offer has not yet lapsed,
but it is also possible that the cheap price has been retracted at the point thepurchaser is ready
to buy, and that only the standard price is available. 2Example 3.8 A stop-and-wait protocol which permits its input to be overwritten once if it
has not already passed along themid channel, might be described as follows:

S2 = in?x! (S2 2 (mid!x! ack! S2))

R2 = mid?y! out!y! ack! R2

After an input, the senderS2 is prepared either to pass the input alongmid, or to accept another
input which displaces the previous one. The receiverR2 is exactly the same as the original
receiverR of Example 3.2. The two halves of the protocol are combined asS2 k R2, and the
internal channels are hidden:

SAWP2 = (S2 k R2) n mid:T [ fackg

After its first input in:x, the processSAWP2 is in the position where a choice is to be made
between an external eventin:w and an internal eventmid:x. If at this point the environment
simply waits for output to be offered, and offers no further input, then the internal event must
occur, and output is indeed offered. If instead the environment offers a second input, then
there are two possibilities: the internal event has not yet occurred, and the second input is
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accepted; or the choice has already been made in favour of the internal communication, in
which case the second input will be refused. The environment is unable toprevent this second
possibility. 2

The internalization of events may introduce the possibility of internal events occurring
indefinitely. Since the environment has no control over the internal events of a process,
this means that the process is free to execute these internal events foreverand consequently
avoid any further interaction with its environment. This possibility is calleddivergence. When
applying the hiding operator care should be taken to avoid divergence, since progress cannot be
guaranteed for any divergent process—it may consume computing resources forever without
any assurance that it will ever again respond to its environment.Example 3.9 A parity server offers alternating bits on its output channel:

PARITY = out!0! out!1! PARITY

If its output channel is hidden, then it simply repeatsout:0 andout:1 internally forever. The
processPARITYn out:f0; 1g behaves as an internal loop, unable to interact with its environ-
ment, but consuming computing resources and thereby possibly preventing other processes
from executing. In this respect it is worse than a deadlocked process, whichis also unable to
interact with its environment but at least is not consuming resources. 2Example 3.10 A process reads data from two input channels, and outputs on a single
channel. It is able to be ready only on one input channel at a time, but it may switch between
them by means of an eventswitch. At any point where it is waiting for input, it offers a choice
between accepting input on that channel, and switching to wait on the other channel.

POLL = in:1?x! out!x! POLL2 switch! ( in:2?x! out!x! POLL2 switch! POLL)

If the switchevent is hidden, to enable the polling process to switch channels independently
of its environment, then the processPOLL n fswitchg is obtained. Unfortunately, this process
may spend its entire time switching between channels in preference to ever accepting any
message on either of them. At any stage, there is a choice between an external communication
or an internalswitch. Although the external communication is possible, so is the internal
event. Both are of equal priority, but the internal event is entirely under the control ofPOLL
and cannot be prevented from occurring. Since this is true at every stage of an execution, it
is possible thatPOLL simply resolves the choice in favour ofswitchevery time, resulting in
an execution consisting entirely of internal events. This is possibleeven if its environment
is offering input on bothin:1 and in:2—there is no guarantee that either input will ever be
accepted. 2
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3.2 EVENT RENAMING

When a process’ pattern of communication has been described in terms of particular events,
it is possible to obtain a new process by renaming those events. Its executions are essentially
those of the original process but where the events are renamed. This allows the reuse of
particular descriptions of process behaviour without the need to rewrite the process in full and
replacing all the original event names with the new ones.

A total function on eventsf : �X ! �X is used to describe the required change of
event names. For any such function, there are two ways a process can have its events renamed:
by applying the functionf to each event, or by applying its inversef�1 to each event. The
interface through which the process interacts with its environment is transformed byf andf�1

respectively. The functionf must map external events to external ones—it cannot be used to
make events internal. Termination cannot be renamed, sof (a) = X , a = X for any event
renaming function.

Forward renaming

The processf (P) is able to perform an eventf (a) precisely when the processP could perform
the corresponding eventa. Furthermore,f (P) can perform internal events wheneverP can.
This behaviour is captured by the following transition rules:

P
a�! P0

f (P) f(a)��! f (P0)

P

��! P0

f (P) ��! f (P0)

If the functionf is one-one, then the processPmight be thought of as capturing a generic
behaviour pattern, withf (P) a particular instance of it. Wheneverf (P) offers or performs
some eventb, then that corresponds toP offering or performingf�1(b). Choices offered by
P become choices offered byf (P).Example 3.11 The children of Example 2.8 have similar patterns of behaviour. The be-
haviour of Isabella was described by

ISABELLA = isabella:get:box! isabella:get:easel! isabella:paint!

isabella:drop:box! isabella:drop:easel! ISABELLA2 isabella:get:easel! isabella:get:box! isabella:paint!

isabella:drop:box! isabella:drop:easel! ISABELLA
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and the behaviour of Kate was obtained by taking the descriptionISABELLAand replacing all
occurrences of the nameisabellawith the namekate. Instead of doing this explicitly, this may
be accomplished by means of event renaming. Let the functionf : �X ! �X be defined by

f (isabella:x) = kate:x
f (y) = y if y is not of the formisabella:x

We will adopt the convention in function definition that the functionis defined to be the identity
on events which are not explicitly covered by the definition. Hence the above function could
have been defined simply by the clausef (isabella:x) = (kate:x). In either case,

KATE = f (ISABELLA)

gives an alternative definition forKATE. 2Example 3.12 The processCHAIN in Example 2.11 is made up of a number of individual
one-place buffers. Each of those buffers behaves in essentially the same way, but on different
channels. The behaviour pattern can be captured as the generic one-place bufferCOPYof
typeZ, defined first in Example 1.15:

COPY = in?x : Z! out!x! COPY

This process hasin:Z[ out:Z as its interface.

Each processPi in the chain was defined explicitly as

Pi = ci?x : Z! ci+1!x! Pi

Each one could instead be defined using a corresponding event renaming function fi defined
by

fi(in:m) = ci :m
fi(out:m) = ci+1:m

The processesPi could instead have been defined as

Pi = fi(COPY)

The interface of eachPi will be the interface ofCOPYtransformed byfi , which isci :Z[ci+1:Z.2
One special form of one-one event renaming attaches a particular label to all events in a process
description. If the label isl, then the functionfl to be applied is given by

fl(x) = l:x
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Fig. 3.3 The interface of the processf (OFFICE)
for all x 2 �, andfl(X) = X. Then the processfl(P) performs eventsl:a wheneverP would
have performeda. There is a special form for this kind of event renaming. The process
constructionl : P is shorthand forfl(P) wherefl is as defined above.Example 3.13 In Example 2.8, the generic behaviour pattern of a child painting is captured
as the processPAINT:

PAINT= get:box! get:easel! paint! drop:box! drop:easel! PAINT2 get:easel! get:box! paint! drop:box! drop:easel! PAINT

ThenKATEandISABELLAcan be described as particular instances of this process, askate:

PAINT andisabella: PAINT respectively. 2

All aspects of process behaviour are transformed directly when a process is renamed
under a one-one function. A function which maps a number of different events to the same
single event can alter some features of the process’ behaviour, particularly with regard to
choice. If two events of a choice are mapped to the same event, then the environment is
no longer able to choose between these two branches of the choice, since they are now both
triggered by the same event: if the environment chooses that event, then either branch could be
chosen, and no further control over which one is actually chosen is availableexternally. Hence
many-one event renaming may affect the nature of particular choices and may introduce some
internal choices where there were previously external ones.Example 3.14 Janet and Sylvie share an office which contains two phones. To converse
with either of them it is sufficient to dial their phone number. The possibilities for phoning
and answering are described as follows:

OFFICE = JANETjjj SYLVIE

JANET = phone:janet! answer:janet! JANET

SYLVIE = phone:sylvie! answer:sylvie! SYLVIE
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The two phones are given the same number, required to serve both Janet and Sylvie. The effect
of this is to map bothphone:janetandphone:sylvieto a single eventphone:janet&sylvie. The
effect onOFFICE is to transform it through the event mappingf given by

f (phone:janet) = phone:janet&sylvie

f (phone:sylvie) = phone:janet&sylvie

The processf (OFFICE), pictured in Figure 3.3, initially offers the eventphone:janet&sylvie.
The next event could be eitheranswer:janetor answer:sylvie, and the caller no longer has any
control over which of these will occur. The event renaming has altered the nature of the choice
available to the caller. 2

Backward renaming

A process may also have its interface changed through renaming underf�1 wheref is again a
total function on�X. The intention here is that the processf�1(P) can performa whenever
P can performf (a). Internal events are again unchanged by this form of renaming. Its effect
is described by the following transition rules:

P
f(a)��! P0

f�1(P) a�! f�1(P0)

P

��! P0

f�1(P) ��! f�1(P0)

In the case wheref is bijective thenf�1 is also a bijection and the processf�1(P) can
also be treated as a forward renamed process (renamed by the functionf�1).

Whenf is many-to-one, then backward renaming is different from any form of forward
renaming. In this case, wheneverP is able to perform an eventa, the processf�1(P) is
able to perform any of the events that map onto the eventa. This allows a single event in
the description of a process’ behaviour pattern to correspond to a choiceof alternatives at its
interface: all the events that map ontoa are available to the environment off�1(P), and any
of them can be chosen. This form of renaming represents interface expansion,where single
events in the behaviour pattern can be triggered by a number of different possibilities at its
interface.
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SALE
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Fig. 3.4 Interface expansion ofSALEthrough backward renamingExample 3.15 The generic pattern of behaviour when a shop makes a sale is that items are
chosen, and then paid for. This simple pattern may be described by the process

SALE = choose! pay! SALE

The shop offers a number of alternative payment methods: cash, credit card, or cheque. Rather
than redefine the processSALEit is possible to describe these alternatives by use of the event
renaming function

f (cash) = pay
f (credit card) = pay
f (cheque) = pay

Then whenever the processSALEis ready to acceptpay, the processf�1(SALE) is prepared
to engage in any of those events that map ontopay: it offers a choice to the customer between
the eventscash, credit card, andcheque. 2

Chaining

Using event renaming, any event in the interface of one process can be connectedto any event
from a second process’ interface so the two processes must synchronize on their performance
of these events. The two events are each renamed to the same new event, and thenthe processes
are composed in parallel. Their interfaces are effectively reconfigured so that they must now
co-operate on these events.

A special form of this interface reconfiguration is useful for pipe processes, which
have exactly two channels:in andout. When two such processes are connected together,
the intention is that the output of the first is connected to the inputof the second. This is
accomplished by renaming each of these channels tomid, composing the resulting processes
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in out
P Q

P� Q

Fig. 3.5 A chain of two pipe processes

in parallel, and finally hiding themid channel. The renaming functions required are particular
instances ofswapc;d for channel namesc andd, defined as follows:

swapc;d(c:x) = d:x
swapc;d(d:x) = c:x

swapc;d(y) = y if y 6= c:x andy 6= d:x
Thechainingoperator on pipe processes may then be defined in terms of the operators that
have already been defined earlier in this chapter:

P1 � P2 � (swapout;mid(P1) k swapin;mid(P2)) n mid

The resulting process is again a pipe: the only two channels it has arein andout. The operator
is illustrated in Figure 3.5.Example 3.16 Two instances of theCOPYprocess chained together produce a pipe which
is a buffer of capacity two:2COPY = COPY� COPY

This process is initially ready for input. After the first data item is input, the left handCOPY
passes it along the internal channelmid to the right handCOPY, which makes it available
for output. At this point the left handCOPYis empty, and is ready to accept a second input,
which would lead to the buffer becoming full. Alternatively the right handCOPYis ready to
output, which would lead to2COPYreturning to its original empty state. 2
The chaining operator is associative:P1 � (P2 � P3) has the same executions as(P1 �
P2)� P3. This allows a generalized form on sequences of processes. IfPi are processes for
i between1 andn, then�n

i=1 Pi is the chaining together of all of thosen processes in order:�n
i=1 Pi � P1 � P2 � : : :� Pn

If eachPi is actually a copy of the same processP, then it is conventional to write�n
i=1 P for

the sequence ofn copies ofP chained together.

66 ABSTRACTION AND CONTROL FLOWExample 3.17 Newton’s method for approximating square roots of a positive number n
states that ifai is an approximation to

p
n, thenai+1 = 12 (ai + n

ai

) is a better approximation.
Successive values ofai are calculated, and the final one in the sequence is taken to be the best
approximation.

A pipe which calculates one step of the sequence is defined as follows:

NEWTON = in?(n; a) : N � R ! out!(n; (a+ n
a

)=2)! NEWTON

If n successive approximations are required, thenn copies ofNEWTONshould be chained
together. The first copy requires the first approximation as input: this can be provided by
a HEAD process. The last copy outputs both the original number and the square-root ap-
proximation: aFOOTprocess can extract the information required—the final approximation.
These bracketing processes are defined as follows:

HEAD = in?n : N ! out!(n; 1)! HEAD

FOOT = in?(n; a) : N � R ! out!a! FOOT

The entire square-root extracting process consists of all of these components chained together
into one pipe:

SQRT = HEAD� (�n
i=1 NEWTON)� FOOT

The initial approximation to the square-root is1. 2

Renaming recursive calls

Applying an event renaming function to recursive calls allows fresh invocations of the process
to offer different events. This allows for the event possibilities to change dynamically as the
execution unwinds. In the case where a process is spawned, and the fresh invocation of the
process runs in parallel with the original one, it allows different channels on the fresh process
to connect to existing channels on the original: altering the interface ofa process alters the
way in which it synchronizes with other processes.Example 3.18 The hour changer on a24 hour clock cycles repeatedly through the hours
from 0 to 23, outputting the value on the channelhour, with hour:0 as its first output. This
may be described using an event renaming functioninc that increments the hour value by1,
modulo24:

inc(hour:n) = hour:((n+ 1) mod 24)

The hour changer is then defined as follows:

HOUR = hour!0! inc(HOUR)
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Each time an hour valueh is output, the process is recursively invoked under theinc function.2Example 3.19 A process which models a set with two operations,addandquery, can be
described using new invocations of the process in parallel with existing ones. The operation
addallows the addition of an element to the set; and the operationquerypermits an enquiry as
to whether a particular element is in the set or not. The answer, drawn fromANS= fyes; nog,
is passed on channelanswer.

The empty set can be defined as follows:

SET = query?x : T ! answer!no! SET2 add?x : T ! (NODE(x) k

INT
i : SET) n INT

NODE(x) = query?y : T ! answer!yes! NODE(x) if y = x
i:query!y! i:answer?z : ANS! if y 6= x

answer!z! NODE(x)2 add?x : T ! i:add!x : T ! NODE(x)

When an elementx is added to the empty set, it is stored inNODE(x), with a fresh copy of
the empty set subordinated, labelled withi and hidden. The internal channels are given by

INT = i:add:T [ i:query:T [ i:answer:ANS

The processNODE(x) communicates with the fresh empty set using the internal channels
i:query, i:answer, and i:add. When a query is input, ifNODE(x) cannot answer it then it
passes the query on to the rest of the set and passes the answer on to the user. When a fresh
item is to be added to the set,NODE(x) passes it on to the rest of the set. The state after two
items have been added to the set is pictured in Figure 3.6.

This process provides an implementation of the process specified in Example1.21. 2
3.3 SEQUENTIAL COMPOSITION

Processes execute when they are invoked, and it is possible that they continue to execute
indefinitely, retaining control over execution throughout. It is alsopossible that control may
pass to a second process, either because the first process reaches a particular point in its
execution where it is ready to pass control, or because the second process demands it.

The mechanism for transferring control from a terminated process to another process is
sequential composition. The process

P1; P2
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add query answer

i:add i:query i:answer

i:add i:query i:answer

NODE(x) SET

i : NODE(y)
i : i : SET

i : SET

Fig. 3.6 The processSETafterx andy have been added

executes componentP1 until it terminates, as indicated by its performance of aX event, and
then executes componentP2. The operational understanding is captured as follows:

P1 ��! P01 [ � 6= X ]

P1; P2 ��! P01; P2

P1 X�! P01

P1; P2 ��! P2

The sequential compositionP1; P2 initially executes asP1. WhenP1 terminates, itsX

event becomes internal to the composition, sinceP1; P2 should not indicate that it has finished
until P2 finally terminates.

Process descriptions may be structured using sequential composition, where processes
describe the different phases of the overall process. Specifications and system descriptions
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may thus be provided in a top down fashion, firstly identifying thephases that the process will
pass through, and later providing the detailed description of the behaviour in the individual
phases.Example 3.20 A different view of the purchasing process is provided by the description

PURCHASE = CHOOSE; PAY

Each of the components represents a stage of the purchase process. These must be elaborated
in order to complete the definition ofPURCHASE, but its high-level structure is already
clear. We may modelCHOOSEandPAY in a number of alternative ways, without affecting
the structure. Here we elect to useCHOOSEto describe a process where a shopper cannot
rest until a suitable item has been found. The processPAY describes a variety of payment
possibilities.

CHOOSE = select! ( keep! SKIP2 return! CHOOSE)

PAY = cash! receipt! SKIP2 cheque! receipt! SKIP2 card! swipe! ( sign! receipt! SKIP2 reject! PAY)

Repeated execution of the same component or sequence of components can be described by
means of a recursive loop. The recursion

SPENDING = PURCHASE; SPENDING

describes recurrent spending. 2Example 3.21 A one-time stack accepts data along channelin. It continues to do this until
the commandproduceoccurs, after which all the data are output in reverse order. This can be
described by use of a recursive call inside a sequential composition:

STORE = in?x : T! (STORE; out!x! SKIP)2 produce! SKIP

Each time a recursive call occurs, the message that was last input is stored upawaiting output.
For example, after the three inputsin:5, in:3, in:8, the resulting process is

STORE; (out!8! SKIP); (out!3! SKIP); (out!5! SKIP)
While STOREcontinues to input data, the list of outputs can continue to grow. Oncethe event
produceoccurs then the potential for any further recursive calls is lost, and the sequence is
output in the order of last-in-first-out. 2
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3.4 INTERRUPT

Control can also pass from one processP1 to another processP2 by means of an interrupt
construction

P1 4 P2

This allows a processP1 to have control removed from it at an arbitrary point of an execution.
Unlike sequential composition, the processP1 relinquishing control has no influence over
when this occurs. The interrupting processP2 may begin execution at any point throughout
the execution ofP1: the performance ofP2’s first external event is the point at which control
passes, andP1 is discarded. The operational rules are as follows:

P1 ��! P01 [ � 6= X ]

P1 4 P2 ��! P01 4 P2

P1 X�! P01
P1 4 P2 X�! P01

P2 ��! P02

P1 4 P2 ��! P1 4 P02

P2 a�! P02

P1 4 P2 a�! P02

The process is able to perform any execution ofP1. ThroughoutP1’s execution the
interrupting processP2 is also ready to begin, and the interruption occurs on its first external
event. IfP1 terminates while it is executing then the entire construct is terminated and P2 is
discarded.

Nondeterminism could arise ifP1 andP2 are both able to perform the same event at any
stage, since if that event occurs then the result could be either that the interrupt has occurred,
or that it has not. It is pragmatic to ensure where possible thatP2 cannot have as its first event
any event whichP1 can perform.



INTERRUPT 71Example 3.22 The processKATEof Example 2.8 can be interrupted at any point bybath
in the following description:

KATE4 bath! bed! SKIP 2Example 3.23 A process which models a variable of typeT allows values to be written to
it along channelwrite, and the current value it is holding can be read by means of the channel
read. This may be described as follows:

VAR = write?x : T ! (VAR(x) 4 VAR)

VAR(x) = read!x! VAR(x)

The process inputs a value and is then prepared to output it repeatedly until interrupted by the
nextwrite. 2

The particular formP1 4 e ! P2 has a single interrupt evente, and identifies it
explicitly. This may also be writtenP1 4e P2. The situation where there is a setA of interrupt
events available, and each eventa 2 A is associated with a particular interrupt handlerP(a),
can be described as follows:

P4 (x : A! P(x))Example 3.24 The main tasks of an office junior are to make tea, to do photocopying, and
to do filing. This activity may be temporarily interrupted by the phone ringing, which requires
a message to be taken, or by the boss arriving, where help must be provided with the removal
and hanging up of a coat. When the task invoked by the interruption has completed, the main
tasks are to be resumed. This structure is captured by the descriptionJUNIOR.

JUNIOR = TASKS4 x : fring; bossg ! P(x)

The component processes might be defined as follows:

TASKS = tea! TASKS2 photocopying! TASKS2 filing! TASKS

P(ring) = message! JUNIOR

P(boss) = removecoat! hang coat! JUNIOR 2

72 ABSTRACTION AND CONTROL FLOWExample 3.25 The office junior has a higher level interrupt of the fire alarm sounding. If
it is due to a real fire then work ceases for the day and the junior returns home. Otherwise,
it is announced that it is a drill, in which case it is necessary to return to work. Thefire
event interrupts all other activity, even the interrupt handlersP(ring) andP(boss) if they are
executing. The complete behaviour is described byJUNIOR2:

JUNIOR2 = JUNIOR4 fire! ( real! home! SKIP2 drill ! JUNIOR2) 2

The eventfire even interrupts the tasks the junior is performing for the boss.

3.5 NOTES

Bibliographic notes

Tony Hoare’s original proposal for the language of Communicating Sequential Processes
appeared in [45], though that language is quite different to the current version of CSP, presented
in this book. In the original language systems have a specific architecture, consisting of a
parallel combination of sequential processes which have their own (private)state variables
and which communicate via synchronous channels. The language may be considered as the
precursor to theoccam programming language [51, 62]. Theoretical work on the language
in the early 1980’s by Brookes, Hoare and Roscoe [100, 12, 13, 14] led to the abstraction and
generalization of the language to the current form of CSP, which was presented in Hoare’s book
[47]. Roscoe introduced a way of handling unbounded nondeterminism [101], subsequently
refined by Barrett [6]. Tool support for analysis and verification of CSP processes has been
provided in the form of animation [35], model-checking [33] (discussed in Appendix B), and
embedding within a proof tool [17, 29, 116].

The CSP language is one of a family of process algebras—languages which focus
on the communication patterns between processes, and abstract away from their internal
computations. These languages all use synchronization on an atomic event asthe foundation
for process interaction, and all provide some way of expressing event occurrence, choice,
parallel composition, abstraction, and recursion. Other languages for concurrency which
developed around the same time as CSP and had an influence on its developmentinclude
Milner’s influential Calculus of Communicating Systems (CCS) [76, 77], and Bergstra and
Klop’s Algebra of Communicating Processes (ACP) [7, 5], which introduced the termprocess
algebra. The ISO standard Language Of Temporal Ordering Specifications (LOTOS) [10, 52,
53] combines elements of CCS and CSP together with a language for data-types. The interface
parallel originally appeared in the LOTOS language, as a hybrid of CSP’s alphabetized parallel
and interleaving operators. More recently the Pi-calculus [78] has been introduced. This is a
process algebra in the CCS tradition based around the new concept of mobility. Many of these
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languages are supported by tools, see for example [19, 31, 36, 119], and the TACAS (Tools
and Algorithms for the Construction and Analysis of Systems) and CAV (Computer Aided
Verification) conference series.

The approach to presenting operational semantics in terms of inference rules was first
introduced by Plotkin [91], and has been used extensively within the CCS tradition for language
definition. An operational semantics in this form was presented for CSP in[15]. In this chapter
the operational semantics has been used primarily for presentational purposes, to introduce
the operators of the CSP language and give an understanding of how theybehave. Other
approaches use the operational rules as the basis for semantic characterizations. One such
approach is that ofbisimulation[89, 77] which considers processes to be equivalent whenever
they can match the states reached by each other’s transitions. The other main approach is given
by testing[28, 43] which considers processes to be equivalent if they give the sameresult in
any testing context; this will be discussed in subsequent chapters. It is a significant result that
the denotational models discussed throughout this book yield the same equivalences as the
testing approach, and can thus be thought of as characterizing testing equivalence.

Other dialects of CSP

As well as defining recursive processes equationally in the style of this book, Hoare’s [47]
and Roscoe’s [103] treatment of recursion make use of the CSP fixpoint operator�, so that�X � F(X) is the least fixed point of the functionF(X). This approach has the same expressive
power as the use of recursive equations to define processes, since�X � F(X) = F(�X � F(X))

or equivalently�X � P = P[�X � P=X]

The� operator allows recursive processes to be defined without the need to name them, so
the processLIGHT of Example 1.14 can be defined simply as�X � on! off ! X. It also
allows nested recursive definitions, such as�X � (a! (�Y � a! X j b! Y))

Roscoe uses a more general form of alphabet renaming of processes, by using relations
between events rather than functions. IfR is a relation on events, thenP[[R]] can perform an
eventbwheneverPcan perform some eventa for whichaRb. This single operator encompasses
both event renaming and inverse event renaming simply by providing the functionf , or its
inverse, as the relationR. The relational approach and the functional approaches are equally
expressive.

The treatment of termination in this book is marginally different to that presented in [47]
and in [103]. The use of theX event requires certain restrictions on its occurrence to ensure
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Fig. 3.7 Default alphabets for sequential processes

that it models termination suitably. For example, parallel combinationsare always required
to synchronize onX. Roscoe’s treatment ensures that if a process can possibly terminate,
then the process itself can choose to terminate and refuse all other interaction: essentially,
termination is under the control of the process and cannot be prevented byits environment
simply withholdingX. Hoare’s treatment achieves the same result by imposing a restriction,
requiring thatX should never be offered as an alternative in a choice. The treatment in this
book differs from each of these, in thatX may be offered as an alternative of a choice, and
termination requires the co-operation of the environment. This allowsa cleaner relationship
between the untimed and the timed languages, while making little difference in practice.

A note on alphabets

Hoare’s presentation of CSP in [47] required every process definition to be associated explicitly
with an alphabet, which might be thought of as its type. A process definitionP is not complete
until its alphabet�P had been given. This approach makes an alphabetized parallel operator
unnecessary, since in a parallel combination the interfaces are already associated with the
component processes, and there is no need for the operator also to supply them.

More recent presentations of CSP have relaxed the requirement to provide alphabets with
process definitions, and instead include the interface information withthe parallel operator
whenever it is used. The two approaches are equally expressive. In this book, the alphabet�P
of a processP is used in a less formal way, to mean the interface consisting of all of the events
mentioned in the definition of the processP. The alphabet operator is defined in Figures 3.7
and 3.8.

Since chaining is a derived operator, its alphabet can be deduced in the general case
from its definition. However, it is good practice to ensure that only processes with alphabets
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Fig. 3.8 Further default alphabets

in:T [ out:T should be chained together; if this is indeed both�P1 and�P2, then it is also�(P1 � P2). Similarly, if it is the alphabet of all of thePi , then it will also be the alphabet of
the indexed chain of processes�n

i�1 Pi .

In a recursive definitionN = P, the alphabet�(N) is defined to be the smallest set
which makes the equation�(N) = �(P) true.

ExercisesExercise 3.1 Give the transition graphs of the following processes

1. The process2COPYof Example 3.16

2. The processf (OFFICE) of Example 3.14

3. The processf�1(SALE) of Example 3.15Exercise 3.2 Give a process which captures the generic behaviour of each cellCi;j in the
systolic arraySORTER, given in Example 2.12. What are the appropriate event renaming
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functions for instantiating the generic process to each cell? Give an alternative definition of
SORTERas a parallel combination of these renamed components.Exercise 3.3 If A\ B = fg, then does(((P1 k

A
P2) n A) k

B
P3) n B = ((P1 k

A
P2) k

B
P3) n (A[ B)

How about ifA\ B 6= fg ?Exercise 3.4 If P can never reach a deadlock state, does it follow thatP n A can never
reach one?Exercise 3.5 A stack with operationspushandpopcan be defined in the style of the process
SETof Example 3.19, so that

STACK = push?x : T! (NODE(x) k i : STACK) n (i:push:T [ i:pop:T)2 pop!empty! STACK

Give a suitable definition of processNODE(x).Exercise 3.6 Give the transition graph of the processPURCHASEof Example 3.20Exercise 3.7 Give the transition graph of the processJUNIORof Example 3.24Exercise 3.8 DoesP1 4 (P2 4 P3) have the same behaviour as(P1 4 P2) 4 P3 (i.e. is
the interrupt operator associative) ?Exercise 3.9 A library allows readers to register, and then repeatedly to borrow and return
books until deregistration is requested.

NONREADER = register! READER

READER = borrow! READER2 return! READER2 deregister! STOP

Introduce the following constraints, in each case by means of a fresh parallel component

1. Readers cannot return more books than they have borrowed.

2. Readers are not permitted to deregister if there are any book loans outstanding.

3. Readers can borrow a maximum of three books.
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Fig. 3.9 The dining philosophers

4. Readers cannot deregister.

5. Readers can borrow books only when the library is open. Introduce a new component
with extra eventsopenandclose.Exercise 3.10 [Dijkstra/Hoare] A college consists of five philosophers who thinkand eat.

They eat at a circular dining table. When they need to eat, they enter the dininghall, pick up
the chop-sticks on either side of their plate, eat, replace the chop-sticks,and then leave.

For convenience, the philosophers are labelled0 to 4. Each philosopher picks up two
chop-sticks, also labelled0 to 4. Their relative positions are illustrated in Figure 3.9. The
process describing the behaviour of philosopheri has the following interface of events:f enter:i Philosopheri enters the dining room

eat:i Philosopheri eats
leave:i Philosopheri leaves the dining room
pick:i:i Philosopheri picks up right-hand chop-stick
pick:i:(i + 1 mod 5) Philosopheri picks up left-hand chop-stick
put:i:i Philosopheri replaces right-hand chop-stick
put:i:(i + 1 mod 5) g Philosopheri replaces left-hand chop-stickj
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The possible events forPHILi are described in the following recursive definition:

PHILi = enter:i !((pick:i:i ! pick:i:((i + 1) mod 5)! eat:i! put:i:i ! put:i:((i + 1) mod 5)! leave:i ! PHILi)2(pick:i:((i + 1) mod 5)! pick:i:i ! eat:i! put:i:((i + 1) mod 5)! put:i:i ! leave:i ! PHILi))
The philosophers do not synchronize on any events. Their combinationcan therefore be
described as

PHILS = jjj4
i=0 PHILi

Each chop-stick can be obtained by either of its neighbouring philosophers. The interface of
a chop-stickj isfpick:i:j j 0 6 i 6 4g [ fput:i:j j 0 6 i 6 4g

Its description is given by the following recursive definition:

CHOPj = pick:j:j ! put:j:j ! CHOPj2 pick:((j � 1) mod 5):j ! put:((j � 1) mod 5):j ! CHOPj

The chop-sticks do not synchronize on any event, so their combination canbe described as

CHOPSTICKS = jjj4

j=0 CHOPj

The combination of all the components is then described by the processCOLLEGE:

COLLEGE = PHILSk CHOPSTICKS

1. Possession of a chop-stick by a philosopher blocks a neighbouring philosopher from
acquiring that chop-stick—this provides a potential for philosophers to block other
philosophers by denying them chop-sticks. How can the combinationCOLLEGEreach
a deadlocked state?

2. Which of the following alterations toCOLLEGEremove the possibility of deadlock?
In each case, describe the amended system in CSP.

(a) Requiring all philosophers to lift their left chop-stick first.



EXERCISES 79

signal:e signal:f signal:g
Fig. 3.10 Signals in a pair of segments

(b) Requiring at least one philosopher to lift his or her right chop-stick first and at
least one to lift his or her left chop-stick first.

(c) Introducing a footman who allows only one philosopher to be seatedat any time.

(d) Introducing a butler who prevents all from being seated simultaneously.

(e) Allowing philosophers to release the chop-stick if they hold only one.

3. Which of these guarantee that any philosopher who sits down will eventually receive
something to eat?

4. Which of these guarantee that at least one seated philosopher will eventually receive
something to eat?Exercise 3.11 [Roscoe] A railway network imposes the safety constraint that no two trains

should ever be on adjacent segments of track. A train moves from one segment of track to
the next by passing through a signal. The constraint is imposed by controlling the signals so
that they allow trains to pass only when it is safe to do so. An eventsignal:i will be used to
describe the event of a train moving past the particular signali.

For each pair of adjacent segments the signals are controlled so that trains mayonly
enter the first segment when both segments are empty. A pair of segments will have three
signals: e corresponding to a train entering the first segment,f corresponding to the train
moving from the first to the second, andg corresponding to the train leaving the second. This
is pictured in Figure 3.10.

If both segments are empty, then a train is allowed to enter the first segment, modelled by
the possibility of the eventsignal:e. If the first segment is occupied, thensignal:e is blocked,
butsignal:f can occur. If the second segment is occupied, thensignal:e is again blocked, but
signal:g can occur. These states are interrelated as follows:

EMPTY = signal:e! FIRST

FIRST = signal:f ! SECOND

SECOND = signal:g! EMPTY

The safety constraint is imposed by the processCONwhich participates in the control of these
three signals by moving between these three states. If the segments are initially empty, then
the signal controllerCON is defined byCON = EMPTY. If there is a train initially on the
first segment, thenCON = FIRST. If there is a train initially on the second segment, then
CON= SECOND. The processCON follows the same cycle in all cases, but the point where
it starts depends on the presence or otherwise of a train.

80 ABSTRACTION AND CONTROL FLOW

signal:gsignal:fsignal:e
CON

CON0 CON00
Fig. 3.11 Three pairs of adjacent segments

signal:f
signal:h

signal:f signal:g
signal:isignal:hsignal:esignal:d

signal:g
signal:i signal:e signal:d

Fig. 3.12 Points sections of track

A pair of segments is part of a larger system in which each segment is half of another
pair, as illustrated in Figure 3.11. The safety property must also hold for these pairs, and
will be imposed for them by their own controller processes. Each of them isalso involved in
the eventsignal:f , since it corresponds to a train leaving the left-hand pair, and enteringthe
right-hand pair. The eventsignal:f therefore requires the participation of three processes.

1. The constraints on the track may be described as a parallel combination of renamed
copies of the generic processCON. Describe the conjunction of all the constraints on
a circular track of100 segments, with signals numbered from0 to 99, and10 trains
initially spaced evenly around the track (traveling in the same direction).

2. Is the system you have described free from any potential deadlock?

3. What is the maximum number of trains for which the system is deadlock-free?

4. How does the CSP system behave if two trains are initially on adjacent segments? Can
you improve on the description ofCONso that it handles this case more satisfactorily?

5. Describe the constraints required to deal with points segments of the form pictured in
Figure 3.12.
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Fig. 3.13 A circuit with junctions

signal:e signal:h
signal:g signal:f

Fig. 3.14 A crossover segment

6. Describe the network pictured in Figure 3.13. Is it deadlock-free iftwo trains run on it?

7. Describe the constraints required to deal with crossover segments of Figure 3.14.

8. Alter the description of constraints to deal with (single track) bi-directional segments
which trains can traverse in either direction (though trains cannot reverse their direction
of travel). Also do this for points and crossover segments.

9. Describe the network (with bi-directional segments) pictured in Figure 3.15, with the
trains initially moving in the same direction. Is it deadlock-free if two trains run on it?

Fig. 3.15 A bi-directional track, with junctions and a crossover



Part II

Analyzing Processes



4
Traces

At the level of abstraction provided by CSP, processes interact with theirenvironment through
the performanceof events in their interface. Their environment, whether itis another process, a
user, or a combination of these, has no direct access to the internal state of the process or to the
internal events that it performs. Two processes which are indistinguishable at their interfaces
should be equally appropriate for any particular purpose; the way they are implemented cannot
have any influence on their respective suitability.

There are a number of ways in which interface behaviour can be analyzed, but they
all concentrate exclusively on the external activity of the process. One important aspect of
process behaviour concerns the occurrence of events in the right order, andthat events do not
occur at inappropriate points. The kind of sequence which is acceptable willbe given by the
requirements on the system. Such requirements will describe constraintson when particular
events can occur. The environment of the process cannot know precisely which internal state
the process has reached at any particular point, since it has access only to the projection of the
execution onto the interface.Example 4.1 A safety requirement on the railway crossing controller in Example 1.16
might specify that the gate should not rise between the train entering the crossing, and the
train leaving the crossing. This can be expressed in terms of the eventsin the interface: if
train:enter is the most recently observed of the two eventstrain:enterandtrain:leave, then
the eventgate:raiseshould not occur. Its occurrence at any such point is undesirable in any
execution. 2
To analyze processes with respect to these requirements, it is necessary to consider those
sequences of events that can be observed at the interface of the process. These observations
are calledtraces, and the set of all possible traces of a processP is denoted ‘traces(P)’.
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Trace information is concerned with those events that could possibly occur in a process
execution. One might imagine an observer watching a process execute, and recording all
events in sequence as they are observed. A trace is simply a record of events in the order they
occur. The set of traces of a process is the set of all sequences that might possibly be recorded.

To be sure that a process does not violate a trace specification, it is necessaryto examine
all of its traces and check that each is acceptable.

Notation for sequences

Sequences may be described explicitly, by listing their elements in order between angled
brackets. The empty sequence is thus denotedhi. If A is a set, thenA� is the set of all finite
sequences of elements ofA. For example,ha; b; ai 2 fa; b; cg�.

If seq1 andseq2 are both sequences, then theirconcatenationdescribed byseq1 a seq2

is the sequence of elements inseq1 followed by those inseq2. The concatenation operation
is associative. The notationseqn describesn copies of the finite sequenceseqconcatenated
together, and soseq0 is always the empty sequencehi.

If seqis a non-empty sequence, then it may be writtenhai a seq0 wherea is the first
element ofseq, andseq0 is the remainder of the sequence. In this case, two functions onseqare
defined:head(seq) = a andtail(seq) = seq0. Similarly, if seqis non-empty and finite, then it
may also be written asseq00 a hbi, whereb is the final element of the sequenceseqandseq00

is the sequence of all the elements before it. Two further functions are defined: foot(seq) = b
andinit(seq) = seq00.

The length#seqof a sequence is the number of elements it contains. For example,#ha; b; ai = 3.

The notationa in seqmeans that the elementa appears in the sequenceseq, and�(seq)

is the set of all elements that appear inseq.

Relationships between sequences are easily expressed. If there is some sequenceseq2

such thatseqa seq2 = seq1, thenseqis a prefix ofseq1, written seq6 seq1. Furthermore,
seq6n seq1 means thatseq6 seq1 and their lengths differ by no more thann. If seq 6= seq1

thenseqis a strict prefix ofseq1, writtenseq< seq1. The notationseq4 seq1 means thatseq
is a (not necessarily contiguous) subsequence ofseq1.

For example,ha; b; di 4 ha; c; b; a; dihb; c; di 64 ha; c; b; a; diha; c; b; ai 6 ha; c; b; a; di

The projection of a sequenceseq onto elements of a setA is written seq � A: it is the
subsequence of all elements ofseqthat are in the setA. Conversely, the notationseqn A is the
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subsequence ofseqwhose elements are not inA. For example,ha; b; c; ai � fa; bg = ha; b; ai,
andha; b; c; ai n fa; bg = hci. If f is a mapping on elements, thenf (seq) is the sequence
obtained by applyingf to each element ofseqin turn.

These functions can be used to extract information from sequences. For instance, the
value of#(seq� A) gives the number of occurrences of events fromA in seq. This will be
abbreviatedseq# A. In the case whereA is a singleton setfag, the set brackets will be elided
andseq# a will abbreviateseq# fag. Similarly,seq� a will abbreviateseq� fag.
Notation for traces

Traces are simply a particular class of finite sequences of events drawn from�X which
represent executions. Since events in a process’ execution cannot occur after termination, any
termination eventX occurring in a trace must appear at the end. The set of all such traces is
defined asTRACE.

TRACE = ftr j �(tr) � �X ^ #tr 2 N ^ X 62 �(init(tr))g

The sequenceha; c; b; a; di is a record of an execution where the eventsa, c, b, a, d occurred
in that order. The empty sequencehi corresponds to an execution in which no events were
observed.

Since all traces are sequences, they inherit all of the sequence operators. Theseall
yield a trace when applied to traces, apart from sequence concatenation (and hence repeated
concatenation) and mapping through a function.

However, sequence concatenation does map tracestr1 andtr2 to a tracetr1atr2 providedX 62 �(tr1). Thustrn will be a trace ifX 62 �(tr).
Furthermore, if a functionf maps� into � andf (X) = X, thenf (tr) will always be a

trace.

Events appearing in traces will often be of the formc:v corresponding to a communica-
tion of a valuev along channelc. In this case the following projections may be defined, where
c is not of the formx:y for anyx andy:

channel(c:v) = c

value(c:v) = v

The channels appearing in a tracetr can then be extracted:

channels(tr) = fchannel(x) j x in trg

The sequence of values appearing on a channelc in a tracetr can also be extracted:

tr + c = hvalue(x) j x tr; channel(x) = ci
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This sequence comprehension describes the sequence of values of items appearingon channel
c. It also generalizes to sets of channelsC:

tr + C = hvalue(x) j x tr; channel(x) 2 Ci
For example, iftr = hin:3; in:6; out:3; in:7; in:9; out:6i then tr + in = h3; 6; 7; 9i, and
channels(tr) = fin; outg.
Traces and executions

The transition rules for CSP define those executions that are possible for processes. Trace
information can be extracted from these executions by ignoring the intermediate states and
internal transitions, and considering only the visible transitions. A trace is a record of the
visible events of an execution.

The notationP
tr=) P0 means that there is a sequence of transitions whose initial process

is P and whose final process isP0, and whose visible transitions constitute the sequencetr.
Since termination can occur only at the end of an execution, ifX occurs intr then it must be
at the end. In this case,P0 will have no transitions.

The final process may be dropped in cases where it is not required: the notationP
tr=)

is used as shorthand for9P0 � P
tr=) P0.

The tracesof a process may then be defined in terms of the sequences of events that
may be exhibited by that process:

traces(P) = ftr j P tr=) gExample 4.2 The processa! ((b! STOP) u (c! d! STOP)) has the traceha; ci as
one of its traces. This may be extracted from the following execution:

a! ((b! STOP) u (c! d! STOP))#a((b! STOP) u (c! d! STOP))# �(c! d! STOP)# c
d! STOP 2Example 4.3 The processSTOPhas no transitions, and hence only one execution, in which

it forever remains in the same state. The trace corresponding to this tracewill be the empty
trace. 2
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4.1 TRACE SEMANTICS

The extraction of trace information from the process transition rulesprovides an explanation
of the relationship between the executions of a process and its traces. However, the operational
characterization is too low level for reasoning about processes, since the level of abstraction
remains that of process executions, with the set of traces supervenient. Thetraces modelfor
CSP considers processes directly in terms of their traces, and lifts the entire analysis of CSP
processes to this more abstract level. All of the operators of the language can be understood at
this level: the traces of a composite process are dependent only on the tracesof its components.
This allows acompositionalsemantic model, where all processes are considered only in terms
of their sets of traces, and at no stage do the underlying executions need to be considered
explicitly.

In the traces model, each CSP process is associated with a set of traces—the set of all
possible sequences of events that may be observed of some execution. Processes will betrace
equivalentwhen they have exactly the same set of possible traces. This particular form of
equality will be denoted=T, and its definition is that

P1 =T P2 = traces(P1) = traces(P2)

In the traces model,processes are equal when they have exactly the same traces. Traces equality
gives rise to algebraic laws for individual operators, and also concerning the relationships
between various operators. These laws allow manipulation of CSP process descriptions
from one form to another while keeping the associated set of traces unchanged.Many
laws are concerned with general algebraic properties such as associativity and commutativity
of operators (which allow components to be composed in any order), idempotence, and the
identification of units and zeros for particular operators (which may allow process descriptions
to be simplified). Other laws are concerned with the relationships betweendifferent operators,
which allow for example the expansion of a parallel combination into a prefix choice process.

In Chapters 6, 8 and 11 more detailed views of process executions will be used to
characterize processes in different ways. Some process laws may be concerned onlywith
traces, but others may be true in any of these models. If a law holds in anyof these models,
as in fact most of those given in this chapter will, then the subscript will be dropped from the
equality. HenceP1 = P2 means not only thatP1 =T P2, but also thatP1 =SF P2, P1 =FDI P2
andP1 =TF P2, corresponding to the equalities that will be defined later, under the more
detailed views (stable failures, failures/divergences/infinite traces and timed failures) given in
Chapters 6, 8 and 11 respectively. If a law is valid in all of the untimed models, then the
equality symbol will be subscripted with aU. For example, the associativity of external choice
is true in all models, since the executions ofP1 2 (P2 2 P3) match those of(P1 2 P2) 2 P3,
so all views of executions of these processes, no matter how detailed, willnot distinguish
them. The fact that it will be true in any of these models is indicated by the lack of a subscript
on the equality symbol.

P1 2 (P2 2 P3) = (P1 2 P2) 2 P3
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On the other hand, although the traces ofP1 2 P2 andP1 u P2 will be the same, a more
sophisticated view of process executions will distinguish them. This law will be written as

P1 2 P2 =T P1 u P2
since it is true only in the traces model.

Any set of tracesS associated with some process must contain the empty trace: any
process can be observed to do nothing. It will also be prefix closed: if a process can perform a
sequence of events, then it can also be observed to perform any prefix of that sequence. These
properties are formalized asT1 andT2 on setS:

T1 hi 2 S

T2 8 tr1; tr2 : TRACE� (tr1 6 tr2 ^ tr2 2 S) tr1 2 S)
STOP

There is only one trace associated with the processSTOP, and that is the empty trace. The
semantics ofSTOPis given directly as

traces(STOP) = fhig
Prefixing

In an observation of the processa! P, there are two possibilities: either the eventa has not
occurred, in which case the observation must behi, or else the eventa has occurred and the
rest of the trace derives from processP.

traces(a! P) = fhig[fhaia tr j tr 2 traces(P)g

Prefix choice

An observation of the processx : A! P(x) is again one of two possibilities. Either no event
has yet occurred, or else an eventa in A has occurred, and the subsequent behaviour is that of
the corresponding processP(a).

traces(x : A! P(x)) = fhig[fhaia tr j a 2 A ^ tr 2 traces(P(a))g
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x : fg ! P(x) = STOP hSTOP-stepi

x : fbg ! P(x) = b! P(b) hprefixi

Fig. 4.1 Laws for prefix choiceExample 4.4 The processBUS 1 of Example 1.24 is described as follows:

BUS 1 = board:A! ( pay:90! alight:B! STOPj alight:A! STOP)

This process has the following traces:

traces(BUS 1) = f hi;hboard:Ai;hboard:A; pay:90i;hboard:A; pay:90; alight:Bi;hboard:A; alight:Aig

It initially allows board:A, after which either the fare is paid and the journey made, or else the
journey is not made and the passenger alights again. 2

The definition oftraces(x : A ! P(x)) has two special cases: whereA contains no
elements (A = fg) and whereA contains but a single element (A = fbg).

In the case whereA = fg, the second clause of the definition cannot be met, since there
is no eventa for which a 2 A. The semantics is thus equal tofhig, which is the semantics of
STOP. In the case whereA = fbg, the second clause of the definition is equivalent tofhbia tr j tr 2 traces(P(b))g

which is the second clause of the event prefix definition forb! P(b). These observations
support twolawsconcerning equality of process expressions, given in Figure 4.1.

Output and input

The output and input constructors are special cases of the prefix and prefix choice operators.
The definition of their trace semantics follows the same pattern.

traces(c!v! P) = fhig[fhc:via tr j tr 2 traces(P)g
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traces(c?m : T ! P(m)) = fhig[fhc:via tr j v 2 T ^ tr 2 traces(P(v))gExample 4.5 The traces of the processin?x : Z! out!x! STOPare given as follows:

traces(in?x : Z! out!x! STOP) = fhig[ fhin:vi j v 2 Zg[ fhin:v; out:vi j v 2 Zg
An observation of this process might contain no events, or a single input, or an input of a
particular value followed by output of that same value. 2

SKIP

The atomic processSKIPis used to denote successful termination, and it signals this by means
of the termination eventX, the only event it can perform. The only traces it exhibits are the
empty trace and the singleton trace containingX.

traces(SKIP) = fhi; hXig
RUN

The CSP operators describing choice and concurrency exhibit a number of useful laws on
processes. A particular process which interacts well with them is the processRUN, defined to
be the process which can do any sequence of events. It may be defined directly in the traces
model as follows:

traces(RUN) = ftr j tr 2 TRACEg

The semantics of this process consists of all possible traces. It is the most obliging process,
always willing to perform any event. It may also be recursively defined using the existing
operators of the language, as follows:

RUN = (x : �! RUN) 2 SKIP

This process may also be defined with a particular interfaceA� �. The processRUNA

is defined to be the process with interfaceA that can always perform any event in its interface.
Its trace set is given as follows:

traces(RUNA) = ftr j tr 2 TRACE^ �(tr) � Ag
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P2 P = P h2-idemi

P1 2 (P2 2 P3) = (P1 2 P2) 2 P3 h2-associ

P1 2 P2 = P2 2 P1 h2-symi

P2 STOP= P h2-uniti

P2 RUN=T RUN h2-zeroTi

x : A! P1(x) 2 y : B! P2(y) h2-stepi= z : A[ B! R(z)where
R(c) = P1(c) if c 2 A n B= P2(c) if c 2 B n A= P1(c) u P2(c) if c 2 A\ B

Fig. 4.2 Laws for external choice

or it might alternatively be defined recursively using choice constructs:

RUNA = x : A! RUNA

RUNAX behaves asRUNA but it can also terminate:

RUNAX = (x : A! RUNA) 2 SKIP

The processRUNdefined above is equivalent toRUN�X .

External choice

An observer of the choice constructP1 2 P2 might observe an execution ofP1, or ofP2; there
are no other possibilities. The possible traces of the choice consistsof the union of the two
sets of traces:

traces(P1 2 P2) = traces(P1) [ traces(P2)

The treatment of external choice as the union of trace sets means that the operator inherits the
properties of the union operator, in particular idempotence, associativity, and commutativity,
as given in the first three laws of Figure 4.2.

The first of these laws,2-idem, states that offering a choice between two copies of the
same process is not actually offering a choice at all. The second and third laws allow larger
sets of choices to be rearranged without altering the trace possibilities.These are the laws
that guarantee that the definition of the indexed choice operator is well-defined. They allow a
choice of processes to be defined purely in terms of the set of choices.
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Law 2-unit states that external choice gives any processP precedence overSTOP,
which can never resolve a choice in its favour. Law2-zeroT states that external choice allows
any processP to be masked byRUN: in a choice withRUN, if the choice does happen to be
resolved in favour ofP, then any trace corresponding to such an execution ofP is also possible
for RUN. Thus every trace ofP 2 RUN is a trace ofRUN, and the presence ofRUN as an
alternative masks the executions ofP. In algebraic terms,STOPis a unit of external choice,
andRUN is a zero.

Finally, an external choice of two menu choices may be rewritten as a singlemenu choice.
Law2-step gives the correspondence. The events that are on offer in the menu choice must
consist of all events that are on offer in one or other of the two component menu choices. If
an event is chosen which was offered only by one component, then the subsequent behaviour
must be determined by that component. If the chosen event was actually offeredby both
components, then the choice as to which one is subsequently executed is madeinternally—the
environment could choose the event, but cannot choose which subsequent behaviour will arise.Example 4.6 The choice between the two buses given in Example 1.24 is the choice
BUS 1 2 BUS 2 where

BUS 1 = board:A! ( pay:90! alight:B! STOPj alight:A! STOP)

BUS 2 = board:A! (pay:70! alight:B! STOPj alight:A! STOP)

Law2-step can be applied to this choice of processes. Since both components have the same
single first event, the choice reduces as follows:

BUS 1 2 BUS 2 =T board:A! ((pay:90! alight:B! STOPj alight:A! STOP)u(pay:70! alight:B! STOPj alight:A! STOP))

This equivalence reflects the fact that the environment has no control over which of two copies
of the same event is actually chosen; the choice is instead resolved internally when the event
is chosen. 2Example 4.7 ProcessP1 offers a choice between eventsa andb, andP2 offers a choice
betweenb andc, as follows:

P1 = a! d! STOPj b! e! STOP

P2 = b! f ! STOPj c! g! STOP



TRACE SEMANTICS 952

i2fg Pi = STOP h2-uniti2

i2I

(x : Ai ! Pi(x)) = x : (Si2I Ai)!ufijx2Aig Pi(x) h2-stepi

Fig. 4.3 Laws for indexed external choice

The external choiceP1 2 P2 betweenP1 andP2 offers a choice between the eventsa, b, and
c. The environment may choose between these events, but this is the extentof its control over
subsequent behaviour.

P1 2 P2 =T a! d! STOPj b! ( e! STOPu f ! STOP)j c! g! STOP

If b is chosen, then the next event could be eithere or f , and the choice between them will be
made internally by the processP1 2 P2. 2

The executions of the indexed external choice2

i2I
Pi are the executions of all of its

components. Its traces are given as follows:

traces(2

i2I
Pi) = S

i2I traces(Pi) [ fhig

The explicit inclusion of the empty tracehi is required in the case whenI is the empty set.
When the setI is non-empty, then inclusion ofhi is redundant since it will be included in any
of the trace setstraces(Pi).

There are two laws particular to indexed external choice. They are given in Figure 4.3.
The first law states that an empty indexed choice is a process that can do nothing. The second
law is a generalization of Law2-step. It states that a indexed external choice of prefix choices
is equivalent to a single prefix choice over all the possible first events(i.e. the union of all
the component choice sets). The process subsequent to a givenx is any of the corresponding
processesPi(x) from one of the prefix choices which offeredx (i.e. for whichx 2 Ai).

Internal choice

The internal choiceP1 u P2 behaves either asP1 or asP2, and its environment exercises
no control over which. A recorder of traces is concerned only with the executions that are
possible, and these are the executions ofP1 and ofP2. The traces ofP1 u P2 are therefore

traces(P1 u P2) = traces(P1) [ traces(P2)
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P u P = P hu-idemi
P1 u (P2 u P3) = (P1 u P2) u P3 hu-associ
P1 u P2 = P2 u P1 hu-symi
P1 u P2 =T P1 2 P2 hchoice-equivTi

Fig. 4.4 Laws for internal choice

This form of choice has different executions to the external choiceP1 2 P2, since the choice
is first resolved by an internal� transition before the appropriate choice begins execution.
However, this internal transition is not recorded in any trace, and a trace observer is not
concerned with identifying where responsibility lies for particular choices, but only with the
possible sequences of events. Under these circumstances, the internal and external choice
constructs are not distinguished. Both exhibit precisely the same possible sequences of visible
events, and their trace semantics are identical. Examination of a process’ set of traces is not
adequate for detecting the presence or absence of nondeterminism. More detailed observations
are required to distinguish internal from external choice, and these willbe introduced in
Chapter 6.

Since they are currently treated the same way, the internal choice operator satisfies the
same laws as the external choice operator, though only in the traces model.The useful laws
are given in Figure 4.4.

The indexed internal choiceu

i2J
Pi (where the indexing setJ must be non-empty) is

able to behave as any of its component processes. Its traces will therefore bethe indexed
union of the traces of all of its constituents:

traces(u
i2J

Pi) = S

i2J traces(Pi)

Alphabetized parallel

A parallel combinationP1 AkB P2 consists ofP1 performing events inA, andP2 performing
events inB. ProcessesP1 andP2 synchronize on events inA \ B, and perform their other
events independently.

SinceP1 is involved in the performance of all events fromA, any execution of the
parallel combination projected ontoA must be an execution ofP1. Similarly, any execution
projected ontoB must be an execution ofP2. The traces ofP1 AkB P2 are those sequences of
events which are consistent with bothP1 andP2. Only events inA or B, or termination, can



TRACE SEMANTICS 97

be performed, so the set of events in the trace must be contained in(A[ B)X:

traces(P1 AkB P2) = ftr 2 TRACEj tr � AX 2 traces(P1)^ tr � BX 2 traces(P2)^ �(tr) � (A[ B)X gExample 4.8 The traces ofP1 = a! STOPare given bytraces(P1) = fhi; haig. Sim-
ilarly, the traces ofP2 = b ! STOPare given bytraces(P2) = fhi; hbig. A trace of
P1 fagkfbg P2 must be a sequence of events fromfa; b;Xg whose projection tofa;Xg is
eitherhi or hai, and whose projection tofb;Xg is eitherhi or hbi. There are five such traces:fhi; hai; hbi; ha; bi; hb; aig

and so this set istraces(P1 fagkfbg P2). 2Example 4.9 The traces ofP1 = a! b! STOPare given astraces(P1) = fhi; hai; ha; big.
Similarly, the traces ofP2 = b! c! STOPare given bytraces(P2) = fhi; hbi; hb; cig. A
trace ofP1 fa;bgkfb;cg P2 must be a sequence of events fromfa; b; c;Xg whose projection tofa; b;Xg is eitherhi, hai, orha; bi, and whose projection tofb; c;Xg is eitherhi, hbi, orhb; ci.
The existence of the eventb in the interfaces of bothP1 andP2 means that both processes
have control over its occurrence, and its appearance in any trace must be consistent with both
components. The processP1 forces eventb to occur after the eventa, andP2 forcesb to occur
beforec. The set of traces consistent with both processes is thereforefhi; hai; ha; bi; ha; b; cig

and so this set istraces(P1 fa;bgkfb;cg P2). 2

There are a number of trace laws concerning the parallel operator. These are listed in Figure 4.5.

Law k-idem is a form of idempotence: if the interfaceA provided forP allows all of
its possible events—�(P) � A—then the traces ofP are the same as the traces of two copies
of P running together. Any execution ofP can be performed by both copies ofP executing
together synchronizing on every event. Lawsk-assoc andk-sym are the associativity and
commutativity laws for the parallel operator. The intermediate interfacesin law k-assoc
depend on the order in which components are composed together, but the resulting process
is the same in each case. Lawk-unit provides a unit for the parallel operator: the process
RUN(A\B)X which is always prepared to perform any event in the common interface, and hence
places no restriction onP’s performance of those events. The construction of the interfaces
means that the processP is not prevented from performing events inA n B either, soP in
P AkB RUN(A\B)X is able to perform any of its executions, and the resulting process behaves
exactly asP.
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P AkA P =T P if �(P) � A hk-idemTi
P1 AkB P2 = P2 BkA P1 hk-symi
P1 AkB[C (P2 BkC P3) = (P1 AkB P2) A[BkC P3 hk-associ
P AkB RUN(A\B)X = P if �(P) � A hk-uniti
C � A ^ D � B) hk-stepi(x : C! P1(x)) AkB (y : D! P2(y))= z : ((C n B) [ (D n A) [ (C\ D))! R(z)
where

R(c) = P1(c) AkB (y : D! P2(y)) if c 2 C n B= (x : C! P1(x)) AkB P2(c) if c 2 D n A= P1(c) AkB P2(c) if c 2 C\ D

SKIPAkB SKIP= SKIP hk-term 1i(x : C! P(x)) AkB SKIP= x : C\ (A n B)! (P(x) AkB SKIP) hk-term 2i

Fig. 4.5 Laws for alphabetized parallel

Law k-step shows how to reduce a parallel combination of prefix choices to a single
prefix choice. The events that are initially possible are those that eitherside can perform
without the co-operation of the other, together with those that bothare initially ready to
perform. The events that are blocked are those that only one side is readyto perform but
where the co-operation of both is required. Figure 4.6 illustrates the situation, where process
P1 with interfaceA is initially able to perform events inC, andP2 with interfaceB is initially
able to perform events inD: the events that can initially be performed are those in the shaded
regions.

Lawsk-term 1 andk-term 2 are concerned with termination of a parallel combination.
If both components are ready to terminate, then termination occurs. If onlyone component is
ready for termination, then only the possibilities of the other sideare initially available.Example 4.10 The parallel combination(a! STOPj c! STOP) fa;b;cgkfb;c;d;eg (b! STOPj c! STOPj d! STOP)
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A
C D

B

Fig. 4.6 Initial offers of a parallel combination

A
C D

B

a c b d

e

Fig. 4.7 Initial offers of the parallel combination of Example 4.10

can be reduced to a single prefix choice using lawk-step. The interface sets areA = fa; b; cg

andB = fb; c; d; eg, and the initial choice sets areC = fa; cg andD = fb; c; dg. In all cases,
the subsequent processesP1(x) andP2(y) areSTOP.

The initial choice is given by(C n B) [ (D n A) [ (B\ C). The setC n B = fag is
the set of events that can be performed initially by the left-hand process independently of the
right-hand one. The setD n A = fdg is the set of events that can be performed initially be
the right-hand process independently of the left. Finally, the setB \ C = fcg is the set of
events that both processes can initially synchronize on. The combined set of events that are
initially on offer is the union of these possibilities: the setfa; c; dg. Eventb is blocked by the
left-hand side, and evente is not offered by the right-hand side. This situation is illustratedin
Figure 4.7.

Law k-step also describes the processes subsequent to each of these events:

a! (STOPfa;b;cgkfb;c;d;eg b! STOPj c! STOPj d! STOP)j d! (a! STOPj c! STOPfa;b;cgkfb;c;d;eg STOP)j c! (STOPfa;b;cgkfb;c;d;eg STOP)
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Lawk-step is applicable to each subsequent behaviour. The process following the performance
of a is given by

STOPfa;b;cgkfb;c;d;eg (b! STOPj c! STOPj d! STOP) )= d! (STOPfa;b;cgkfb;c;d;eg STOP) k-step= d! STOP STOP-step

The other branches of the initial choice reduce in a similar way, resultingin the following
description which is given entirely in terms of prefix and choice:

a! d! STOPj d! a! STOPj c! STOP

Components either performa andd independently, or synchronize onc. 2Example 4.11 Two processesP1 = a ! b ! STOPand P2 = b ! c ! STOPare
required to synchronize ona, b, andc.(a! b! STOP) fa;b;cgkfa;b;cg (b! c! STOP)

The operational semantics for this process has no transitions, so it behaves the same way as
STOP. The laws for parallel composition allow this conclusion to be reached byreasoning at
the level of trace equivalences.

The interface setsA andB are bothfa; b; cg, the initial set forP1 is C = fag, and the
initial set forP2 is D = fbg. The events initially on offer are given by the union ofC n B
(the events thatP1 can perform independently ofP2), D n A (the events thatP2 can perform
independently ofP1), andC \ D (the events on which they can initially synchronize). Each
of these sets is the empty setfg, so lawk-step states that

P1 AkB P2 = x : fg ! P(x)= STOP by STOP-step

The parallel combination deadlocks immediately—no events can initially be performed. 2Example 4.12 The parallel combination

a! b! STOPfa;bgkfb;cg b! c! STOP
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can be rewritten to remove the parallel operator using the laws for parallel. The laws
STOP-step andprefix are used implicitly to treat event prefixes andSTOPas prefix choices.

a! b! STOPfa;bgkfb;cg b! c! STOP= a! ((b! STOP) fa;bgkfb;cg b! c! STOP) by k-step= a! b! (STOPfa;bgkfb;cg c! STOP) by k-step= a! b! c! STOP by k-step

At the first step the eventb is blocked by the left-hand process, and only eventa is possible.
This is reflected in the application of the law, which does not makeb available at the first step
because it is not a choice offered by both sides. 2Example 4.13 Two processes

P1 = a! x! STOPj b! y! STOP

P2 = c! x! STOPj d! y! STOP

have respective interfaces

A = fa; b; x; yg

B = fc; d; x; yg

They are intended to operate independently on the eventsa, b, c, andd, but to synchronize on
the eventsx andy. Their combination is described as

P1 AkB P2
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P �k� RUN=U P hk-uniti
P Ak� STOP= STOP hk-zeroi

Fig. 4.8 Further laws for parallel

All the first events of each process are independent of the other process, and so all are initially
available in the parallel combination. An application of lawk-step gives

P1 AkB P2= a! ((x! STOP) AkB P2)j b! ((y! STOP) AkB P2)j c! (P1 AkB x! STOP)j d! (P1 AkB y! STOP) by k-step= a! ( c! ((x! STOP) AkB x! STOP)j d! ((x! STOP) AkB y! STOP))j b! ( c! ((y! STOP) AkB x! STOP)j d! ((y! STOP) AkB y! STOP))j c! ( a! ((x! STOP) AkB x! STOP)j b! ((y! STOP) AkB x! STOP))j d! ( a! ((x! STOP) AkB y! STOP)j b! ((y! STOP) AkB y! STOP))
by k-step

= a! ( c! x! STOPj d! STOP)j b! ( c! STOPj d! y! STOP)j c! ( a! x! STOPj b! STOP)j d! ( a! STOPj b! y! STOP)

by k-step

In order for the two components to synchronize on anx or y event, they must independently
follow paths that lead to the same event. 2

The parallel operator has processSTOPas a zero, andRUN as a unit, as given in
Figure 4.8.

When applying the laws of parallel to expand a parallel compositionP1 k P2, the
implicit interface sets�(P1) and�(P2) must first be made explicit. The processP1 k P2 is an
abbreviation forP1 �(P1)k�(P2) P2.
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Interleaving

An interleaving of two processesP1 jjj P2 executes each component entirely independently of
the other, until termination. Traces of the combination will thereforeappear asinterleavings
of traces of the two component processes.

A tracetr is an interleaving of two otherstr1 andtr2 if each occurrence of each event
from tr1 andtr2 appears exactly once intr, and events fromtr1 andtr2 occur in the same order.
They must also agree on termination. This is denotedtr interleaves tr1; tr2. For example,ha; c; bi interleaves ha; bi; hciha; di interleaves hi; ha; di

This may be formally defined by a structural induction on sequences:hi interleaves tr1; tr2 , tr1 = tr2 = hihXi interleaves tr1; tr2 , tr1 = tr2 = hXihaia tr 6= hXi )haia tr interleaves tr1; tr2 , head(tr1) = a ^ tr interleaves tail(tr1); tr2_ head(tr2) = a ^ tr interleaves tr1; tail(tr2)

If a trace beginning witha interleaves two others, then one of those two must begin witha,
and the subsequent trace must be an interleaving of the subsequent two traces.

Any trace of the interleaved processP1 jjj P2 will be an interleaving of a trace fromP1

and a trace fromP2. The traces ofP1 jjj P2 are given as follows:

traces (P1 jjj P2) = ftr 2 TRACEj 9 tr1; tr2 � tr1 2 traces(P1) ^

tr2 2 traces(P2) ^

tr interleaves tr1; tr2gExample 4.14 The traces of(a ! b ! STOP) jjj (c ! STOP) are calculated from the
trace sets of the two component processes:

traces(a! b! STOP) = fhi; hai; ha; big

traces(c! STOP) = fhi; hcig

The traces of the combined process is made up of all possible interleavings of pairs of traces:

traces((a! b! STOP) jjj (c! STOP))= fhi; hai; ha; bi; hci; ha; ci; hc; ai; ha; b; ci; ha; c; bi; hc; a; big
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P1 jjj P2 = P2 jjj P1 hjjj-symi
P1 jjj (P2 jjj P3) = (P1 jjj P2) jjj P3 hjjj-associ
P jjj SKIP= P hjjj-uniti
P jjj RUN� = RUN� hjjj-zeroi(x : C! P1(x)) jjj (y : D! P2(y)) = z : (C[D)! R(z) hjjj-stepi

where

R(c) = P1(c) jjj (y : D! P2(y)) if c 2 C n D= (x : C! P1(x)) jjj P2(c) if c 2 D n C= P1(c) jjj (y : D! P2(y)) if c 2 C\ Du (x : C! P1(x)) jjj P2(c)
SKIP jjj SKIP= SKIP hjjj-term 1i(x : C! P(x)) jjj SKIP= (x : C! (P(x) jjj SKIP)) hjjj-term 2i

Fig. 4.9 Laws for interleaving

Thea must occur before theb, but thec can occur anywhere with respect to these two events.2

There are a number of trace laws concerning interleaving. These are listed in Figure 4.9.
The first two laws state simply that the interleaving operator is commutative and associative.
The next two laws give a unit and a zero for the operator. The fifth lawgives a way of
expanding an interleaving of two choices into a single prefix choice. It states that such an
interleaving offers the choice of any of the first events of either of itscomponents.

Interleaving parallel allows its two component processes independent control over ter-
mination. The entire combination will terminate when either of its component processes does
so. This is reflected in Lawsjjj-term 1 andjjj-term 2. If both sides are ready to terminate, then
only termination can occur. Alternatively, if one side is ready to terminate but the other side
is able to progress, then progress occurs in accordance with the non-terminating component.Example 4.15 The process(a! b! STOP) jjj (c! STOP) may be rewritten using Lawjjj-step as follows:(a! b! STOP) jjj (c! STOP)=T a! ((b! STOP) jjj (c! STOP))j c! ((a! b! STOP) jjj STOP)



TRACE SEMANTICS 105

The left-hand component is initially able to performa, and the right-hand component is
initially able to performc. The combination therefore offers a choice betweena andc. Further
applications ofjjj-step andjjj-unit reduce the process to

a! ( b! c! STOPj c! b! STOP)j c! a! b! STOP 2

Interface parallel

The processP1 k

A
P2 is a blend of both the parallel operator and the interleaving operator. Its

traces will consist of combinations of traces ofP1 andP2 which match on all occurrences of
events inAX, and which interleave on events not inAX.

Tracestr1 of P1 andtr2 of P2 may combine in a number of ways in the combination
P1 k

A
P2, provided they agree on events fromA. The relationtr synchA tr1; tr2 states thattr

describes one way in whichtr1 andtr2 can combine. It is defined as follows:hi synchA tr1; tr2 , tr1 = tr2 = hihXi synchA tr1; tr2 , tr1 = tr2 = hXihaia tr 6= hXi )haia tr synchA tr1; tr2 , (a 2 A ^ head(tr1) = head(tr2) = a^ tr synchA tail(tr1); tail(tr2))_ a 62 A ^(head(tr1) = a ^ tr synchA tail(tr1); tr2_ head(tr2) = a ^ tr synchA tr1; tail(tr2))

The constraint that the traces must agree onA means that some tracestr1 andtr2 are
not consistent. In this case, there will be notr which relates to the pair of them. For example,ha; b; ai andha; ci cannot agree on the setfag.

Any trace of the parallel processP1 k

A
P2 will be a combination of a trace fromP1 and

a trace fromP2. The traces ofP1 k

A
P2 are given as follows:

traces(P1 k

A
P2) = ftr 2 TRACEj 9 tr1; tr2 � tr1 2 traces(P1) ^

tr2 2 traces(P2) ^
tr synchA tr1; tr2 gExample 4.16

traces ((a! b! a! STOP) kfag (a! c! a! STOP))= fhi; hai; ha; bi; ha; ci; ha; b; ci; ha; c; bi; ha; b; c; ai; ha; c; b; aig
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P1 k

A
P2 = P2 k

A
P1 hk

A
-symi

P1 k

A

(P2 k

A
P3) = (P1 k

A
P2) k

A
P3 hk

A
-associ

P k

A
RUNAX =U P hk

A
-uniti

P k

A
RUN�nA =U RUN�nA hk

A
-zeroi(x : C! P1(x)) k

A

(y : D! P2(y))hk
A
-stepi= z : (((C [ D) n A) [ (C\ D \ A))! R(z)

where

R(c) = P1(c) k
A

(y : D! P2(y)) if c 2 C n (A[ D)= (x : C! P1(x))k
A
P2(c) if c 2 D n (A[ C)= P1(c)k

A

(y : D! P2(y)) if c 2 (C\ D) n Au (x : C! P1(x))k
A
P2(c)= P1(c)k

A
P2(c)) if c 2 C\ D \ A

SKIPk
A
SKIP= SKIP hk

A
-term 1i(x : C! P(x))k

A
SKIP hk

A
-term 2i= x : (C n A)! (P(x)k

A
SKIP)

Fig. 4.10 Laws for interface parallel

The traces of the component processes must agree on occurrences ofa, but are otherwise
independent. 2

There are a number of trace laws concerning interface parallel. These are listedin
Figure 4.10.

The first two laws are concerned with commutativity and associativity of the interface
parallel operator. Associativity applies in the case that both instancesA of the interface set are
the same. Lawk

A
-unit gives a unit for the operator:RUNA allowsP to perform any event inA,

and the common interfaceA means thatP can independently perform events not inA; so the
processP k

A
RUNAX has exactly the same traces asP. A zero which blocks all events inA and

masks all other events, is given by Lawk

A
-zero. Law k

A
-step allows a parallel combination of

choices to be expanded to a prefix choice of processes. The events offered by the prefix choice
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A

C D

Fig. 4.11 Initial possibilities for a interface parallel combination

are those inA which are offered by both components, together with those not inA offered by
either component. These possibilities are illustrated in Figure 4.11.

The behaviour of interface parallel with respect to termination is given bythe last two
laws. Lawk

A
-term 1 states that if both components are ready to terminate then termination

must occur. Lawk

A
-term 2 is concerned with the case where one side is ready to terminate but

the other is not; termination is not a possibility. The other process may progress on any event
that it is able to perform independently—any event not in the common interfaceA.

The relationship between interface parallel and the other two forms of parallel is made
explicit in the following two laws:

P1 AkB P2 = P1 k(A\B) P2 if �(P1) � A^ �(P2) � B

hk

A
-equiv 1i

P1 jjj P2 = P1 kfg P2 hk

A
-equiv 2i

Law k

A
-equiv 1 covers the case whereP1 andP2 must synchronize on all events that

are inA\ B, and can perform independently only those events which are in one alphabet and
outsideA\ B. This is naturally written using the alphabetized parallel operator, but the effect
is thatA\ B is a common interface, and it can equally be written with the interface parallel
operator.

Lawk

A
-equiv 2 states simply that process interleaving is equivalent to an empty interface

parallel combination.

108 TRACES(P n A) n B = P n (A[ B) hhide-combinei(a! P) n A = � a! (P n A) if a 62 A
P n A if a 2 A

hhide-step 1i(u

i2I
Pi) n A =u

i2I

(Pi n A) hu-disti
STOPn A = STOP hhide-STOPi(x : C! P(x)) n A = x : C! (P(x) n A) if A\C = fg hhide-step 2i(x : C! P(x)) n A =u

x2C

(P(x) n A) if C � A hhide-step 3i

SKIPn A = SKIP hhide-termi

Fig. 4.12 Laws for hiding

Hiding

The processP n A for A � � has the same executions asP, except that at any point where
P performs a visible event fromA, the processP n A performs the same event internally. All
events fromA become internal events inP n A, and do not appear in its traces. Any tracetr
of P gives rise to a tracetr n A of P n A; and conversely, any trace ofP n A must be derived
from a trace ofP with the events fromA made internal.

traces(P n A) = ftr n A j tr 2 traces(P)g

For instance

traces(a! b! a! STOP) = fhi; hai; ha; bi; ha; b; aig

and so

traces((a! b! a! STOP) n fag) = fhi; hbig

There are a number of laws concerning hiding. These are given in Figure 4.12. The first
law states that hiding successive sets of events obtains the same process ashiding all the sets
of events at once. It follows from this law that hiding is commutative:thatP n A n B = P n

B n A.

The second law is concerned with the effect of an abstraction on the occurrence ofan
event. If the eventa does not appear in the abstracted set of eventsA, then it is not hidden and
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it appears as a prefix to the subsequent processP n A. If a does occur inA then it is internal
and so the subsequent processP n A is immediately reached.

The third law states that hiding distributes over indexed internal choice: abstracting
events from a choice of process will yield the same traces as a single choice from a set of
processes which all have their events abstracted. The fourth law is the special case in which
no events are offered.

The fifth and sixth laws are special instances of hiding over a prefix choice. In the first
case none of the choice events is hidden, resulting in the same choice of events being offered.
In the second case all of the choice events are hidden, resulting in the choice between the
subsequent processes. These two laws are often applicable when channels are hidden: if the
channelc is hidden, then all events in the initial choice of the input processc?x : T ! P(x)

become internal in accordance with Law hide-step 3; ifc is not hidden, then none of them
become internal and the entire input choice remains, in accordance with Lawhide-step 2.
Finally, the last law states that hiding does not affect termination.Example 4.17 In the case where some events of a prefix choice are hidden, but not all of
them, the lawshide-step 1 andu-dist are used to separate out the individual branches of the
choice, and then to apply the hiding operator to each one separately.�

a! c! STOP2 b! d! STOP

� n fbg=T byu-dist andu-2-equivT(a! c! STOP) n fbg 2 (b! d! STOP) n fbg=T by hide-step 1

a! (c! STOP) n fbg2 (d! STOP) n fbg=T by hide-step 1

a! c! (STOPn fbg)2 d! (STOPn fbg)=T by hide-step 1

a! c! STOP2 d! STOP

Theb event is no longer visible in the resulting process description. 2
Renaming

The forward renaming operatorf (P) behaves the same way asP but performsf (a) whenever
P would have performeda. Its traces are the traces ofP with every event mapped throughf .

The set of traces off (P) can be defined:

traces(f (P)) = ff (tr) j tr 2 traces(P)g
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f (x : C! P(x)) = y : f (C)! f (P(f�1(y))) if f is 1� 1 hf (:)-step 1i
f (x : C! P(x)) = y : f (C)!u

xjf(x)=y
f (P(x)) hf (:)-step 2i

f (SKIP) = SKIP hf (:)-termi
l : (x : C! P(x)) = y : (l:C)! P(f�1l (y)) hl :-stepi

wherel:C = fl:c j c 2 Cg
l : SKIP= SKIP hl :-termi

f�1(x : C! P(x)) = y : f�1(C)! f�1(P(f (y))) hf�1(:)-stepi

f�1(SKIP) = SKIP hf�1(:)-termi

Fig. 4.13 Laws for renaming

This is indeed a set of traces, since the restrictions on alphabet renaming meanthatf maps�

into�, andf (X) = X.

For instance,

traces(a! b! a! STOP) = fhi; hai; ha; bi; ha; b; aig

and so iff (a) = c andf (b) = d then

traces(f (a! b! a! STOP)) = fhi; hci; hc; di; hc; d; cig

If g(a) = g(b) = c then

traces(g(a! b! a! STOP)) = fhi; hci; hc; ci; hc; c; cig

If the mappingf is one-one, then renaming withf has a straightforward interaction
with prefix choice, as given by Lawf (:)-step 1 in Figure 4.13. A choice of events fromC
becomes a choice of events fromf (C) = ff (c) j c 2 Cg. The fact thatf is injective means
that the eventy chosen corresponds to exactly one eventx(= f�1(y)) from the original choice
of events fromC, so the subsequent behaviour is that ofP(x) transformed throughf .

In general, the renaming operator interacts with prefix choice asgivenby Lawf (:)-step 2
in Figure 4.13. If a processP initially is prepared to perform any event fromC, then the initial
choice forf (P) is the set of eventsf (C). However, the result of choosingy could be any of
the processes which follow an event mapping toy: if a andb both appear inC, andf maps
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them both to the same eventc, thenf (P) is in effect offeringc in two different ways, once
resulting froma and once resulting fromb. The process subsequent toc can be eitherf (P(a))

or f (P(b)).
All of the term laws state that the various sorts of renaming cannot affect a process’

ability to terminate.Example 4.18 The processP initially offers a choice from the set of three eventsfa; b; cg:
P = a! d! STOPj b! e! STOPj c! STOP

Let the mappingf be defined by

f (a) = k

f (b) = k

f (c) = l

f (d) = m

f (e) = n

sof mapsbothaandb to the same eventk. Then the processf (P) reduces under Lawf (:)-step 2
to

k! (m! STOPu n! STOP)2 l ! STOP

The processf (P) only offers a choice between two events, whereP offered a choice between
three. The process following the choice ofk can be one of two possibilities, derived from the
behaviour ofP following a, or following b. 2

Process relabellingl : P is a special form of forward renaming in which all eventsa are
associated with the labell, by means of the renaming functionfl which mapsa to l:a for any
eventa 6= X, andfl(X) = X. The set of traces is given by the trace definition of forward
renaming:

traces(l : P) = ffl(tr) j tr 2 traces(P)g

The mapping functionfl is one-one, so the relabelling law is a specialization of Lawf (:)-step 1.

The backward renaming operatorf�1(P) also behaves in a similar fashion toP, but any
eventa that is performed byf�1(P) corresponds to an eventf (a) performed byP. Hence a
tracetr of f�1(P), when mapped through the functionf , must yield a tracef (tr) of P.

traces(f�1(P)) = ftr j f (tr) 2 traces(P)g
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The interaction between backward renaming and prefix choice is straightforward, and the laws
are given in Figure 4.13.

A set of eventsC offered as a choice byP becomes a choice overf�1(C) offered by
f�1(P), since it is precisely the events inf�1(C) that map to an event thatP can initially
perform—an event inC. If a particular eventa is chosen, then the subsequent behaviour is
determined by the behaviour ofP following f (a).Example 4.19 The processP0 initially offers a choice from the set of two eventsfk; lg.

P0 = k! (m! STOPj n! STOP)j l ! STOP

If the mappingf is defined as in Example 4.18, then the processf�1(P0) reduces under
Law f�1-step to

a! (d! STOPj e! STOP)2 b! (d! STOPj e! STOP)2 c! STOP

The resulting choice is between three events. In the case wherea orb is chosen, the subsequent
behaviour is that off�1(P(f (a))) = f�1(P(f (b))) = f�1(P(k))

The processP0 is equivalent tof (P) whereP was defined in Example 4.18. However,
f�1(P0) is not equivalent toP, since there are some possibilities forf�1(P0) which are not
possible forP; one example is the performance of eventefollowing eventa. This is manifested
in the sets of traces in the fact thatha; ei 2 traces(f�1(P0)) but ha; ei 62 traces(P). HenceP
andf�1(P0) = f�1(f (P)) are not trace equivalent. 2

Sequential Composition

The sequential compositionP1; P2 behaves asP1 until P1 terminates successfully, at which
point it passes control toP2. Since termination ofP1 does not denote termination of the entire
construct,P1’sX event is made internal.

The traces ofP1; P2 fall into two categories: traces ofP1 before termination, and
terminating traces ofP1 followed by traces ofP2.

traces(P1; P2) = ftr j tr 2 traces(P1) ^ X 62 �(tr)g[ ftr1 a tr2 j tr1 a hXi 2 traces(P1) ^ tr2 2 traces(P2)g

There are a number of laws appropriate to sequential composition. Theseare given in
Figure 4.14.

Law ; -assoc simply states that sequential composition is associative. Theunit laws
state thatSKIP is a left and right unit of sequential composition: thatSKIP is absorbed by



TRACE SEMANTICS 113(P1; P2); P3 = P1; (P2; P3) h; -associ

SKIP; P = P h; -unit-li

P; SKIP=T P h; -unit-ri(x : C! P(x)); P1 = x : C! (P(x); P1) h; -stepi

STOP; P = STOP h; -zero-li

Fig. 4.14 Laws for sequential composition

sequential composition (though the right unit law holds only in the traces model). Law; -step
states that a prefix choice in a sequential composition is equivalent to a prefix choice of
sequentially composed processes. Law; -zero-l is a special case of Law; -step, in which no
events are initially offered—this yields a left zero for sequential composition.Example 4.20 The processP1 is defined as follows:

P1 = a! SKIPj b! STOP

If P1 is sequentially composed with processP2 = c! SKIPthen the result is

P1; P2 = �

a! SKIP2 b! STOP

� ; c! SKIP= a! (SKIP; c! SKIP)j b! (STOP; c! SKIP)= a! c! SKIPj b! STOP

Thec event can follow thea but not theb. 2
Interrupt

The processP1 4 P2 executes asP1, but at any stage before termination it can begin executing
asP2. There are therefore two possibilities for any given trace: it is either a trace ofP1, or

114 TRACES(P1 4 P2) 4 P3 = P1 4 (P2 4 P3) h4-associ(x : C! P1(x)) 4 P2 = P2 2 (x : C! (P1(x) 4 P2)) h4-stepi
STOP4 P = P h4-unit-li
P4 STOP= P h4-unit-ri

SKIP4 P = SKIP2 P h4-termi

Fig. 4.15 Laws of interrupt

else it is a non-terminating trace ofP1 followed by a trace ofP2.
traces(P1 4 P2) = traces(P1)[ftr1 a tr2 j tr1 2 traces(P) ^ X 62 �(tr1)^ tr2 2 traces(P2)g

Interrupt satisfies a number of laws, given in Figure 4.15, concerningits interaction with
choice and with termination. Law4-assoc states that the interrupt operator is associative:
the bracketing of different levels of interrupt is irrelevant. Law4-step shows how a prefix
choice interrupted byP2 unwinds: either it behaves asP2 immediately, or else one of the
events of the prefix choice occurs, resulting in the subsequent process which may still be
interrupted. Law4-unit-l is a special case of4-step in which a process that does nothing
may be interrupted byP: in this case, the only possible activity is generated byP. Law4-unit-r
states that the processSTOPis ineffective as an interrupting process, since there are no events
it can perform to interrupt another process. Finally, Law4-term states that if termination
occurs, then the interrupting process is discarded.

Distributive laws

In addition to all of the laws given above for the various CSP operators, there is also a law for
each of them concerning distributivity over internal choice. All of the CSPoperators (except
recursion) distribute over both binary and indexed internal choice, in the traces model, and in
fact in all of the models for CSP. For example, the laws for prefix will be as follows:
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a! (P1 u P2) = (a! P1) u (a! P2) hprefix-disti

a!u

i2J
Pi =u

i2J

(a! Pi) hprefix-Disti

These laws effectively state that no observer can distinguish the case wherethe internal choice
is made after performance of thea from the case where it is made beforehand. In fact the
second law subsumes the first.

Binary operators will also distribute over internal choice. For example,

P1 AkB (P2 u P3) = (P1 AkB P2) u (P1 k P3) hk-disti

P1 AkB ui2J
Pi =u

i2J

(P1 AkB Pi) hk-Disti

Since the parallel operator is symmetric, as indicated by Lawk-sym, it follows from
these laws that it will also distribute over internal choice in its left-hand argument.

For binary operators that are not symmetric, both a left-hand and a right-hand version
of distributivity are given. One example is sequential composition:(P1 u P2); P3 = (P1; P3) u (P2; P3) h; -dist-li

P1; (P2 u P3) = (P1; P2) u (P1; P3) h; -dist-ri(u

i2J
Pi); P =u

i2J

(Pi ; P) h; -Dist-li

P; (u

i2J
Pi) =u

i2J

(P; Pi) h; -dist-ri
All CSP operators (except recursion) are distributive in all argumentsover internal

choice, and so there will be corresponding distributivity laws for eachCSP operator. Law
choice-equivT of Figure 4.4 stating thatP1 u P2 =T P1 2 P2 means that in the traces model,
though not more generally, all operators also distribute over externalchoice.

4.2 RECURSION

The case of recursion has been left until last, since it requires a different treatment to all of
the other operators. Traces of processes constructed using the other operators can be deduced
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from the traces of their components, but in the case of a recursively defined processN = P or
N = F(N) which should define the traces ofN, the traces of the componentP or F(N) depend
on the traces ofN itself, resulting in a circularity. For instance, ifP = F(N) = a! N, then
the traces ofP are going to befhig [ fhaia tr j tr 2 traces(N)g
which depends on the settraces(N).

The traces ofN can be derived directly from the operational semantics by use of the
characterization

traces(N) = ftr j N tr=) g
but the intention of providing trace semantics is to remove the need to consider processes at
the operational level and to support reasoning purely at the level of traces.

Recursion involves defining a process in terms of itself,N = F(N), so it is not surprising
that a circularity arises concerning the traces ofN simultaneously determining and being
determined by the traces ofF(N). Even before the traces ofN can be determined, there is one
fact that must hold:

traces(N) = traces(F(N))
The recursive definition defines anequationwhich must be satisfied by the settraces(N). In
fact,traces(N) is afixed pointof the function on trace sets represented by the CSP expression
F; when that function is applied totraces(N) to obtain traces(F(N)), then the result is
againtraces(N). This fact is extremely valuable: there are well-established techniques for
finding fixed points of functions, and for reasoning about them. They will allow the traces of
recursively defined processes to be identified by reasoning purely in terms oftraces.

Traces are records of finite executions, so every trace of a recursive processN = P may
be obtained by unwinding the recursive definition a finite number of times. Every process
contains the empty trace as one of its possible traces, so it follows thathi 2 traces(N), or,
equivalently,

traces(STOP) � traces(N)

Applying the functionF to each side of the subset relationship yields that

traces(F(STOP)) � traces(F(N)) = traces(N)

which states simply that the traces obtained by unwinding the recursive functionF once are
all traces ofN. This is justified because all of the CSP operators aremonotonicwith respect
to�: in other words, iftraces(P1) � traces(P2), thentraces(F(P1)) � traces(F(P2)) for
any functionF constructed out of CSP operators and terms.
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It is a standard induction to show that for anyn

traces(Fn(STOP)) � traces(F(N)) = traces(N)

which corresponds to the fact that all of the traces obtained by unwinding the definition
N = F(N) n times are still traces of the recursive processN.

All of the Fn(STOP) processes correspond to the finite unwindings of the recursive
definition, so between them they cover all of the possible traces ofN = P. Hence

traces(N = F(N)) = S

n2N traces(Fn(STOP))

This concurs with the expectation that the resulting set of traces must bea fixed point of the
function corresponding toF.Example 4.21 Consider the recursively defined processLIGHT = on! off ! LIGHT of
Example 1.14. The recursive function isF(Y) = on! off ! Y.

traces(STOP) = fhig

traces(F(STOP)) = fhi; honi; hon; offig

traces(F(F(STOP))) = fhi; honi; hon; offi; hon; off ; oni; hon; off ; on; offig

It appears that

traces(Fn(STOP)) = fhon; offii j 0 6 i 6 ng[fhon; offii a honi j 0 6 i < ng

and this conjecture may be established by induction. The base case(n = 0) is immediate, so
there is only the inductive step to consider. Assuming the result for n:

traces(Fn+1(STOP))= traces(on! off ! Fn(STOP))= fhi; honig[fhon; offia tr j tr 2 Fn(STOP)g= fhi; honig[fhon; offia tr j tr 2 fhon; offii j 0 6 i 6 ngg[fhon; offia tr j tr 2 fhon; offii a honi j 0 6 i < ngg= fhi; honig[fhon; offii j 1 6 i 6 n+ 1g[fhon; offii a honi j 1 6 i < n+ 1g= fhon; offii j 0 6 i 6 n+ 1g[fhon; offii a honi j 0 6 i < n+ 1g

118 TRACES

which establishes the result forn+ 1.

The traces ofLIGHT are given by

S
n2N traces(Fn(STOP)), which is given by

traces(LIGHT) = fhon; offii j i 2 Ng[fhon; offii a honi j i 2 Ng
All finite alternating sequences ofonandoff are present. 2

The first law for recursion is straightforward.

‘N = F(N)’ ) N =T F(N) hrecursion-unwindingTi

The law simply captures the discussion above. The left hand side is a statement about the
definition of the processN: that is a process defined by a recursive definitionN = F(N). The
right hand side is a result (in the traces model for this chapter) about the traces of the process
so defined (and there are corresponding results for the models defined in later chapters). The
traces associated withN must be the same as those associated withF(N), and this law states
exactly this. It is generally used to ‘unwind’ recursive definitions, or (used from right to left)
to fold them up. For instance, it may be used to show that the processN = a! N begins
with the occurrence of twoa events. InitiallyN =T a! N follows from the definition ofN,
and thena! N =T a! a! N may be deduced from another application of the law. This
makes explicit the fact thatN begins with twoas, since it follows thatN =T a! a! N.

Unique fixed points

Functions used in recursive definitions have been seen to have at least one fixed point. The
functions correspond to functions on sets of traces. In some cases, there may be exactly one
fixed point: exactly one set of traces that the function maps to itself. Forinstance, in the case
of the functionF(Y) = a! Y, the only fixed point of the function is the process identified
with the set of tracesfhain j n 2 Ng

This corresponds to the only process which satisfies the equationN =T a! N.

In other cases, there may be a multitude of fixed points. For instance, in the case of the
functionF(Y) = Y 2 a! STOP(on sets of traces) the set of tracesfhi; haig

is a fixed point of the function. However, so is the set of tracesfhi; hai; hbig
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and indeed any set of traces which contains bothhi andhaiwill be a fixed point of the function.

In the case where a CSP functionF has a unique fixed point, it follows thatall CSP
processes which are solutions of the equationY =T F(Y) must have the same set of traces,
since there is only one such set possible. This means that ifN = F(N) is a recursively defined
process andF has a unique fixed point, and if it can then be shown that another processP
satisfies the equationP =T F(P), then the conclusionN =T P follows.

Guardedness

This result is so useful that it is worthwhile exploring a general condition under which a CSP
function will indeed have a single fixed point. This condition isguardedness, which is present
in a functionF when any execution ofF(N) must perform some visible event before reaching
the first invocation ofN. If this is the case, then every occurrence of the nameN is said to be
guardedin F(N). It will be more precisely defined by the following clauses, which give rules
for deducing when a process nameN is guarded in a process expression which may contain a
number of process names.

The hiding operator may remove guards, by internalizing guarding events. It is the only
operator which has this effect: all other operators preserve guardedness when it is already
present. Guards are introduced either by means of the event prefixing operators, or else
through a sequential composition whose left-hand process (which is providing the guard) does
not terminate immediately.

A process nameN is event guardedin process expressionP if either

1. N does not appear inP; or

2. (a) P does not contain the hiding operator; and

(b) every occurrence of process nameN is either

i. within the scope of a prefixing operator (prefix,prefix choice, input,or output);
or

ii. contained within the second argument of a sequential composition whose first
argument does not terminate immediately.

A processP terminates immediately if one of its possible traces ishXi: it can terminate
having performed no actions. Equivalently, if the equationP =T P2 SKIPcan be established
for P thenP can terminate immediately. The equation provides evidence thatSKIPdescribes
one of the possible executions already possible forP.Example 4.22� N is guarded ina! N 2 b! STOP, since it is in the scope of the component process

a! N;

120 TRACES� N is guarded inin?m : T ! N jjj in?n : T ! N;� N is guarded in(a ! SKIP2 b ! SKIP); N because the left-hand process cannot
terminate immediately;� N is guarded in(SKIP2 a! SKIP); b! N because it is in the scope ofb! N;� N is not guarded in(SKIP2 a! SKIP); N;� N is not guarded ina ! b ! (N n fag) because the expression contains the hiding
operator;� N is guarded ina! M (whereM 6= N) because it does not appear;� N is guarded ina! M n fbg (whereM 6= N) because it does not appear. 2Example 4.23� The functionF(N) = on! off ! N is guarded, both by the eventonand by the event
off .� The functionF(N) = on! off ! N 2 off ! on! N is guarded, since each branch
of the choice is guarded.� The functionF(N) = (on! N) jjj (off ! N) is guarded, since each component of the
interleaving composition is guarded.� The functionF(N) = (on! N) 2 N is not guarded, since one of the components of
the choice is unguarded. This means that uniqueness of a fixed point is notguaranteed.
In fact, in this caseF has a number of distinct fixed points.� The functionF(N) = STOPk� N is not guarded, since the right hand component of the

parallel composition is unguarded. However, in this particular case thereis only one
fixed point.� The functionF(N) = on! (N n fong) is not guarded, because the use of the hiding
operator destroys the guard. This function has a number of distinct fixed points. 2

The second law for recursion can now be given:(F(Y) guarded^ (F(P1) =T P1) ^ (F(P2) =T P2))) P1 =T P2 hUFPTi
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The law is labelledUFPT, for ‘Unique Fixed Point’. It states that if two processes are
both fixed points of a guarded function (which must have a unique fixedpoint), then those two
processes must be equivalent. The guardedness is sufficient to establish that the fixed point is
unique, but it is not necessary—see Exercise 4.16. The law is often applied when one of the
processes is defined in terms ofF, for example whereP1 = F(P1); onceP2 is shown to be
trace equivalent toF(P2), the equalityP1 =T P2 follows.Example 4.24 Consider the recursive processes

N = (a! N) 2 b! STOP

and

M = a! M

where the aim is to establish thatN =T M 4 (b! STOP).
Note first that the functionFN(Y) = (a! Y) 2 (b! STOP) used for the definition of

N is guarded. This means thatUFPT is applicable, providedN =T FN(N) andM =T FN(M).
The condition forN follows immediately by Lawrecursion-unwinding, from its recursive
definition. The equivalence will follow if it can be shown that processM 4 (b! STOP) is a
fixed point of the functionFN(Y):

M 4 (b! STOP) =T by recursion-unwinding(a! M) 4 (b! STOP)=T by4-step(a! (M 4 (b! STOP))) 2 b! STOP=T by definition ofFN

FN(M 4 (b! STOP))

So the laws for trace equality show thatM 4 (b! STOP) is a fixed point ofFN, the function
which definesN, and so it has the same traces asN. 2Example 4.25 The ticket and change machine of Example 2.4 is a parallel combination of
two recursive processes:

MACHINE = TICKET fcash;ticketgkfcash;changeg CHANGE

where the component processes are given by the following recursive definitions:

TICKET = cash! ticket! TICKET

CHANGE = cash! change! CHANGE
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Their alphabets are given by�T = �(TICKET) and�C = �(CHANGE).
The parallel expansion lawk-step may be applied to expand the parallel combination

to a sequence of choices:

TICKET �Tk�C CHANGE=T by recursion-unwinding(cash! ticket! TICKET) �Tk�C (cash! change! CHANGE)=T by k-step

cash! (ticket! TICKET �Tk�C change! CHANGE)=T by k-step

cash! ( ticket! (TICKET �Tk�C change! CHANGE)j change! ((ticket! TICKET) �Tk�C CHANGE))=T by recursion-unwinding

cash!
ticket!((cash! ticket! TICKET) �Tk�C change! CHANGE)j change!((ticket! TICKET) �Tk�C cash! change! CHANGE)=T by k-step

cash!
ticket!

change! ((cash! ticket! TICKET) �Tk�C CHANGE)j change!
ticket! (TICKET �Tk�C (cash! change! CHANGE))=T by recursion-unwinding

cash! ( ticket! change! (TICKET �Tk�C CHANGE)j change! ticket! (TICKET �Tk�C CHANGE))

Observe that Lawk-step applies to processes of the formx : C ! P(x), which is why
the recursive definitions ofTICKET andCHANGEmust be unfolded (by an application of
recursion-unwinding) before that law can apply.

The above equivalence establishes thatTICKET �Tk�C CHANGEis a fixed point of the
guarded function

F(Y) = cash! ticket! change! Yj change! ticket! Y

and so it is trace equivalent to the recursively defined sequential process

MACHINE0 = cash! ticket! change! MACHINE0j change! ticket! MACHINE0



RECURSION 123

This provides a description of a process equivalent toMACHINE, but with the parallelism
removed. 2Example 4.26 The stop-and-wait protocol of Example 3.2 is defined as

SAWP = (Sk R) n (mid:T [ fackg)

where the sender and receiver are defined bySandR respectively.

S = in?x : T ! mid!x! ack! S

R = mid?y : T ! out!y! ack! R

Several applications of Lawk-step yield that

Sk R =T in?x : T! mid!x! out!x! ack! (Sk R)

Hiding themid andackchannels has the following effect:(Sk R) n (mid:T [ fackg)=T by the previous equivalence(in?x : T ! mid!x! out!x! ack! (Sk R)) n (mid:T [ fackg)=T by hide-step 2

in?x : T ! (mid!x! out!x! ack! (Sk R)) n (mid:T [ fackg)=T by hide-step 3

in?x : T ! (out!x! ack! (Sk R)) n (mid:T [ fackg)=T by hide-step 2

in?x : T ! out!x! (ack! (Sk R)) n (mid:T [ fackg)=T by hide-step 3

in?x : T ! out!x! ((Sk R)) n (mid:T [ fackg)

Hence(Sk R) n (mid:T [ fackg) is a fixed point of the guarded functionF(Y) = in?x : T!
out!x! Y which is the function used to define the one-place bufferCOPYof Example 1.15.
It follows from UFPT that(Sk R) n (mid:T [ fackg) =T COPY

which establishes that the stop-and-wait protocol really does implement aone-place buffer.2
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Mutual recursion

The approach taken to mutually defined families of processes is a generalization of the approach
taken above. In a mutual recursion, each of the processes is defined in terms of a number of
the processes. The general case of a mutual recursion is concerned with a family, or vectorof
process namesN. Each member of the family is referred to with a particular indexi, and the
ith component of vectorN is referred to asNi .

For example, three processesHIGH, MID, andLOW may be defined by means of a
mutual recursion. This family of process names may be considered in terms ofthe vectorN,
indexed by the setf0; 1; 2g, with N0 = HIGH, N1 = MID, andN2 = LOW. Another way of
writing this isN = hHIGH;MID; LOWi.

The mutual recursion definingN uses a corresponding family, or vector of functionsF,
with the same indexing set. Each element ofF is a CSP function on a vector of processes
which gives a CSP process as output. Hence the entire vectorF is a function from vectors of
processes to vectors of processes. The recursive definition then takes the form N = F(N).

For instance, the three processesHIGH, MID, andLOW might be defined as follows:

HIGH = around! HIGHj down! MID

MID = up! HIGHj down! LOW

LOW = jump! HIGHj up! MIDj down! up! LOW

In this case, each ofHIGH, MID, andLOW is defined in terms of a function of the three
processes, and the traces associated with each of these processes is dependent on those traces
associated with the others.

All three processes aresimultaneouslydefined by the recursive equations. There is a
CSP function associated with each process, which in each case is a function of three arguments:

F0(H;M; L) = around! H j down! M

F1(H;M; L) = up! H j down! L

F2(H;M; L) = jump! H j up! M j down! up! L

Observe that some functions do not mention all of the names in their definition.

The recursive definitions may then be rewritten as

HIGH = F0(HIGH;MID; LOW)

MID = F1(HIGH;MID; LOW)

LOW = F2(HIGH;MID; LOW)
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or alternatively as

N = hF0(N);F1(N);F2(N)i

or alternatively as

N = F(N)

To calculate the traces of each process defined by the mutual recursion, the same
approach is taken as in the treatment of single recursion, taking as the starting point that the
only trace known to be in each component is the empty tracehi. The processSTOPwill
be the first approximation to these processes, and successive unwindings of the definition
provide successive approximations: the point for beginning the recursive unwinding is the
vectorSTOP, and successive unwindings are then given byFn(STOP). This allows successive
approximations to each processNi to be built up as theith componentFn(STOP)i of the
approximations. The traces ofNi , whereN = F(N), are given by

traces(Ni) = S(traces(Fn(STOP)))i

In the case ofHIGH, MID, andLOW, the family of functionsF0, F1, andF2 together
define a mapping from a family of three processesH, M, andL to another family of three
processesF0(H;M; L), F1(H;M; L), andF2(H;M; L). To calculate the traces associated with
each of the processes defined recursively as part of this family, it is necessary tobegin with
the family STOP, STOP, andSTOP, similarly to the starting point for a single recursion:
that hi is the only trace known to be in each process. Unwinding the recursive definitions
once yields the familyH1 = F0(STOP;STOP;STOP), M1 = F1(STOP;STOP;STOP), and
L1 = F2(STOP;STOP;STOP), which are written in full as follows:

H1 = around! STOPj down! STOP

M1 = up! STOPj down! STOP

L1 = jump! STOPj up! STOPj down! up! STOP

and their traces are then given as follows:

traces(H1) = fhi; haroundi; hdownig

traces(M1) = fhi; hupi; hdownig

traces(L1) = fhi; hjumpi; hupi; hdowni; hdown; upig
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The next unwinding yields the three processes:

H2 = F0(H1;M1; L1)
M2 = F1(H1;M1; L1)
L2 = F2(H1;M1; L1)

Observe that all of the processes from the first unwinding are required in order to calculate
the processes reached after the second unwinding. Each stage is calculated from the previous
stage:

Hi+1 = F0(Hi ;Mi ; Li)
Mi+1 = F1(Hi ;Mi ; Li)
Li+1 = F2(Hi ;Mi ; Li)

The traces contained in the recursive processes are precisely those reached after some finite
number of unwindings. Hence the traces of the processHIGH are the traces of all theHi

approximations, and the traces ofMID andLOW are obtained similarly:

traces(HIGH) = S
i traces(Hi)

traces(MID) = S
i traces(Mi)

traces(LOW) = S
i traces(Li)Example 4.27 A collection of three processeshCi j 0 6 i 6 2i indexed by the setf0, 1, 2g

may be defined as follows:

Ci = around! Ci if i = 0�
around! Ci2 down! Ci�1 � otherwise

The conditional statement simply allows the expression of a family ofprocess definitions as a
single parameterized definition. It is shorthand for the family of process definitions

C0 = around! C0

C1 = around! C1 2 down! C0

C2 = around! C2 2 down! C1

The notationCi;j will refer to the jth approximation toCi . Since the starting point for the
unwindings isSTOP, eachCi;0 must beSTOP. The first approximations are

C0;1 = around! STOP

C1;1 = around! STOP2 down! STOP

C2;1 = around! STOP2 down! STOP
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and their traces are as follows:

traces(C0;1) = fhi; haroundig

traces(C1;1) = fhi; haroundi; hdownig

traces(C2;1) = fhi; haroundi; hdownig

The second approximations are

C0;2 = around! C0;1

C1;2 = around! C1;1 2 down! C0;1

C2;2 = around! C2;1 2 down! C1;1

The traces of the second approximations are derived from those of the first:

traces(C0;2) = fhi; haroundi; haround; aroundig

traces(C1;2) = fhi; haroundi; hdowni; haround; aroundi;haround; downi; hdown; aroundig

traces(C2;2) = fhi; haroundi; hdowni; haround; aroundi;haround; downi; hdown; aroundi; hdown; downig

In general, the traces of thenth approximations will be

traces(C0;n) = ftr j tr 2 faroundg� ^ #tr 6 ng

traces(C1;n) = ftr j tr 2 faround; downg� ^ #tr 6 n ^ tr # down6 1g

traces(C2;n) = ftr j tr 2 faround; downg� ^ #tr 6 n ^ tr # down6 2g

The traces of eachCi is the union of the traces of the approximations:traces(Ci) =S

n traces(Ci;n):
traces(C0) = ftr j tr 2 faroundg�g

traces(C1) = ftr j tr 2 faround; downg� ^ tr # down6 1g

traces(C2) = ftr j tr 2 faround; downg� ^ tr # down6 2g
EachCi can do a maximum ofi downevents. 2
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Unique fixed points

A mutual recursionN = P is event guarded inF if any nameNi appearing on the right hand
side of any equation has its corresponding processPi event guarded for each name: whenever
Ni appears in any of thePj , thenPi must be event guarded for eachNj . If a process nameNi

does not appear in any of the right hand processesPj , then there will never be any recursive
calls to the processPi and so it need not itself be guarded—only those processes which will
be recursively called need to provide guards. For example, in the recursivedefinition

START = LEFT

LEFT = right! RIGHT

RIGHT = left! LEFT

only process variablesLEFT andRIGHT appear in any of the right hand process expressions,
and both processes corresponding to those variables are event guarded. It follows that the
mutual recursion is event guarded. Observe that the functionFSTART(S; L;R) = L is not event
guarded. However,STARTdoes not appear on the right hand side of the definition, and so this
family of definitions is event guarded.

An event guarded function has a unique fixed point. This is a direct generalization of
the same result for the case of a single recursion. It allows two families of processes to be
shown to be equal, by establishing that they are both fixed points of a function whose variables
are guarded. This is expressed in the third rule we give for recursion, which is a more general
form of the Unique Fixed Point result:(F(Y) guarded^ (F(P1) =T P1) ^ (F(P2) =T P2))) P1 =T P2 hUFPTi

Example 4.28 This rule may be used for simplifying an interleaved combination of recur-
sive processes.

BOUNCE = up! down! BOUNCE

WOBBLE = left! right!WOBBLE
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The processBOUNCEjjjWOBBLEcannot be written as a single recursive process. Expanding
the interleaving yields

BOUNCEjjjWOBBLE=T recursion-unwinding(up! down! BOUNCE) jjj (left! right!WOBBLE)=T jjj-step

up! ((down! BOUNCE) jjj (left! right!WOBBLE))2 left! ((up! down! BOUNCE) jjj (right!WOBBLE))=T rule recursion-unwinding

up! ((down! BOUNCE) jjjWOBBLE)2 left! (BOUNCEjjj right!WOBBLE)

Similarly(down! BOUNCE) jjjWOBBLE=T down! (BOUNCEjjjWOBBLE)2 left! ((down! BOUNCE) jjj (right! WOBBLE))(down! BOUNCE) jjj (right!WOBBLE)=T down! (BOUNCEjjj (right!WOBBLE))2 right! ((down! BOUNCE) jjj WOBBLE)

BOUNCEjjj (right!WOBBLE)=T up! ((down! BOUNCE) jjj (right!WOBBLE))2 right! (BOUNCEjjjWOBBLE)

The result is a vector of four parallel processes

BW = * BOUNCEjjjWOBBLE
BOUNCEjjj (right!WOBBLE)(down! BOUNCE) jjj (right!WOBBLE)(down! BOUNCE) jjjWOBBLE

+

given as functions of each other. The functions, given in terms of processesN indexed from0
to 3, may be extracted and made explicit:

F0(N) = (up! N1) 2 (left! N3)

F1(N) = (down! N0) 2 (left! N2)

F2(N) = (down! N3) 2 (right! N1)

F3(N) = (up! N2) 2 (right! N0)
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N1N2
N3

right

left

right

left

downupdownup

BOUNCEjjj WOBBLE

Fig. 4.16 The transitions ofBOUNCEjjj WOBBLE

Then ifN = F(N), thenUFPT allows the deduction thatBW=T N, since they are both fixed
points ofF. This means thatBOUNCEjjjWOBBLE=T N0, so it can be rewritten as a mutual
recursion to remove explicit parallelism. Its state space is illustratedin Figure 4.16. 2Example 4.29 Suppose that the counter of Example 1.19 is adapted so that it can only
perform increments, and no longer has decrements as an option:

COUNTUP(n) = increment! COUNTUP(n+ 1)

Then any of theCOUNTUP(n) processes can perform arbitrary sequences ofincrementevents,
and no other events. It appears that each process is equivalent toN = increment! N. In
fact, this can be shown by setting a vector of processesN so that eachNi = N as defined by
the recursion. Then

Nn =T N=T increment! N=T increment! Nn+1

so the vectorN is a fixed point of the guarded function used to defineCOUNTUP, and hence
by UFPT the two families of processes must be the same. It follows that eachCOUNTUP(n)

is trace equivalent toN = increment! N. 2Example 4.30 The counter of Example 1.19 is defined as a mutual recursion, which main-
tains the difference between the numbers ofincrements anddecrements, and allowsdecrement
provided this number is strictly positive:

COUNT(0) = increment! COUNT(1)

COUNT(n+ 1) = increment! COUNT(n+ 2)2 decrement! COUNT(n)
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The following process expressionSPAWNdescribes a process with the same behaviour as
COUNT(0): every timeincrementis performed, a process is spawned which can independently
performdecrementexactly once.

SPAWN = increment! (SPAWNjjj decrement! STOP)

To show thatSPAWN=T COUNT(0) it is sufficient to find a family of processesSwhich is a
fixed point of the function definingCOUNT, and such thatS0 = SPAWN.

Define

Sn = SPAWNjjj (jjjn
i=1(decrement! STOP))

Observe (recalling Exercise 4.7) thatjjjn+1

i=1 (decrement! STOP) =T decrement! (jjjn
i=1 decrement! STOP)

Then

S0 = SPAWN=T increment! (SPAWNjjj decrement! STOP)=T increment! S1

Sn+1 = SPAWNjjj jjjn+1

i=1 (decrement! STOP)=T (increment! (SPAWNjjj decrement! STOP))jjj decrement! jjjn
i=1(decrement! STOP)=T increment! ( SPAWNjjj decrement! STOPjjj jjjn+1

i=1 (decrement! STOP))2 decrement! (SPAWNjjj jjjn
i=1 decrement! STOP)=T increment! Sn+2 2 decrement! Sn

The Sn meet the same guarded equations as theCOUNT(n), so they must be the same by
UFPT. This means thatS0 =T SPAWN=T COUNT(0). 2
4.3 TESTING

A completely different approach to understanding CSP processes can be given directly in
terms of the operational semantics. Some very simple and natural notionsof how processes
should be distinguished and when they should be considered equivalentcan be given purely
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in terms of the possibility of a single event’s occurrence within some test. It turns out that this
approach gives the same results as the denotational traces model for CSP, and this equivalence
provides a better understanding of the traces model.

Processes may be analyzed in terms of how they behave in particular contexts.The
response of processes to particulartestscan be used to compare different process expressions,
and two processes will be considered equivalent if each of their responses to anytest is the
same: two processes are judged equivalent if no test can tell them apart.

Tests will themselves be constructed from the CSP language, extended witha special
processSUCCESSwhich will be used to indicate that an execution has succeeded by means
of performing a special ‘success’ event! 62 �X. The operational semantics ofSUCCESSis
given by

SUCCESS

!�! STOP

For example, the test

T0 = a! SUCCESS

will reach the success state after the occurrence of ana event, and the test

T1 = a! SUCCESS2 b! SUCCESS

succeeds after either ana or ab event.

A test T can be used to test a CSP processP by runningP andT together in parallel,
and hiding all events apart from the success event!:(P k� T) n �

Since all events apart from! are hidden, the only visible event that this combination might
possibly perform is an! event, which denotes a successful execution1. The testT0 above will
succeed ifa is one of the first events that the tested processP can perform. For example, the
processa! b! STOPwill have a successful execution withT0, since(a! SUCCESSk�

a ! b ! STOP) n � can perform! after the internal synchronization ona. However,
b! a! STOPhas no successful execution.

1Unlike other events,! may also occur after termination to allow testing for termination. A new constructSKIP!

which has one transitionSKIP! X�! SUCCESSmay also be used in the construction of tests
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The approach ofmay testingis concerned with the possibility of successful execution of
a process under a test. The notationP may T indicates that there is some successful execution
of P under testT:

P may T = ((P k� T) n �) h!i=)

Two processesP1 andP2 will be distinguished under may testing if there is some testT which
distinguishes them: in other words, eitherP1 may T and: (P2 may T) or elseP2 may T
and: (P1 may T). If there is no such test, then they will be considered equivalent under may
testing:

P1 �mayP2 = 8T � P1 may T , P2 may T

For example,a ! b ! STOPand b ! a ! STOPare distinguished by the testa !

SUCCESS. On the other hand, the processesa ! STOPu b ! STOPanda ! STOP2

b! STOPmay pass exactly the same tests, and so will be equivalent under may testing.(a! b! STOP 6�may b! a! STOP)

a! STOP2 b! STOP �may a! STOPu b! STOP

The definition of may testing equivalence, although it provides a natural approach to process
equivalence, would be cumbersome to use in practice since it requires consideration of all
possible tests in order to show that two processes are equivalent. A significant result is that
this form of equivalence is exactly the same as traces equivalence:

P1 �mayP2 , traces(P1) = traces(P2)

This means that the traces model provides exactly the framework required for establishing
may testing equivalence. Technically, the traces model is said to befully abstractwith respect
to may testing. The traces model contains exactly the information requiredto compare and
contrast processes in terms of how they might behave in a may testing context. If two
processes have different trace sets, then there will be some test which can distinguish them,
and conversely if they have exactly the same trace sets, then no test can distinguish them.

Testing also naturally gives rise to a refinement relation:

P1 vmayP2 = 8T � : (P1 may T)) : (P2 may T)

This states that if a specification processP1 is unable to pass a given testT, then this indicates a
limitation on whatP1 considered as a specification allows, and so no implementation should be
able to pass the testT either. Although this definition is intuitive, it would be laborious to apply
directly in practice because it would involve consideration of an infinityof tests. However, it
does provide an alternative understanding of refinement in the traces model (introduced in the
next Chapter, on Page 166), since these two characterizations of refinement areequivalent:

P1 vmayP2 , P1 vT P2
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4.4 CONGRUENCE

May testing defines a way of identifying when two processes should be considered equivalent.
All that is required for a relation to be an equivalence relation� on a setSis that it is reflexive,
symmetric, and transitive:

reflexive: 8 x : S� x� x

symmetric: 8 x; y : S� x� y, y� x

transitive: 8 x; y; z : S� x� y ^ y� z) x� z

For example, an equivalence on the positive integersN+ might identify two integers if they
are the same modulo3, so1 and4 are considered equivalent modulo3. This could be written
as1 �3 4.

A congruenceis a stronger form of equivalence, which is preserved by the operations
on that set. In other words, if the same operation is carried out on two elements that are
equivalent, then the two results should again be equivalent. Equivalence modulo3 onN+ is
a congruence when the only operations of interest are addition and multiplication. However,
if exponentiation is also allowed as an operation, then it is no longer a congruence, since for
example1 � 4 but:(21 �3 24). This operation allows a context in which some equivalent
numbers can be distinguished, by giving a different result when appliedto each of them.
Whether or not an equivalence onS is also a congruence onS depends on the operations
allowed.

Any equivalence� on a setS will have an associated congruence�=: the weakest
congruence which is stronger than it. Two conditions must hold: firstly �= is stronger than�

if

1. 8 x; y : S� x�= y) x� y

For example, equivalence modulo6, is stronger than equivalence modulo3—if two numbers
are equivalent modulo 6, then they are equivalent modulo 3:x �6 y ) x �3 y. However,
equivalence modulo2 is not stronger than equivalence modulo3, since for example2 �2 10

but:(2 �3 10).
Being theweakestcongruence stronger than�-equivalence means that the associated

congruence should be weaker than any other congruence�=0 which is stronger than�:

2. If �=0 is a congruence stronger than� then it is also stronger than�=.

For example, under the operations of addition, multiplication, and exponentiation, equivalence
modulo6 is the weakest congruence stronger than equivalence modulo3.

Generally in considering CSP processes, an equivalence relation itself is notso useful as
its associated congruence relation. This is because processes are components ofsystems, and
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so their behaviour in a variety of contexts is more important than their behaviour in isolation.
An equivalence relation allows natural distinctions between processes to be expressed, and the
associated congruence establishes what else is required for equivalence to be preserved in all
contexts.

A denotational model such as the traces model automatically provides a congruence for
the language simply by virtue of the compositional way the language semantics is defined.
Since trace equivalence is the same as may testing equivalence, this means that may testing
equivalence must also be a congruence, so any two processes which cannot be distinguished
by any test can replace each other within any process context without changing the overall
result.

ExercisesExercise 4.1 What are the traces associated with the following finite state machines ?�

a b

c

b

a
cExercise 4.2 Give the traces of the following processes:

1. a! STOPj b! c! STOP

2. a! STOPj b! (c! STOPj d! STOP)

3. a! STOP2 a! b! STOP

4. u

n2Zout!n! out!(n2)! STOP

5. a! b! RUNfa;bg

6. (a! b! STOP) u RUNfa;cgExercise 4.3 Why is the empty trace explicitly included in the definition of indexedexternal
choice? Why is it not also included in the definition of indexed internal choice?Exercise 4.4 Prove the soundness of Law2-zerofrom the definition given fortraces(P1 2
P2).Exercise 4.5 Prove the soundness of Law2-unit.

136 TRACESExercise 4.6 Simplify each of the following where possible, where�(P) � A:

1. P AkA RUNAX

2. P AkB RUNBX (whereB� A)

3. P AkB RUNBX (whereB* A)

4. P AkB RUN(BnA)X (whereA� B)

5. P AkA STOP

6. P AkB STOP(whereA� B)

7. P AkB STOP(whereA* B)Exercise 4.7 Given thatjjj1
i=1 a! STOP=T a! STOP, prove (by induction onn) thatjjjn+1

i=1 a! STOP =T a! (jjjn
i=1 a! STOP)Exercise 4.8 What are the traces of the following processes?

1. coin! change! SKIP2 coin! ticket! SKIP

2. coin! change! SKIPk coin! ticket! SKIP

3. coin! change! SKIP jjj coin! ticket! SKIP

4. coin! change! SKIP4 coin! ticket! SKIPExercise 4.9 What are the traces ofP1, P2, andP1 AkB P2 of Example 4.13 of Page 101.Exercise 4.10 Is f (f�1(P)) =T P true for any alphabet renaming functionf ? How about
f�1(f (P)) =T P ? In each case give a proof or a counterexample.Exercise 4.11 What are the traces of the recursive processTASKSof Example 3.24?Exercise 4.12 Calculate the traces of the recursive process

P = up! (P2 SKIP); down! SKIPExercise 4.13 Calculate the traces of the recursive process

P = in?x : N ! ((out!x! P)� COPY)



EXERCISES 137Exercise 4.14 Is F(Y) = a! Y 2 b! Y guarded? What are the traces ofN = F(N) ?
Are there any other fixed points?Exercise 4.15 Is F(Y) = a! Y fagkfag Y guarded? What are the traces ofN = F(N)?
Are there any other fixed points?Exercise 4.16 Is F(Y) = ((x : � ! Y) 2 SKIP) jjj Y guarded? What are the traces of
N = F(N)? Are there any other fixed points?Exercise 4.17 RewriteATT k CUSTof Example 2.3 as a recursion which does not contain
any parallel operators.Exercise 4.18 Show that(SPY k MASTER) n frelayg of Example 3.1 is equivalent to
listen?x! RECORD(x), whereRECORDis defined by a mutual recursion

RECORD(x) = listen?y! log!x! RECORD(y)2 log!x! listen?y! RECORD(y)Exercise 4.19 If OUTx = out!x ! OUTx, then a variable can described recursively as
Vx = OUTx 4 in?y! Vy. It can also be defined using the equationVARx = in?y! VARy 2

out!x! VARx. Use the Unique Fixed Point law to show that these define the same process.Exercise 4.20 Find a test which distinguishesa! b! STOPfrom a! b! c! STOP
under may testing.Exercise 4.21 Find a test that distinguishesM = (a ! b ! M u b ! a ! M) from
N = (a! N u b! N) under may testing.Exercise 4.22 Is there a test that distinguishesa ! STOPu a ! b ! STOPfrom
a! b! STOPunder may testing?Exercise 4.23 Is there a test that distinguishesa! b! STOPfrom a! STOPjjj b!
STOPunder may testing?Exercise 4.24 Is there a test that distinguishesN = a ! N fromu

n2NA(n) under may

testing, whereA(0) = STOPandA(n+ 1) = a! A(n) ?Exercise 4.25 Can the processesSTOPandSKIP be told apart without the presence of
SKIP! in the language of tests?Exercise 4.26 A congruence over a language is dependent on the constructs of the language.
If new operators are introduced to the language, then the requirements foran equivalence to
be a congruence alter, since the equivalence must also be respected by the new operators.
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Suppose that a new operatorInt(P) is added to the language of CSP, with transitions as
follows:

P
a�! P0

Int(P) a�! Int(P0) P

��! P0
Int(P) ��! STOP

Int(P) can deadlock at any stage where internal transitions are possible forP.

1. Is may testing equivalence still a congruence in the language extended with this new
operator?

2. What is the congruence associated with the equivalence relation�may for the extended
language?

3. Can a denotational definition be given for this operator in the traces model?
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Specification and verification

with traces

5.1 PROPERTY-ORIENTED SPECIFICATION

Systems are designed to satisfy particular requirements, and one of the uses of their semantics
is to enable them to be judged against given specifications. In the traces model, a specification
on a CSP process is given in terms of the traces it may engage in. It will characterize the
traces that are acceptable and those that are not. A process meets the specification ifall of its
executions are acceptable: no matter which choices are taken, any execution of the process is
guaranteed not to violate the specification.

If S(tr) is a predicate on tracestr, then processP meetsor satisfies S(tr) if S(tr) holds
of every tracetr of P.

P sat S(tr) = 8 tr 2 traces(P) � S(tr)

The specification S(tr) is said to be aproperty-oriented specification, since the required
property is captured directly in terms of restrictions on traces. The predicateS may be
expressed in any notation, though in practice first order logic and elementary set and sequence
notation are generally sufficient.Example 5.1 The requirement that there should not be moredownevents thanupevents is
captured as the predicate

S(tr) = tr # down6 tr # up

This states that the length of the trace restricted to thedown event (i.e. the number of
occurrences ofdown) should not exceed the length of the trace restricted to theupevent. For
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a process to satisfy this specification, no possible trace should have moredownevents thanup
events: at no stage must the specification be violated.

The processup! up! down! STOPhas as its trace set

traces(up! up! down! STOP) = f hi; hupi; hup; upi; hup; up; downi g
and every tracetr in that set meetsS(tr). It follows that

up! up! down! STOP sat tr # down6 tr # up 2

If a processP fails to meet a specificationS(tr), then this must be because it has some
(finite) trace for whichS fails to hold: there is a point where the performance of a particular
event takes the execution ofP outside the specification. To meet a trace specification, it is
necessary to ensure that at every stage of an execution no violating events areperformed. This
kind of specification is called asafetyspecification, which requires that nothing ‘bad’ should
ever happen, and it is precisely this kind of property that are expressed as specifications on
traces.

Since every process has the empty tracehi as one of its traces, any specificationSwhich
is satisfiable by some process, it must hold for the empty trace. IfS(hi) does not hold, then
this means that the specification is violated before the process even beginsto execute, and so
no process could meet it. The checkS(hi) is a necessary condition for satisfiability.

Conversely the processSTOPhas the empty trace as its only trace. Hence any satisfiable
specification will be met bySTOP. It is certainly the safest process in the sense of trace
specifications: it is always safe to do nothing, even if it is not very useful. In subsequent
chapters other forms of specification will be discussed, notablylivenessspecifications, which
STOPwill not satisfy. But within the context of observations as traces, andconsidering only
safety specifications,STOPis the process that meets all satisfiable specifications.Example 5.2 The requirementPR(tr) that some eventa should always precede another
eventb may be expressed a number of different ways:

PR1(tr) = (tr = tr0 a hbia tr1)) tr0 � a 6= hi

PR2(tr) = (tr = tr0 a hbia tr1)) tr � a 6= hi

PR3(tr) = tr � a = hi ) tr � b = hi

The first predicate,PR1, states that if a trace may be split around the eventb, then the segment
before theb event should contain ana event. The second predicate,PR2, states that if a trace
contains ab event, then it should contain ana event somewhere within it.PR2 is not equivalent
to PR1 at the level of traces, since there are some traces (the simplest beinghb; ai) which meet
PR2 but notPR1. However, they are equivalent at the level ofspecificationson processes,
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in the sense thatP sat PR1(tr) , P sat PR2(tr) for any processP.. This is a result of the
downward closure propertyT2 again. If a tracetr of P meetsPR2 andP sat PR2, then any
prefix of tr should also meetPR2. In particular, iftr0a hbia tr1 is such a trace, thentr0a hbi

is another such trace. SincePR2 states thata is in the latter trace, it must be intr0, the part of
the trace that precedesb.

The predicatePR3(tr) is equivalent toPR2(tr), but expressed rather differently: it states
that if a has not yet occurred, thenb cannot yet have occurred. 2Example 5.3 The typical requirement on a buffer or queue process is that messages are
output in the same order as, and subsequent to, their input. This is captured by the specification
that at any stage, the sequence of outputs that have been observed must be a prefix of the
sequence of inputs.

B(tr) = tr + out6 tr + in

This safety specification can be violated only by a process performing the wrong output at
some point. 2

5.2 VERIFICATION

The compositional nature of the trace semantics for CSP allows a compositional proof system
to be provided for trace specifications. Specifications of processes may be deduced from
specifications about their components, in a way which reflects the trace semanticsof the CSP
operators. The proof system is given as a set of proof rules for all of the CSP operators,
in each case giving as conclusion a specification which holds of a composite process, from
antecedents which describe specifications which hold for the component processes. The proof
rules are sound with respect to the trace semantics given for the CSP operators, and complete
relative to completeness of the specification language.

There are three rules whose validity is due to the nature ofsat specification, and which
therefore hold for all CSP processes.

The first is that any process meets the vacuous specificationtrue(tr), which holds for
all tracestr.

P sat true(tr)

The second is that any specification may be weakened:

P sat S(tr) [ 8 tr : TRACE� S(tr)) T(tr) ]
P sat T(tr)
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The final rule states that ifS(tr) andT(tr) have been established separately, then the specifi-
cation consisting of their conjunction is also established:

P sat S(tr)

P sat T(tr)

P sat (S^ T)(tr)
This last rule allows separate proofs forS(tr) and T(tr), and then for the results to be
combined. For instance, one proof may establish thatP sat tr # a6 tr # b, and another proof
may establish thatP sat tr # b6 tr # c. This rule allows the deduction that

P sat (tr # a6 tr # b ^ tr # b6 tr # c)
and the previous rule, which allows weakening of a specification within asatspecification, is
used to deduce

P sat (tr # a6 tr # c)
This chain of reasoning is independent of the nature of the processP, once the initial specifi-
cations forP are established.

STOP

There is only one trace of the processSTOP: the empty trace. The strongest specification that
is met by the processSTOPis thattr = hi. This is encapsulated in the rule

STOPsat tr = hi

The rule has no antecedents, corresponding to the fact thatSTOPhas no component processes.

The weakening rule given above can be used to show that any specification which is
satisfiable by any process must be satisfiable bySTOP. If P sat S(tr) (for some processP),
thenS must hold of the empty trace:S(hi). This follows from the fact thathi is a trace of
every process, and hence in particular ofP. This means that(tr = hi)) S(tr), which may be
used in an instance of the weakening rule:

STOPsat (tr = hi) [ 8 tr : TRACE� (tr = hi)) S(tr) ]

STOPsat S(tr)

In fact, the side condition is equivalent to the assertionS(hi).
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Prefix

A trace of the processa! P is either empty, or begins with the eventa followed by a trace of
P. If P sat S(tr) then the part of the trace aftera (that is: tail(tr)) must meet the specification
S. This leads to the following proof rule:

P sat S(tr)

a! P sat tr = hi_

head(tr) = a ^ S(tail(tr))

For instance, to show thatb! a! STOPsat tr # a6 tr # b, the fact thatSTOPsat tr = hi

may be used. The proof rule for prefix allows the deduction that

a! STOPsat (tr = hi _ (head(tr) = a ^ (tail(tr) = hi)))

which may be weakened to

a! STOPsat tr # a6 1

This intermediate weakening allows a more concise specification to be carried through the rest
of the proof.

A second application of the prefix rule then yields

b! a! STOPsat tr = hi_

head(tr) = b ^ tail(tr) # a6 1

and each disjunct in turn may be weakened to produce

b! a! STOPsat tr # a6 tr # b_

tr # b> 1 ^ tr # a6 1

which weakens finally to produce

b! a! STOPsat tr # a6 tr # b

Prefix Choice

The prefix choice operator generalizes the prefix operator: it contains a numberof component
processes, and the first event that is performed can be any one of the menu of events offered.
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The antecedent to the rule assumes a family of specificationsSa(tr), one for each of the
componentsP(a).8a 2 A � P(a) sat Sa(tr)

x : A! P(x) sat tr = hi_9 a 2 A � head(tr) = a ^ Sa(tail(tr))
Output and Input

The output processc!v! P is simply a particular kind of prefix process, and the proof rule
reflects this:

P sat S(tr)
c!v! P sat tr = hi_

head(tr) = c:v ^ S(tail(tr))
Similarly, the input processc?x : T ! P(x) is a special form of prefix choice, and so

the proof rule is very similar:8 v 2 T � P(v) sat Sv(tr)
c?x : T ! P(x) sat tr = hi_9 v 2 T � head(tr) = c:v ^ Sv(tail(tr))

SKIP

The processSKIPdoes nothing except terminate successfully. It has only two possible traces,
one for the situation before it has terminated successfully, and the other for the situation after.
These two traces arehi andhXi, so the inference rule, which has no antecedents, is as follows:

SKIPsat tr = hi _ tr = hXi

RUN

The processRUN is able to engage in any trace. If it is able to meet a specification, then
that specification must allow all possible traces. This will therefore be anextremely weak
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specification, since it places no restrictions on the traces that are acceptable. This specification
is equivalent totrue:

RUN sat true(tr)

In fact this rule is superfluous, since the conclusion may already be derived from the firstsat
rule given above, concerning the vacuous specificationtrue. However, it is given here for the
processRUN in order to cover that process explicitly.

External Choice

The processP1 2 P2 behaves either asP1 or asP2. If P1 sat S(tr) andP2 sat T(tr) then the
choice processP1 2 P2 satisfies the disjunction of these two specifications:

P1 sat S(tr)

P2 sat T(tr)

P1 2 P2 sat S(tr) _ T(tr)

Any trace ofP1 2 P2 will meet eitherS(tr) if it arises fromP1, or elseT(tr) if it is generated
from P2.

The indexed external choice2

i2I
Pi behaves in a similar way, meeting the disjunction

of the specifications met by its components:8 i 2 I � Pi sat Si(tr)2

i2I
Pi sat 9 i 2 I � Si(tr)

Any trace of the indexed choice must meet at least one of the component specifications.

Internal choice

The internal choice operator has the same trace semantics as the external choice operator, so
the inference rules will also be the same:

P1 sat S(tr)

P2 sat T(tr)

P1 u P2 sat S(tr) _ T(tr)8 i 2 J � Pi sat Si(tr)u

i2J
Pi sat9 i 2 J � Si(tr)
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Parallel composition

A tracetr of the processP1 AkB P2 is comprised of a contribution fromP1 and a contribution
from P2, contained within the alphabetsAX and BX respectively. In fact, the projection
of the trace ontoAX—tr � AX—is a trace ofP1, and the projectiontr � BX is a trace of
P2. If P1 sat S(tr), then this means thatS(tr � AX) must hold. Similarly, ifP2 sat T(tr),
thenT(tr � BX) must hold. Finally, only events inAX or BX are possible for the parallel
combination, so it follows that�(tr) � (A[ B)X. This leads to the following proof rule:

P1 sat S(tr)
P2 sat T(tr)
P1 AkB P2 sat S(tr � AX) ^ T(tr � BX) ^ �(tr) � (A[ B)X

This rule demonstrates the way in which parallel composition corresponds to conjunction: the
constraintsSandT both hold, on their respective alphabets.

For instance, the following recursive processes meet specifications as follows:

P1 = b! a! P1 sat S(tr) = (tr # a6 tr # b)
P2 = c! b! P2 sat T(tr) = (tr # b6 tr # c)

Then the combinationP1 fa;bgkfb;cg P2 meets the specification

S(tr � fa; bgX) ^ T(tr � fb; cgX) ^ �(tr) � fa; b; cgX

Observe thatS(tr) is concerned only with the occurrence of the eventsaandb in the tracetr,and
its truth dependsonly on the trace restricted to those two events. ThusS(tr), S(tr � fa; bgX),
and similarlyT(tr) , T(tr � fb; cgX). This often turns out to be the case when processes
are combined in parallel, since the interface set for a process generally contains all of the
events that it can perform, and specifications on such processes are usually concerned only
with constraints on their performable events.

The specification is then equivalent to

S(tr) ^ T(tr) ^ �(tr) � fa; b; cgX

which reduces to

tr # a6 tr # b6 tr # c ^ �(tr) � fa; b; cgX

The constraints imposed byP1 andP2 separately ensure thatc must occur at least as often as
a does.

The rule for the indexed parallel operator follows a similar pattern. Each componentPi

with interfaceAi imposes its own constraintSi(tr) on the projection of the overall trace onto
the alphabetAi .8 i 2 I � Pi sat Si(tr)ki2I

Ai
Pi sat (8 i 2 I � Si(tr � AXi )) ^ �(tr) � (Si2I Ai)X
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Interleaving

An interleaved combinationP1 jjj P2 performs tracestr which consist of a tracetr1 of P1

interleaved with a tracetr2 of P2. This leads to the following inference rule:

P1 sat S(tr)

P2 sat T(tr)

P1 jjj P2 sat9 tr1; tr2 � (S(tr1) ^ T(tr2) ^ tr interleaves tr1; tr2)

The resulting specification ontr met byP1 jjj P2 states thattr interleaves two traces meeting
SandT respectively.

In practice the nature ofSandT often allow this specification to be weakened to a more
direct requirementR(tr), by establishing the following:8 tr1; tr2 � ((S(tr1) ^ T(tr2) ^ tr interleaves tr1; tr2)) R(tr))

If R(tr) holds whenevertr interleaves two traces meetingS andT, then it must hold for the
particular tracestr1 andtr2 whose existence is asserted in the proof rule above. In such cases,
it can be deduced thatP1 jjj P2 sat R(tr).

This may be captured in an alternative proof rule:

P1 sat S(tr)

P2 sat T(tr)8 tr1; tr2; tr : TRACE� � S(tr1) ^ T(tr2)^ tr interleaves tr1; tr2 �) R(tr)

P1 jjj P2 sat R(tr)Example 5.4 Consider thatS(tr) is a specification which states thata must appear in the
trace beforeb does. This may be captured as follows:

S(tr) = tr � a = hi ) tr � b = hi

This states that if noa has occurred, then nob can have occurred. This is equivalent on
processes to stating that anyb event must be preceded by ana event because the trace sets of
processes are prefix closed.

If both P1 andP2 meet specificationS(tr), then anyb performed by one of the compo-
nents ofP1 jjj P2 must have been preceded by ana event performed by the same component;
so it appears thatP1 jjj P2 sat S(tr). In order to establish this using the second proof rule for
interleaving, it is necessary to check the third antecedent:(tr1 � a = hi ) tr1 � b = hi) ^(tr2 � a = hi ) tr2 � b = hi) ^

tr interleaves tr1; tr2 9=;) (tr � a = hi ) tr � b = hi)
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This result is reasonably intuitive, but to establish it formally requires an inductive proof ontr
because of the inductive definition ofinterleaves. 2

Interleaved combinationsP1 jjj P2 are often used to make explicit the fact that the
component processes have no direct interaction with one another, in cases where the alphabets
of P1 and P2 (apart from termination) are disjoint. In such cases, it is sometimes more
convenient for proof if the combination is rewritten to the formP1 �(P1)k�(P2) P2 as follows:

P1 jjj P2 = P1 �(P1)k�(P2) P2 if �(P1) \ �(P2) = fg
This form is supported by the more straightforward proof rule for alphabetized parallel with
its more direct relationship between the behaviour of the whole processand traces of its
components.

Interface parallel

The approach to this operator is similar to the approach taken to pure interleaving. A trace
tr of P1 k

A
P2 must arise from two tracestr1 and tr2 of P1 and P2 respectively, where

tr synchA tr1; tr2. This results in the following inference rule:

P1 sat S(tr)
P2 sat T(tr)
P1 k

A
P2 sat 9 tr1; tr2 � (S(tr1) ^ T(tr2) ^ tr synchA tr1; tr2)

As in the case of the interleaving operator it may be possible in particular cases ofSand
T to show that8 tr1; tr2; tr � (S(tr1) ^ T(tr2) ^ tr synchA tr1; tr2)) R(tr)

which would allow the deduction of

P1 k
A

P2 sat R(tr)

For example, if bothP1 andP2 meet the specificationS(tr) = (tr # B6 tr # A) where
B\ A = fg, thenP1 k

A
P2 should meet the specificationR(tr) = (tr # B 6 2 � tr # A), since

events fromB are performed independently byP1 andP2, but events fromA are performed
together. Indeed it is straightforward to check that8 tr1; tr2; tr � (S(tr1) ^ S(tr2) ^ tr synchA tr1; tr2)) R(tr)

from which the required result follows.
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its components on all events except termination. Letterm(tr) = X 2 �(tr) denote that
the trace corresponds to a terminating execution. IfP1 sat (term(tr) ) S(tr)) andP2 sat(term(tr) ) T(tr)), thenP1 kfg P2 on termination will meet the appropriate combination ofS

andT. For example, letsum(seq) be the sum of the elements of a sequenceseq2 Z� . Then
for instance the specificationSn(tr) = (term(tr) ) sum(tr + C) = n) states that at the time
of termination, the sum of all the values passed along all the channels in the setC is n. If
P1 sat Sn(tr), andP2 sat Sm(tr), thenP1 kfg P2 sat Sm+n(tr): by the time of termination, the

sum of the values passed by the parallel combination will bem+ n. 2

Hiding

A trace of the processP n A arises from a trace ofP simply by removing all of the events inA
from the trace. Hence for any trace ofP n A there is a corresponding trace ofP. The inference
rule thus takes the following form:

P sat S(tr)

P n A sat9 tr1 � tr1 n A = tr ^ S(tr1)

For instance, the processP might be given byP = a! b! c! P, and the property
that has been proven forP is thattr # c6 tr # b6 tr # a. The rule allows the deduction that

P n fbg sat 9 tr1 � tr1 n fbg = tr ^ tr1 # c6 tr1 # b6 tr1 # a

and this specification (observe it is ontr) is equivalent totr # c6 tr # a, since it holds fortr
precisely when this latter specification does.

In fact, the inference rule simplifies in the case where the specificationS(tr) is inde-
pendentof the setA being hidden, in the sense that it holds independently of the presence or
absence of events fromA in the trace. A specification isA-independent if8 tr � S(tr), S(tr n A)

For such a specification, the predicate9 tr1 � (S(tr1) ^ tr1 n A = tr) is equivalent toS(tr),
since if there is some suchtr1 thenS(tr1 n A)—that isS(tr)— holds. And if there is no such
tr1, thenS(tr) does not hold, sincetr is a candidatetr1. The conclusion of the rule simplifies,
and the resulting rule is

P sat S(tr) [ S(tr) is A-independent]

P n A sat S(tr)
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Generally, predicates which are concerned only with certain events in the trace arelikely
to be good candidates for independence from other events. For example, thespecification
tr # c6 tr # a is concerned only with the projection of the trace onto the eventsa andc, and
so it isA-independent for any setA which does not containa or c. Hence one instantiation of
the revised rule for the recursive processP = a! b! c! P would be

P sat tr # c6 tr # a [ ‘ tr # c6 tr # a’ is fbg-independent]
P n fbg sat tr # c6 tr # a

If the setA does not contain the channelc, (and recall it cannot containX), then a
specification stating that a particular result will be provided on channelc before termination
is A-independent, and so it is maintained by hiding the setA. The relevant instantiation of the
rule is as follows:

P sat (term(tr)) tr + c = h42i)
P n A sat (term(tr) ) tr + c = h42i)

since the predicate ‘term(tr)) tr + c = h42i’ is A-independent.

Observe that specifications might not beA-independent even if they do not mention
events fromA explicitly. The specificationterm(tr) ) #tr > 5, for example, states that the
process must do more than 5 events before terminating. This is notA-independent (for any
A 6= fg), since all events are counted towards the length of the trace; this specification is
concerned with all events in�.

Renaming

A tracetr of a renamed processf (P) will be a renamed tracef (tr1) for sometr1 of P. The
inference rule for translating specifications through a forward renamingis then as follows:

P sat S(tr)

f (P) sat 9 tr1 � S(tr1) ^ f (tr1) = tr

For particular specificationsS(tr) it is possible to translateS throughf to a specificationR.
This will be valid providedR(tr) can be shown to translateScorrectly:8 tr � (S(tr)) R(f (tr)))

For example, consider the restriction of the trace to a particular set. IfP sat tr # A 6 n, and
A = f�1(B) for some setB (in the sense thatA = fa j f (a) 2 Bg), then it might be expected
thatf (P) sat tr # B6 n. The result that8 tr � (tr # A6 n) tr # B6 n)
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allows this conclusion to be deduced.

In the case wheref is a 1–1 function, its inversef�1 is also a (partial) function, and
there is only one possibility for the tracetr1 which maps underf to tr, namelyf�1(tr). In this
case the inference rule simplifies as follows:

P sat S(tr) [ f injective ]

f (P) sat S(f�1(tr))

The specificationS may often itself be transformed byf when simplifyingS(f�1(tr)). For
example, consider a processB meeting the specification of a buffer:

B sat tr + out6 tr + in

If the channel names are renamed toleft andright by the application of an injective renaming
functionf defined by

f (in:m) = left:m
f (out:m) = right:m
f (left:m) = in:m

f (right:m) = out:m
thenf (B) sat f�1(tr) + out6 f�1(tr) + in. The sequence of messagesf�1(tr) + out is the
same as the sequencetr + f (out), that istr + right. Similarly, f�1(tr) + in is equivalent to
tr + left, and so the result is that

f (B) sat tr + right 6 tr + left

The inverse renaming operator is more straightforward. Iftr is a trace off�1(P), then
f (tr) is a trace ofP, and so it must satisfy whatever specificationP is known to satisfy. The
inference rule is as follows:

P sat S(tr)

f�1(P) sat S(f (tr))

For example, letP be the processP = a! d! P. Then

P sat tr # d 6 tr # a

so for any functionf it follows that

f�1(P) sat f (tr) # d 6 f (tr) # a

The process and the specification may be independently simplified.
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If for instancef is the function defined by

f (a) = f (b) = f (c) = a

f (d) = f (e) = d

the processf�1(P) reduces to

f�1(P) = a! (d! f�1(P) 2 e! f�1(P))2 b! (d! f�1(P) 2 e! f�1(P))2 c! (d! f�1(P) 2 e! f�1(P))
which is the same as the recursively defined process

P0 = a! (d! P0 2 e! P0)2 b! (d! P0 2 e! P0)2 c! (d! P0 2 e! P0)
by the unique fixed point lawUFPT.

Furthermore, the specification

f (tr) # d 6 f (tr) # a

reduces to

tr # f�1(fdg) 6 tr # f�1(fag)

which expands to

tr # fd; eg 6 tr # fa; b; cg

and so it is finally established that

P0 sat tr # fd; eg 6 tr # fa; b; cg
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Sequential composition

The processP1; P2 behaves entirely asP1 until P1 terminates, after which it behaves asP2.
Any given trace ofP1; P2 admits one of two possibilities: either it is a trace ofP1 which has
not yet reached termination, or else it is a trace ofP1 followed by a trace ofP2. The proof
rule reflects this dichotomy:

P1 sat S(tr)

P2 sat T(tr)

P1; P2 sat : term(tr) ^ S(tr)_9 tr1; tr2 � tr = tr1 a tr2 ^ S(tr1 a hXi) ^ T(tr2)

The first case covers those traces fromP1 that have not yet terminated. The second case is
concerned with those traces corresponding to executions that have passed control from P1 to
P2 at some point: in this case,tr1a hXi is the part of the trace fromP1 up to termination, and
tr2 is the contribution fromP2, after control has been passed. Observe that theX from P1’s
termination does not appear intr, reflecting the trace semantics of sequential composition.

A degenerate case concerns the situation where the specificationS(tr) for P1 does not
allow for termination:S(tr) ) : term(tr). In this case the first disjunct above reduces to
S(tr), and the second reduces tofalse(tr), sinceS(tr1 a hXi) cannot hold. In other words, in
the situation whereP1 cannot terminate, the result is thatP1; P2 sat S(tr), corresponding to
the fact that all executions will be entirely due toP1.
Interrupt

A trace of the interrupt processP1 4 P2 is either a trace ofP1, or else a non-terminated trace
of P1 followed by a trace ofP2. The inference rule is as follows:

P1 sat S(tr)

P2 sat T(tr)

P1 4 P2 sat S(tr)_9 tr1; tr2 � tr = tr1 a tr2 ^ : term(tr1) ^ S(tr1) ^ T(tr2)
5.3 RECURSION INDUCTION

If processN is recursively defined by the equationN = Por equivalently byN = F(N) (where
F(Y) = P[Y=N]), then a rule which is sufficient to establish thatN sat S(tr) is the following:8Y � (Y sat S(tr)) F(Y) sat S(tr)) [ S(hi) ]

N sat S(tr)
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This rule is sound because it provides all the ingredients for establishing by induction that
N sat S(tr). The traces ofN are those of

S
i traces(Fi(STOP)), all the finite unwindings of

F(Y) starting from the processSTOP. The inductive hypothesis is thatFi(STOP) sat S(tr).
The side conditionS(hi) provides the base case, since it is equivalent to the statementSTOPsat
S(tr), which is the same asF0(STOP) sat S(tr). The antecedent of the rule provides the basis
for the inductive step: that if an arbitrary processY meets the specificationS(tr), then so does
F(Y). Hence from the fact thatFi(STOP) sat S(tr) it follows thatF(Fi(STOP)) sat S(tr): that
is, Fi+1(STOP) sat S(tr). The conclusion that8 i � Fi(STOP) sat S(tr) follows by induction.
and so8 tr 2 Si traces(Fi(STOP)) � S(tr), which means thatN sat S(tr).

Establishing the antecedent to the rule will depend on the CSP operatorsused in the
recursive functionF(Y). Typically, the rules appropriate to these operators would be used.Example 5.6 The recursively defined processN = a! b! N alternates on performance
of the eventsa and b. One specification which it meets is that the number ofb events
never exceeds the number ofa events performed. This is expressed in the specification
S(tr) = tr # b6 tr # a

To establish the antecedent, it is necessary to show thatY sat S(tr)) a! b! Y sat
S(tr). Assuming thatY sat S(tr), it follows from an application of the rule for prefix that

b! Y sat tr = hi _ (tr = hbia tr 0 ^ S(tr 0))

and so it follows from another application of that rule that

a! b! Y sat tr = hi _ (tr = haia tr 0^ (tr 0 = hi _ (tr 0 = hbia tr 00 ^ S(tr 00))))

This simplifies to

a! b! Y sat tr = hi _ tr = hai _ (tr = ha; bia tr 00 ^ tr 00 # b6 tr 00 # a)

which implies that

a! b! Y sat S(tr)

as required. It is also necessary to check the side conditionS(hi), which in this case is trivial.
Hence the recursion induction rule allows the conclusion thatN sat S(tr). 2Example 5.7 A definition of the mail forwarder processNODEof Example 2.17 is

NODE = in?x : M ! (NODE jjj out!x! STOP)
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This process appears to satisfy the specification that any outputv must previously have been
input. This is expressed as the following predicate on traces:8 v � out:v in tr ) in:v in tr

This can be established forNODE by showing that the body of the definition preserves the
specification: that ifY satisfies it, then so doesF(Y) = in?x : M ! (Y jjj out!x! STOP).
This is achieved by using the rules for interleaving and input. Assuming thatY sat 8 v �

out:v in tr ) in:v in tr, it follows that, for any givenw,

Y jjj out:w! STOP sat 8 v � out:v in tr ) (in:v in tr _ v = w)

The rule for input yields that

in?x : M ! (Y jjj out:x! STOP)

sat tr = hi_

head(tr) = in:w ^(8 v � out:v: in tail(tr)) (in:v in tail(tr) _ v = w))

and this specification may be weakened to give the result

in?x : M ! (Y jjj out:x! STOP) sat 8 v � (out:v in tr ) in:v in tr)

It follows thatNODEmeets this specification. 2Example 5.8 It may happen that the specificationS(tr) itself is not preserved by recursive
calls, even though it happens to hold of the recursively defined process. For example, the
specificationS(tr) = tr � a = hi _ tr � b = hi states that the tracetr cannot contain
occurrences of both eventa and eventb. This holds for the processN = a ! N, but it is
not in general preserved by the functionF(Y) = a! Y defining the recursion: for instance,
b! STOPsat S(tr), butF(b! STOP) does not satisfyS(tr).

One approach in such cases is to find a stronger propertyT(tr) which is preserved by
recursive calls, for whichT(tr)) S(tr).

In the case above, a suitableT(tr) would betr � b = hi. This is preserved by the body
of the recursive definitionF(Y), and it also impliesS(tr). 2

156 SPECIFICATION AND VERIFICATION WITH TRACES

Mutual recursion

A mutual recursion is treated in an entirely similar way to the single case, though some extra
care must be taken to handle the indices of the family of defined processes.

A family of processesN(i) indexed by a setI is defined by an associated family of
equationsN(i) = F(i)(N). The entire definition is described at a stroke asN = F(N).

In terms of specification, a family of processes may be associated with a familyof
specificationsS(i)(tr), also indexed byI . In this case,N sat S(tr) means that each process
satisfies the associated specification:N(i) sat S(i)(tr), for each indexi.

Within this framework, the inference rule for mutual recursion is similar to that for
single recursion. IfN = F(N), then8Y � Y sat S(tr)) F(Y) sat S(tr) [ 8 i 2 I � S(i)(hi) ]

N sat S(tr)
The antecedent of this rule is equivalent to the requirement for arbitraryj 2 I thatF(j)(Y) sat
S(j)(tr), under the assumption thatY(i) sat S(i)(tr) for everyi 2 I .Example 5.9 Two processes defined through a mutual recursion areLIGHT andON of
Example 1.17:

LIGHT = on! ON

ON = off ! LIGHT

These may be shown to meet the respective pair of specifications

S1(tr) = tr # off 6 tr # on6 tr # off + 1

S2(tr) = tr # on6 tr # off 6 tr # on+ 1

The proof rule for mutual recursion induction requires as its antecedent that the pair of functions
preserve the pair of specifications. This means that8Y � (Y sat S2(tr) ) on! Y sat S1(tr))8Y � (Y sat S1(tr) ) off ! Y sat S2(tr))

These may be established by an application of the proof rule for prefix, andso the conclusion
LIGHT sat S1(tr) andON sat S2(tr) follows. 2Example 5.10 The example of the family of counter processes defined in terms of each
other, indexed byN, was given in Example 4.30.

COUNT(0) = increment! COUNT(1)

COUNT(i) = increment! COUNT(i + 1)j decrement! COUNT(i � 1) if i > 0
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The intention is thatCOUNT(0) can perform no moredecrementevents thatincrementevents.
In general, the index of any particularCOUNT(i) process reached during an execution of
COUNT(0) records the number by which occurrences ofincrementexceed those ofdecrement.

This means that to be consistent with the requirement onCOUNT(0), each process
COUNT(i) can perform up toi moredecrements thanincrements. The corresponding specifi-
cations are

S(i)(tr) = tr # decrement6 (i + tr # increment)

To prove that eachCOUNT(i) sat S(i)(tr), it is sufficient to show that this claim is preserved
when each process is replaced by its definition. There are essentially two cases to consider,
corresponding to the two possibilitiesi = 0 andi > 0.

In the casei = 0, the definition ofCOUNT(0) is increment! COUNT(1). Under the
assumption thatCOUNT(1) sat S(1)(tr), an application of the inference rule for prefix yields
that

increment! COUNT(1)

sat tr = hi_

head(tr) = increment^

tail(tr) # decrement6 (1 + tail(tr) # increment)

The specification can be weakened to obtain

increment! COUNT(1) sat S(0)

The other case to consider isi > 0. In this case, the relevant assumptions areCOUNT(i+1) sat S(i + 1)(tr), andCOUNT(i � 1) sat S(i � 1)(tr), since it is these process names that
appear in the definition ofCOUNT(i). The inference rule for prefix choice yields that

increment! COUNT(i + 1) j decrement! COUNT(i � 1)

sat tr = hi_ head(tr) = increment^ S(i + 1)(tail(tr))_ head(tr) = decrement^ S(i � 1)(tail(tr))

which expands to

increment! COUNT(i + 1) j decrement! COUNT(i � 1)

sat tr = hi_ head(tr) = increment^

tail(tr) # decrement6 i + 1 + tail(tr) # increment_ head(tr) = decrement^

tail(tr) # decrement6 i � 1 + tail(tr) # increment
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and each disjunct impliesS(i)(tr), which establishes the case.

It follows thatCOUNT(i) sat S(i)(tr) for eachi 2 I , and so (in the special casei = 0)
thatCOUNT(0) sat tr # decrement6 tr # increment. 2Example 5.11 The general buffer processBUFFER= BUFFER(hi) is intended to satisfy
the specificationtr + out6 tr + in. The processBUFFER(hi) is one of a family of processes
indexed by sequences of messages: the sequence is intended to represent the contents of the
buffer.

BUFFER(hi) = in?x : M ! BUFFER(hxi)
BUFFER(hyia s) = in?x : M ! BUFFER(hyia sa hxi)j out!y! BUFFER(s)

The corresponding family of specifications isS(s)(tr) = tr + out 6 sa (tr + in). The
output stream of a buffer with contentsswill begin with s, and continue with the sequence of
messages that have been input toBUFFER(s).

The family of functions defining theBUFFER(s) processes preserves the family of
specificationsS(tr), and soBUFFER(s) sat S(s)(tr) for each sequence of messagess; and in
particular,BUFFERsat tr + out6 tr + in. 2

5.4 CASE STUDY: DISTRIBUTED SUM

This case study illustrates the use of CSP in the description, analysis, and verification of a
distributed algorithm to sum a collection of values arranged in a graph. Each node follows its
own procedure locally and communicates only with its neighbours, but the output of all this
activity is the global sum of all the values.

Let G = (N;E) be a bidirectional (symmetric) connected graph with a set of nodesN
and edgesE � N�N. This may be viewed as a connected network of processes which may
communicate only with their neighbours.

The graphG has a weightwn associated with each noden. The algorithm of Figure 5.1
calculates the sum of all the weights. Each noden waits for one of its neighbours to send
it an initiating message. It records this neighbour as itsparent. It then sends all of its other
neighbouring nodes an initiating message, and simultaneously awaits messages from all of
these neighbours: some may be initiating messages, and some may be values. When all of
these have been received, the node sends to its parent the sum of all the values received and
wn, after which it terminates.

In order to start the algorithm, one special node must be initiated from outside the graph,
and return its final result outside the graph: this final result will bethe sum of all the weights.
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1. Receive an initiating message from some neighbour j;

2. Send out one initiating message to each of the other
neighbours, and receive initiating messages or values
from them;

3. Add up all the values received, add the weight wn, and
send the result to node j.

Fig. 5.1 Behaviour of each noden in the distributed sum algorithm

An example execution is pictured in Figure 5.2, where the nodes are annotated with their
weights. The associated communications are given in Figure 5.3. The topnode is activated,
and sends initiating messages to its neighbouring nodes, which send initiating messages to all
of their neighbours in turn. Once activated, a node observes initiatingmessages and values
arriving from other neighbours, and when it has heard from all of its neighbours then it sends
the sum total of the values it received plus its own weight back to its parentnode. Any pairs
of adjacent nodes for which neither is the parent of the other will simply exchange initiating
messages.

The execution finally ends when all nodes have communicated to their parent a value
consisting of the sum of all values received from their children together with their own weight.

The algorithm will be described and verified in CSP. It is first necessary tosettle some
appropriate notation. The nodes are named using integers from0 to m (where there arem+1

nodes in total), soN = fi j 0 6 i 6 mg, and0 is the initial node.

For any nodei 2 N apart from0, its set of neighbours or adjacent nodesadj(i) is given
by

adj(i) = fj 2 N j (i; j) 2 Eg

Node0 also has1 in its setadj(0) in addition to its neighbouring nodes, representing its
external link.

adj(0) = fj 2 N j (0; j) 2 Eg [ f1g

The CSP description of the algorithm will describe each node as a CSP process. The nodes
are connected in accordance with the graphG. Between any two neighbouring nodesi andj
there is a communication channelcij allowing messages to pass fromi to j. Since the graph is
symmetric, for each such channel there will be a complementary channel (cji ) in the opposite
direction. The channels used in the CSP implementation of the example network above are
illustrated in Figure 5.4.

The values that pass along channels need to be accessed, since the algorithm is concerned
with summing them. The notationvil will denote the sum of all messages passed along channel
cil .

vil (tr) = sum(htr + cil i)
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Fig. 5.2 Steps of an execution of the distributed sum algorithm; parent edges highlighted

Node0 begins in the state where it will receive a signal along channelc10, and will then
send initiating messages to all of its neighbours and await responses. When it has received
all of the responses it communicates the result on the special channelc01. Its alphabet is
therefore

A0 = fc0l :n j n 2 N ^ l 2 adj(0)g [ fcl0:n j n 2 N ^ l 2 adj(0)g[c01:N [ c10:N

The alphabets of the other nodesi 6= 0 are simply the links with their neighbours:

Ai = fcil :n j n 2 N ^ l 2 adj(i)g [ fcli :n j n 2 N ^ l 2 adj(i)g

The algorithm is expressed by describing in CSP how each node should behave. One
optimization is to consider each initiating message as a communication of the value0. An
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NODE(0) NODE(1) NODE(2) NODE(3) NODE(4) NODE(5)!0:i
0!1:i 0 !1:i 1
0!4:i 0!4:i

1!3:i 1 !3:i
1!2:i 1 !2:i

0!2:i 0 !2:i 2
3!5:i 3 !5:i

4!5:i 4 !5:i

5!4:i 5 !4:i
5!3:6 5 !3:6

3!2:i 3 !2:i
2!0:i 2 !0:i 3

2!3:i 2 !3:i
3!1:19 3 !1:19
2!1:11 2 !1:11

4!0:5 4!0:5
1!0:34 1 !0:34 4
0! :42

Fig. 5.3 Communications associated with the execution of Figure 5.2

active node will ignore other initiating messages, which is equivalent to adding0 to the running
total, so there is no need to distinguish between the input of an ignoredinitiating message and
the input of a0 which is added to the total. This identification removes the need to consider
these two cases separately, and allows for a more concise treatment of node behaviour.

The system as a whole consists of a network of nodes, with all of the channels between
them made internal:

DISTSUM = NETWORKn fcij j (i; j) 2 Eg

NETWORK = ki2N

Ai
NODE(i)

The property that will be established forDISTSUMis that on termination the value
communicated on channelc01 is indeed the sum of the weights on the nodes:

DISTSUM sat term(tr)) v0;1(tr) = �i2Nwi

In order to establish this property, it is first necessary to define the componentNODEprocesses.
This will be done in terms of a family of processesTOT which keep track of the relevant
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c10c01
c20

c32c40c04
c53
c35c54

c45 c23c13 c31c21 c12c10
c01

c02
Fig. 5.4 Channels of the CSP implementation

interactions between nodes, and which sum values as they arrive. The processTOT(i; j;M; t)

contains in its state information:

1. the identity of its nodei;

2. its parent nodej;

3. the set of neighboursM � adj(i) it still awaits inputs from;

4. the running totalt (initially wi)

Its behaviour will be to accept input from all the nodes listed inM, keeping track of the running
total in t, and finally sending this total back toj.

The notationF will be used to refer to the function implicit in the definition ofTOT:
the fixed point ofF is TOT.

The special treatment ofNODE(0) requires it to be defined slightly differently to the
other nodes:

NODE(0) = c10:0! (TOT(0;1; adj(0);w0) k (kk2adj(0)

c0k!0! SKIP))

NODE(i) = 2

j2adj(i) cji :0! ( TOT(i; j; adj(i) n fjg;wi)k kk2adj(i)nfjg

cik!0! SKIP)

where theTOT processes are defined by

TOT(i; j; fg; t) = cij !t! SKIP

TOT(i; j;M; t) = 2

k2M
cki?x! TOT(i; j;M n fkg; t + x) if M 6= fg
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The processing of the incoming values accomplished byTOT can be carried out concurrently
with the transmission of the initiating messages to the neighbours.

The aim is first to prove that eachTOT(i; j;M; t) provides to its parent the sum of the
values it has received together with the running totalt it was initialized with. In CSP, the
process must be shown to meet theS(i; j;M; t)(tr) as follows:

TOT(i; j;M; t) sat term(tr)) vij (tr) = �l2adj(i)vli (tr) + t

This is proven by recursion induction. Assume as the inductive hypothesis that
Y(i; j;M; t) sat S(i; j;M; t)(tr) for eachi; j;M; t. Then it is sufficient to prove for eachi,
j, M, andt that F(Y)(i; j;M; t) sat S(i; j;M; t)(tr) . Following the definition ofTOT this is
established by considering various cases onM.

Case M = fg: In this caseF(Y)(i; j; fg; t) = cij !t! SKIP, and

cij !t! SKIP sat tr = hi _ tr = hcij :ti _ tr = hcij :t;Xi

and so by weakening the specification the result

cij !t! SKIP sat term(tr) ) vij = �l2adj(i)vli (tr) + t

is obtained, since this specification is true of the tracehcij :t;Xi, and vacuously true for the
other traces.

Case M 6= fg: In this case

F(Y)(i; j;M; t) =2

k2M
cki?x! Y(i; j;M n fkg; t + x)

and 2

k2M
cki?x! Y(i; j;M n fkg; t + x)

sat tr = hi_ 9 k 2 adj(i); v � (tr = hcki:via tr 0 ^ S(i; j;M n fkg; t + v)(tr 0))
Consider the second disjunct of this specification. In this casetr 6= hi, sovki(tr) = vki(tr 0)+ v
because of the first event oftr. Observe further thatvli (tr) = vli (tr 0) when l 6= k, that
vij (tr) = vij (tr 0), and also thatterm(tr) , term(tr 0). The specification is weakened to yield
the following2

k2M
cki:0! Y(i; j;M n fkg; t)

sat tr = hi_ 9 k 2 adj(i); v � ((term(tr)) vij (tr) = �l2adj(i)vli (tr) + t))
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Sincek andv no longer appear within the scope of the existential quantification, it may be
dropped. A final weakening reveals that2

k2M
cki:0! Y(i; j;M n fkg; t)

sat term(tr)) vij (tr) = �l2adj(i)vli (tr) + t

This establishes that the specification is preserved by recursive calls. Sincethe specification
is satisfiable, this means thatTOT(i; j;M; t) sat S(i; j;M; t) for all i, j, M, andt.

The definition ofNODE(i) is also made up of components of the formcik!0 ! SKIP,
so these will now be considered. For any arbitraryk

cik!0! SKIP sat vik(tr) = 0
A parallel combination of such processes satisfies the conjunction of these specifications,
restricted to the appropriate alphabets:kk2adj(i)nfjg

cik
cik!0! SKIP sat 8 k 2 adj(i) n fjg � vik(tr + fcik;Xg) = 0

However, each of these specifications depends only on the events in the corresponding al-
phabets:vik(tr � (cik:N [ fXg)) = 0 , vik(tr) = 0, andS(i; j;M; t)(tr) , S(i; j;M; t)(tr �

cij :N [ fXg [Sfcli :N j l 2 adj(i)g. This means that the restrictions to the appropriate alpha-
bets can be lifted, and the parallel combination satisfies the conjunction ofthe specifications
on the full unrestricted tracetr.

TOT(i; j;M; t) k (kk2adj(i)nfjg
cik!0! SKIP)

sat S(i; j;M; t)(tr) ^ 8 k 2 adj(i) n fjg � vik(tr) = 0

This specification may be weakened, resulting in

TOT(i; j;M; t) k (kk2adj(i)nfjg

cik!0! SKIP)

sat term(tr)) �l2adj(i)vil (tr) = �l2adj(i)nfjgvli (tr) + t

Hence for anyj 2 adj(i), after some manipulations similar to those above, the following is
obtained:

cji :0! (TOT(i; j; adj(i) n fjg;wi) k (kk2adj(i)nfjg

cik!0! SKIP))

sat term(tr)) �l2adj(i)vil (tr) = �l2adj(i)vli (tr) + wi

The process for each possiblej allows the specification, so the choice over allj 2 adj(i) meets
the same specification:2

j2adj(i) cji :0! (TOT(i; j; adj(i) n fjg;wi) k (kk2adj(i)nfjg

cik!0! SKIP))

sat term(tr)) �l2adj(i)vil (tr) = �l2adj(i)vli (tr) + wi
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This specification will be abbreviated byterm(tr)) S(i)(tr)

Since this choice is howNODE(i) is defined (fori 6= 0), it has now been established
that

NODE(i) sat term(tr)) S(i)(tr)

An entirely similar train of reasoning leads to the result that

NODE(0) sat term(tr)) �l2adj(0)vl0(tr) + w0 = �l2adj(0)v0l(tr) + v01(tr)

which will be abbreviated asNODE(0) sat term(tr) ) S(0)(tr). The only difference from
the specifications of the other nodes is that the extra valuev01 is mentioned separately, as
c01 refers to the channel that node0 uses to communicate its result outside the graph.

EachNODE(i) has an alphabetAi . Observe that(term(tr) ) S(i)(tr)) , (term(tr �

AXi )) S(i)(tr � AXi )).
Hence the network meets the conjunction of these specifications (each suitablyre-

stricted):k

Ai
NODE(i) sat 8 i 2 N � term(tr � AXi )) S(i)(tr � AXi )

This specification simplifies to the form

term(tr)) 8 i 2 N � S(i)(tr)

which in turn is equivalent to

term(tr))�i2Nwi = �i2N(�j2adj(i)vij (tr)��j2adj(i)vji (tr)) + v01(tr)= �i2N(�j2adj(i)vij (tr))��i2N(�j2adj(i)vji (tr)) + v01(tr)= �(i;j)2Evij (tr) ��(i;j)2Evji (tr) + v01(tr)= �(i;j)2Evij (tr) ��(i;j)2Evij (tr) + v01(tr)= v01(tr)

The penultimate line is justified by the fact that the set of edgesE is symmetric:(i; j) 2 E,(j; i) 2 E.

This establishes that

NETWORK sat term(tr)) v01(tr) = �i2Nwi
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and since this specification isfcij j (i; j) 2 Eg-independent, it follows that

NETWORKn fcij j (i; j) 2 Eg sat term(tr)) (v01(tr) = �i2Nwi)
or in other words

DISTSUM sat term(tr)) (v01(tr) = �i2Nwi)
This completes the proof that on termination the sum of the outputs along c01 is equal to
the sum of the weights on the nodes. SinceNODE(0) ensures that at most one value is
communicated along channelc01, this value must be the sum of the weights.

What has been proven is that if an answer is given out then it will be the right one.
This is a safety property: it states that the wrong answer will never be given. Observe that
the connectedness of the graph was not used in establishing this property. Connectedness will
be needed to show that all nodes in the graph participate in the run, and this does not need
to be shown to establish the safety property. Rather, it is already assumedin the antecedent
term(tr), sinceNETWORKcan terminate only whenall of its nodes are ready to do so, which
requires that they all participate in the execution.

The fact thatDISTSUMwill indeed progress towards termination, and will not deadlock
or diverge, will be shown in Chapters 7 and 8, where issues of liveness areaddressed.

5.5 PROCESS-ORIENTED SPECIFICATION

A specification is simply a description of acceptable or required behaviour.The property-
oriented approach described thus far captures specifications in terms of requirementsS(tr)

on traces that a process can perform. A process meets a specification if all of its traces are
acceptable.

Another way of describing a set of acceptable traces is in terms of a CSP processP0. A
CSP description corresponds to a set of traces—those traces that it can exhibit. If this set of
traces is taken to give precisely those traces that are acceptable, then the processP0 itself acts
as a specification. For instance, the processRUNfa;bg has as its traces all sequences whose
only members area andb events. As a specification, it captures the requirement that onlya
andb events are allowed.

Another processP1 meets the specification described byP0 if any trace ofP1 is ‘allowed’
by P0, in the sense that it is a trace ofP0. P1 is then considered to be arefinementof P0. For
instance,P1 might be the recursive processP1 = a! b! P1 which alternates ona andb
events. It meets the specification given byRUNfa;bg, since it performs no events other than
a’s andb’s. This claim is written asP0 vT P1, which is pronounced ‘P0 is refined byP1 with
respect to traces’, or ‘P1 trace-refinesP0’. It is defined as follows:

P0 vT P1 = traces(P1) � traces(P0)
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Pv P hv-reflexi

P0 v P1 ^ P1 v P2 ) P0 v P2 hv-transi

P0 v P1 ^ P1 v P0 ) P0 = P1 hv-anti-symi

RUNvT P hvT-bottomi

PvT STOP hvT-topi

P0 sat S(tr) ^ P0 vT P1 ) P1 sat S(tr) hvT-speci

Fig. 5.5 Laws for refinement

The ‘traces refinement’ check of FDR (see Appendix B) checks for exactly this refinement
relation.

The relation may also be captured algebraically as follows:

P0 vT P1 , P0 =T P0 u P1

Its equivalence to the definition is easily checked, though the interpretation of this character-
ization is a little different. It states that ifP0 is indistinguishable fromP0 u P1, then any
situation whereP0 is suitable must allow thatP0 u P1 is suitable (since this is equal toP0), and
soP1 must also be suitable since the internal choice could always be resolved infavour ofP1.
The processP1 is a refinement ofP0 because it will be appropriate in any environment which
will find P0 acceptable. An alternative way of thinking about the equivalence is that all ofP1’s
behaviours must already be allowed byP0, since the introduction ofP1 does not introduce any
new behaviours. This algebraic characterization of refinement is also appropriate for other
semantic models, as will be discussed in later chapters. If the model is clear from the context
then the subscript to the refinement symbol will be dropped.

Refinement satisfies a number of laws, given in Figure 5.5: it is reflexive, transitive, and
anti-symmetric in all models; the processRUN is trace-refined by any other process;STOP
trace-refines every process; and refinement preservessatspecifications.

The resolution of internal choice is a refinement step:P0 u P1 vT P1. If eitherP0 orP1
are acceptable, then certainlyP1 by itself is acceptable. Furthermore, all of the CSP operators
are monotonic with respect to refinement. What this means is that for any CSPfunctionF(Y)
constructed from the CSP operators, the application ofF will respect the refinement relation:
if P0 vT P1 thenF(P0) vT F(P1). Finally, if8Y � (F(Y) vT G(Y))

thenP0 = F(P0) vT P1 = G(P1).

168 SPECIFICATION AND VERIFICATION WITH TRACESExample 5.12 The process-oriented specificationRUN� specifies that termination may not
occur, but imposes no other restriction. 2Example 5.13 The specificationP = a! (P jjj b! STOP) specifies that onlya andb
events may occur, andb may not occur more often thana. This process meets the property
oriented specificationtr # b6 tr # a.

Now the function definingP may be refined as follows:

F(Y) =T a! (Y jjj b! STOP)vT a! b! Y

and so it follows thatPvT P1 = a! b! P1. The process that alternates ona andb refines
the process that allows no moreb’s thana’s. Since refinement preservessat specifications, it
follows that

P1 = a! b! P1 sat tr # b6 tr # a

This follows from an application of LawvT-spec. 2Example 5.14 A CSP process expression can describe the behaviour required of the dis-
tributed summing networkDISTSUMdescribed in the case study. The resulting specification
onDISTSUMis captured by the following refinement requirement:

c1;0:0! c01!(�i2Nwi)! SKIP vT DISTSUM

This states thatDISTSUMis intended to output the appropriate value on the channelv01

before terminating. 2Example 5.15 When using CSP process expressions as specifications, it is important to
ensure that no acceptable traces are excluded. For example, the requirement thata andb
events should alternate (beginning witha) might use the recursive processP = a! b! P,
but if no constraint is required on other events, then the acceptability ofother events has to be
included explicitly as a componentRUN�nfa;bg, and the entire specification will be written

P jjj RUN�nfa;bg

Using onlyP as a specification would introduce the additional constraint that no otherevents
may occur. 2

The model-checking tool FDR (see Appendex B) allows checks concerning the refine-
ment relationship between two (finite state) CSP processes. This is often the quickest way to
conduct process verification once the specification has been captured. The tool also assists
debugging of implementations when they do not meet the specification by returning a wit-
ness trace which may be performed by the implementation but which is not possible for the
specification process.
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ExercisesExercise 5.1 Specify that a lift’s doors should not be open when the lift starts moving.
Assume that it has eventsopen, close, moving, stoppedin its alphabet.Exercise 5.2 Specify the hygiene requirement that hands should be washed between han-
dling raw meat and cooked meat. Use the eventswash, raw, andcooked, to refer to these three
activities.

Does the combinationRAW kfwashg COOKEDmeet your specification?

RAW = raw! wash! RAW

COOKED = wash! cooked! COOKEDExercise 5.3 What does the predicatetr 6 ha; b; cia tr specify?Exercise 5.4 What does the predicatelast(tr) = b) a 2 �(tr) specify?Exercise 5.5 If P1 sat tr # a 6 tr # b+ n andP2 sat tr # a6 tr # b+ m, then prove that
P1 jjj P2 sat tr # a6 tr # b+ n+ m.Exercise 5.6 Prove the statements on Page 146, that

P1 = b! a! P1 sat S(tr) = tr # a6 tr # b

P2 = c! b! P2 sat T(tr) = tr # b6 tr # cExercise 5.7 Which of the following are sound proof rules for the interleaving operator?

P1 sat tr # A6 m
P2 sat tr # A6 n

P1 jjj P2 sat tr # A6 (m+ n)

P1 sat tr # a6 tr # b
P2 sat tr # a6 tr # b

P1 jjj P2 sat tr # a6 tr # b

P1 sat tr # a6 tr # b
P2 sat tr # b6 tr # c

P1 jjj P2 sat tr # a6 tr # c

170 SPECIFICATION AND VERIFICATION WITH TRACESExercise 5.8 Prove the claims of Example 5.9 on Page 156, that8Y � (Y sat S2(tr) ) on! Y sat S1(tr))8Y � (Y sat S1(tr) ) off ! Y sat S2(tr))Exercise 5.9 Prove by recursion induction that the processDOOR= (open! close!
DOOR) 2 locked! STOPmeets the following specifications:

1. two consecutive events are not bothopen;

2. two consecutive events are not bothclose(you will have to prove something stronger);

3. tr # close6 tr # open6 tr # close+ 1.Exercise 5.10 Prove thatSTACK= STACK(hi) of Example 1.23 on Page 17 meets the
specification8 v � pop:v in tr ) push:v in trExercise 5.11 Specify the requirement that every output value (on channelout) must be
less than or equal to some input value (on channelin), in both the property oriented and the
process-oriented specification styles.Exercise 5.12 Specify the requirement that awrite event should always occur between an
engageevent and areleaseevent, as a property oriented and as a process-oriented specification.Exercise 5.13 Specify that a guard should never be up while a piece of machinery is
switched on. A property-oriented specification should be expressed in terms of events
guard:up, guard:down, on and off . Express the same specification in a process-oriented
way.Exercise 5.14 Can a nodeNODE(i) (Page 162) output its total to its parent node before
it has sent out all of its initiating messages? Can it terminate before sending out all of its
initiating messages?Exercise 5.15 Show thatNODE(0) satisfies the following specifications

1. tr + c01 6= hi ) tr + c10 6= hi

2. tr � X 6= hi ) tr + c01 6= hi

3. (tr + c10) 6 h0i

4. tr # c01:N 6 1Exercise 5.16 Show thatNODE(i) sat#tr 6 1 + 2� j adj(i) j



6
Stable failures

The traces model for CSP is concerned only with the sequences of events that processes may
perform. Observing a process involves recording events as they occur during an execution.
This view is appropriate for the analysis of safety, since the traces associated with a process
provide sufficient information to verify safety properties.

Liveness properties are concerned with behaviour that processes are guaranteed to
make available. Where safety properties are generally of the form ‘something bad will not
happen’, liveness properties are of the form ‘something good will happen’. With the view of
processes as interacting components, a process in isolation can never by itself guarantee that
any particular event will happen at any point, since its environment may always prevent the
event from occurring by refusing to co-operate. However, a process mightbe able to guarantee
the occurrence of events under particular assumptions about what its environment is prepared
to allow. It is appropriate to think in terms of what the process is prepared to do rather than
what it is guaranteed to do.

For example, a choice processP1 = a! STOP2 b! STOPis prepared to perform
botha andb, but neither of these possibilities is guaranteed to occur, since the resolution of
the choice is dependent on the environment of the process, and this will not be contained in
any description of the process itself. However, the process will be guaranteed to performa if
this is offered by the environment, and similarly forb.

On the other hand, if choices are made internally within the process, then some
possibilities (as recorded in the traces) are not guaranteed. The internal choice process
P2 = a! STOPu b! STOPhas the same traces asP1 but provides different guarantees.
An environment which wishes to interact ona is not sure of doing so, and neither is an envi-
ronment offeringb, despite the fact that these two events are both possibilities forP2. In fact,
an environment needs to be prepared to interact on botha andb to be sure of obtaining some
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response fromP2, though the actual response is unpredictable.P2 might refuse to interact if
only a is offered to it, or onlyb, but it cannot if botha andb are simultaneously offered to it.

Trace information is in general too coarse to identify the guaranteed responses of a
process. This is apparent from the fact thatP1 andP2 have the same traces but different
guaranteed behaviour, and more generally from the fact that internal and external choice have
the same trace semantics, so they both give rise to the same possibilities, yet exhibit different
behaviours in some contexts. Some finer form of process observation is required in order to
make the necessary distinctions and provide the desired information about guaranteed process
behaviour.

6.1 OBSERVING PROCESSES

Stable refusals

A processP is guaranteed to be able to respond to an offer of an eventa if that event can
be performed fromP, provided there are no internal transitions fromP which might result in
withdrawal of this offer. A processP which can make no internal progress is said to bestable,
writtenP # :

P # = :(P ��! )
Guarantees are concerned with stable states.

More generally, a stable processP can always respond in some way to the offer of a set
of eventsX � �X if there is at least onea 2 X thatP can perform. If there is no sucha 2 X,
thenP refusesthe entire offer setX.

The CSP approach to semantics is to associate processes with observations oftheir
executions, and then to use this information to understand the behaviour of the process as a
whole. A single execution of a processP consisting of internal transitions leading to a stable
stateP0 will not provide information about the events that areguaranteedto be offered, but
will rather provide information about events that canpossiblybe refused. If no events in a set
X are possible in the stable stateP0, then whenP is initially offeredX it is possible that it will
reach a stable state (P0) which deadlocks under that offer—no further progress can be made.
In this case, the setX is termed arefusalof P.

A refusal might be thought of as one result of an experiment on the process P, where
it is executed in an environment which offers the setX, and waits as long as necessary to see
if any events inX are performed. If no events are performed, thenX is considered a refusal
of P, writtenP ref X. The assertionP ref X thatP can possibly refuse the setX is defined as
follows:

P ref X = 9P0 � P

hi=) P0 ^ P0 # ^ 8a 2 X � :(P0 a�! )
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Fig. 6.1 Three processes and their stable states labelled with refusals

Another possible result of the experiment is that some event fromX is performed. This
will be recorded as trace information. The final possible result is thatP performs internal
transitions for ever, never reaching a stable state nor performing any event. In this case,P is
said to bedivergent, writtenP " .

P " = 9hPiii2N � (P = P0 ^ 8 i � Pi

��! Pi+1)

A process is non-divergent if it does not diverge, and it is divergence-freeif none of its
reachable states diverge.

The offer of a set of eventsA will be guaranteed some response from a non-divergent
processP precisely whenA is not a possible refusal set forP.

The refusals of a processP are concerned with the sets of events that might be refused
by P before any visible events have occurred. Refusals thus provide information about initial
behaviour. The notion of refusal also extends to other stages of an execution. In general,
an observer will experiment on a process by repeatedly offering to interact onsets of events,
where each offer is either accepted by the process, or not. Once they are made, offers are not
withdrawn by the observer, so if an offer is not accepted by the process thenthe experiment
ends.Example 6.1 The transition graphs and associated refusal sets of the following threepro-
cesses are illustrated in Figure 6.1. Each of them is able to perform only eventsa andb, so all
other events will automatically be refused at any stable node, and are not included explicitly.
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Since the refusal sets associated with a process state are subset closed, onlythe maximal
refusal set in each case is included.

The processP1 = a! STOP2 b! STOPis unable to refuse eithera or b in its initial
state, but can refuse both of these events after it has performed something.

The processP2 = a ! STOPu b ! STOPis unstable, as there are two internal
transitions that are possible for it. Each of these leads to a stable state where eithera or b is
possible, and the other can be refused.

The processP3 = (c ! a ! STOP2 b ! STOP) n fcg is initially unstable,
although it can perform the eventb from its initial unstable state, after which it can refusefa; bg. However, there is no refusal set associated with the initial unstable state, and the single
internal transition leads to a state in whichb is refused. This means that an interacting process
wishing to synchronize onb event might succeed, but it is also possible that the internal event
will occur first and theb will then be refused. There is no guarantee thatb will be accepted,
since the internal transition is entirely under the control of processP3 itself and cannot be
prevented from occurring. 2

Stable failures

It is possible that at some point during an execution an offer setX will be refused by the
processP. This refusal will be recorded together with the finite sequence of eventstr that
were performed during the execution leading up to the refusal ofX. The observation(tr;X) is
called astable failureof P, recording the fact that9P00 � P

tr=) P00 ^ P00 # ^ P00 ref X

The process may perform the events intr, and then reach a stable state where it refuses all of
the events in the setX. If after the performance oftr it is in an environment in which events
from the setX are possible but no others then there will be no further progress.Example 6.2 Figure 6.2 gives the transition graph of the processP defined as follows:

P = (a! (c! STOPu d! STOP) 2 b! STOP)u(b! c! STOP2 (c! (f ! d! STOP2 e! STOP) n f ))

There are two stable statesPcan reach purely by performing internal transitions, corresponding
to the tracehi. These reflect the ways the top level choice can be resolved. One of these states
is able to refuse the setfc; dg, so (hi; fc; dg) is a possible failure ofP. However,(hi; fbg)

is not a failure ofP, since both stable states are able to performb—neither can refuse it.
Similarly, (hi; fa; cg) is not a failure ofP since each stable state is able to perform some event
from the setfa; cg, even thoughfag andfcg can be refused separately.
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Fig. 6.2 Transitions of processP of Example 6.2

Subsequent to the performance of thea event, there are again two stable states that can
be reached. One of them is unable to perform any of the setfa; b; cg, so(hai; fa; b; cg) is a
failure ofP.

There are two stable states corresponding to the tracehbi. One of them is able to refuse
c, so(hbi; fcg) is a failure ofP. On the other hand,c is possible from the other stable state,
sohb; ci is a possible trace ofP, and(hb; ci; fg) is a possible failure.

Finally, there is a single stable state subsequent to an initialc event, ande is not possible
from that state, though it is transiently possible immediately after the c. Thus(hci; feg) is a
failure ofP. 2
Semantic model

The stable failures model for CSP identifies a processP with the traces and the stable failures
that are associated with it. This model is more discriminating and hence less abstract than
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the traces model, but the underlying approach taken to the semantics and to specification
and verification is the same. The extra information associated with processes allows them to
be analyzed with respect to additional specifications, such as those concerned with liveness
requirements.

If two setsT andSFof traces and of stable failures respectively are to correspond to the
possible behaviours of some process, there are some consistency conditions that they should
meet. These are properties that must hold of any pair of sets which describe some process.

As in the traces model, the setT should meetT1 andT2 of Page 90: it must be empty
and prefix closed. Consistency betweenSFandT requires that any failure(tr;X) 2 SFmust
have its trace recorded inT:

SF1 (tr;X) 2 SF) tr 2 T

There is also a property of subset closure in the refusal component of a behaviour: if a setX
can be refused after a tracetr, then any subsetX0 of X can also be refused after that trace.

SF2 (tr;X) 2 SF^ X0 � X) (tr;X0) 2 SF

Thirdly, if a stable state has been reached from which no events in a setX0 are possible, then
the refusal set can be augmented with the setX0:

SF3 (tr;X) 2 SF^ 8a 2 X0 � tr a fag 62 T ) (tr;X [ X0) 2 SF

Finally, any terminating trace results in a stable state in which no further events are possible
(and so any set can be refused):

SF4 tr a hXi 2 T ) (tr a hXi;X) 2 F

6.2 PROCESS SEMANTICS

Each CSP process expression will be associated with appropriate traces and stable failures.
These are defined compositionally, so the behaviours associated with a composite process
will be defined in terms of the behaviours of its components. The definitions of the traces
traces(P) associated with processes are those of the traces model given in Chapter 4 and are
not repeated here. The stable failures associated with a CSP process expression P will be
given bySF [[P]].
STOP

The processSTOPis a stable, deadlocked process. It is not able to perform any event, and can
refuse anything.SF [[STOP]] = f(hi;X) j X � �Xg
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Prefixing

In a stable failure of the processa! P, there are two possibilities: either the eventa has not
occurred, in which case the trace must behi andP is in its stable initial state, able to refuse
any event other thana; or else the eventa has occurred and the rest of the stable failure derives
from processP.SF [[a! P]] = f(hi;X) j a 62 Xg[f(haia tr;X) j (tr;X) 2 SF [[P]]g

Prefix choice

A failure of the processx : A! P(x) is again one of two possibilities. Either no event has yet
occurred, in which any events apart from those inA can be refused; or else an eventa in A has
occurred, and the subsequent behaviour is that of the corresponding processP(a).SF [[x : A! P(x)]] = f(hi;X) j A\ X = fgg[f(haia tr;X) j a 2 A ^ (tr;X) 2 SF [[P(a)]]g

SKIP

The atomic processSKIPis used to denote successful termination, and it signals this by means
of the termination eventX. This is the only event it can perform, and it is stable before and
after this event. All other events will be refused before termination, and all events will be
refused after termination.SF [[SKIP]] = f(hi;X) j X 62 Xg[f(hXi;X) j X � �Xg

DIV

It is useful to identify the process which does nothing except diverge. This process is denoted
DIV. It has the same traces asSTOP, but it has no stable states at all, and hence no stable
failures:

traces(DIV) = fhigSF [[DIV]] = fg
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This process was not introduced in the traces model, so its traces are also given here. It
is the minimal process in the stable failures model, because this model records only stable
behaviour, andDIV does not have any. The model turns a blind eye to divergent behaviour, so
the internal activity of this process is not observed. It will be given amore accurate treatment
when divergent behaviours are considered in Chapter 8.

CHAOS

The process which can do absolutely anything except diverge isCHAOS. This is able to accept
or refuse any events, but it is at least guaranteed to stabilize. It has all possible stable failures,
and the same traces asRUN:

traces(CHAOS) = TRACESF [[CHAOS]] = TRACE� P(�X)
Chaotic behaviour may be restricted to a particular set of eventsA� �X. The process

CHAOSA allows any events in the setA to be performed or refused, but cannot perform any
events outside the setA.

traces(CHAOSA) = ftr j �(tr) � AgSF [[CHAOSA]] = f(tr;X) j �(tr) � Ag

RUN

Although they have the same traces, in the stable failures modelRUN is better behaved than
CHAOS, always willing to interact and never refusing any interaction.SF [[RUN]] = f(tr;X) j X = fg _ X 2 �(tr)g

The processRUNA parameterized by a particular setA is able to perform events in that
set, and to refuse all others.SF [[RUNA]] = f(tr;X) j �(tr) � A ^ (X \ A = fg _ X 2 �(tr))g

If X 62 A thenRUNA cannot terminate.

External choice

An observer of the choice constructP1 2 P2 might observe an execution ofP1, or of P2;
there are no other possibilities. Before any events are performed and thechoice resolved, any
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refused set must be refused by bothP1 andP2, so both processes must be stable. After the
choice is resolved, any refusal need be possible only for the process whichresolved the choice.SF [[P1 2 P2]] = f(hi;X) j ((hi;X) 2 SF [[P1]] \ SF [[P2]])g[f(tr;X) j tr 6= hi ^ (tr;X) 2 SF [[P1]] [ SF [[P2]]g

The properties of idempotence, associativity, and commutativity still hold for external
choice in the stable failures model. Furthermore,STOPis still a unit, thoughRUN is no longer
a zero becauseP might not be initially stable. InsteadRUN2 DIV is its zero. It has the same
traces and stable failures asRUNapart from on the empty trace, where it is not stable.

P2 (RUN2 DIV) =SF (RUN2 DIV) h2SF-zeroi

The executions of the indexed external choice2

i2I
Pi are the executions of all of its

components. Its stable failures will be those of its components:SF [[2

i2I
Pi ]] = f(hi;X) j ((hi;X) 2 Ti2I SF [[Pi ]])g[f(tr;X) j tr 6= hi ^ (tr;X) 2 Si2I SF [[Pi ]]g

In the case where the choice is over the empty set of processes, the intersection

T

i2I SF [[Pi ]]

is taken to include all possible stable failures, since all of them are vacuously in each of theSF [[Pi ]]. This means that in this case, any refusal is possible on the empty trace. Furthermore,
no events are possible. As in the traces model, an empty choice is equivalent to STOP

Internal choice

The internal choiceP1 u P2 behaves either asP1 or asP2, and its environment exercises no
control over which. The possible observations are precisely those thateitherP1 or P2 are able
to exhibit.SF [[P1 u P2]] = SF [[P1]] [ SF [[P2]]

The stable failures ofP1 u P2 differ from those ofP1 2 P2 in the case where no events
have been performed: before the choice has been made. When the trace is empty, a refusal of
P1 2 P2 must be generated from both participants, whereas in the case of internal choice, only
one of the components ofP1 u P2 is required to contribute to any refusal. Hence(hi; fag) is
a failure ofa! STOPu b! STOP, but is not a failure ofa! STOP2 b! STOP.
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The indexed internal choiceu

i2J
Pi is able to behave as any of its component processes,

and its behaviours will be the union of those of its constituents:SF [[u

i2J
Pi ]] = S

i2J SF [[Pi ]]
The internal choice operator also distributes over the external choice operator:

P1 u (P2 2 P3) =SF (P1 u P2) 2 (P1 u P3) h2-u-disti

Any setX that is initially offered can either be accepted by one of the three component
processes, or it might be refused, either byP1 or by bothP2 andP3. The two extra refusal
possibilities for the right hand side—thatX should be refused by bothP1 andP2, or by both
P1 andP3—both imply thatP1 can refuseX, and hence that the left hand side has this as a
refusal too.Example 6.3 This law helps to clarify the possible behaviours associated with a drinks
machine, which will either return the cash or will offer a choice between ateaand acoffee.(ret! STOP) u (tea! STOP2 coffee! STOP)= (ret! STOPu tea! STOP) 2 (ret! STOPu coffee! STOP)

This law states that it makes no difference whether the machine first makes itsinternal decision
and then possibly offers a choice to the customer, or whether the customermakes the choice
between tea and coffee first and the machine then decides internally whether to service that
choice or return the cash. 2

Alphabetized Parallel

In the parallel combinationP1 AkB P2, processesP1 andP2 synchronize on events in(A\B)X,
and perform their other events independently.

As in the traces model, any trace of the parallel combination projected ontoAX must
be a trace ofP1. Further, ifP1 is able to refuse some eventsX in its interfaceAX, then so too
is the combination. Similar considerations apply toP2. If synchronization is required for the
performance of events, then either component is able independently to blockthem.SF [[P1 AkB P2]] = f(tr;X) j 9X1;X2 : P(�X) �

X \ (A[ B)X = (X1 \ AX) [ (X2 \ BX)^ (tr � AX;X1) 2 SF [[P1]]^ (tr � BX;X2) 2 SF [[P2]]^ �(tr) � (A[ B)Xg
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All of the laws for the parallel operator given in Figure 4.5, with the exception ofk-idempotence, also hold for the stable failures model.Example 6.4 The processesPETE and DAVE were introduced on Page 37. They both
repeatedly and independently made a nondeterministic choice whether to lifta piano or a
table.

PETE = lift piano! PETEu lift table! PETE

DAVE = lift piano! DAVEu lift table! DAVE

The processDAVEhad exactly the same description.

Thus either of them can engage in any number oflift pianoandlift tableevents, and
then refuse either of them (but not both).SF [[PETE]] = f(tr;X) j tr 2 flift piano; lift tableg�^ flift piano; lift tableg 6� Xg

andSF [[DAVE]] = SF [[PETE]].
When these two processes are composed in parallel, then they must agree on theevents

that appear in the trace, but a refusal will be the union of refusals of the components. If(tr;X1) 2 SF [[PETE]] and(tr;X2) 2 SF [[DAVE]], then(tr;X1[X2) 2 SF [[PETEk DAVE]].
The constraints that each ofPETEandDAVEmust be willing to perform one of their events
is not reflected in their combination, which can refuse any events at all. The constraints
thatflift piano; lift tableg 6� X1 andflift piano; lift tableg 6� X2 are not strong enough to
impose any constraints onX1 [ X2.SF [[PETEk DAVE]] = f(tr;X) j tr 2 flift piano; lift tableg�g

Any trace is still possible, but deadlock at any stage is also possible. 2

Interleaving

An interleaving of two processesP1 jjj P2 executes each of them entirely independently of
the other. Since they do not synchronize, an event (other than termination) will be refused
by the combination only when it is refused by both processes independently—if one of the
processes is ready to perform the event, then so is the combination. Termination requires the
participation of both components, so it can be blocked by either. As in thetraces model, traces
of the combination appear as interleavings of traces of the two component processes.SF [[P1 jjj P2]] = f(tr;X1 [ X2) j 9 tr1; tr2 � tr interleaves tr1; tr2^ X1 �� = X2 ��^ (tr1;X1) 2 SF [[P1]]^ (tr2;X2) 2 SF [[P2]]g
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The laws given in Figure 4.9 are all true for the stable failures modelas well, with the
exception ofjjj-zero. Although all (non-terminating) traces will be possible forP jjj RUN�, it
will not be stable unlessP is. Instability is introduced by includingDIV as another interleaved
component, resulting in the processRUN jjj DIV which serves as the zero for interleaving: it
has all nonterminating traces, and no stable failures.

P jjj (RUN� jjj DIV) =SF (RUN� jjj DIV) hjjjSF-zeroi

This law is also true in the traces model, sinceRUN� jjj DIV has the same traces as
RUN�.

Interface parallel

The processP1 k
A

P2 is a combination of synchronous and interleaved parallel, synchronizing

on events in the setAX and interleaving outside that set.

Any stable failure of the parallel processP1 k
A

P2 will be a combination of stable failures

of its two components.SF [[P1 k
A

P2]] = f(tr;X1 [ X2) j 9 tr1; tr2 �

tr synchA tr1; tr2)^ X1 n AX = X2 n AX^ (tr1;X1) 2 SF [[P1]]^ (tr2;X2) 2 SF [[P2]]g

The laws for interface parallel given in Figure 4.10 all hold in the stable failures model
with the exception ofk

AT
-zero which requires instability to be introduced to the zero for the

same reason as the zero for interleaving:

P k
A

(RUN�nA jjj DIV) =SF (RUN�nA jjj DIV) hk

ASF
-zeroi

Hiding

The processP n A will undergo the same executions asP, but events in the setA will occur
as internal events rather than as external synchronizations. This means that after any trace, a
stable refusalX of P n A will correspond to a stable refusal ofP in which not only internal
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Fig. 6.3 Transition graph forPRINT1, labelled with maximal refusals

events ofP but also all events inA (which have become internal events) are refused. The
stable failures ofP n A are therefore given by:SF [[P n A]] = f(tr n A;X) j (tr;X [ A) 2 SF [[P]]gExample 6.5 A one-shot printer queue, a cut-down version ofPRINTQof Page 57, uses its
channels as follows:

PRINT1 = in! ( print! out! STOP2 dequeue! STOP)

This has stable failures, illustrated in Figure 6.3, as follows:SF [[PRINT1]] = f(hi;X) j in 62 Xg[ f(hini;X) j fprint; dequeueg \ X = fgg[ f(hin; printi;X) j out 62 Xg[ f(hin; print; outi;X) j X � �Xg[ f(hin; dequeuei;X) j X � �Xg

The stable failures ofPRINT1 n fprintg derive from the stable failures ofPRINT1 whose
refusals that can be augmented withfprintg. These are all failures apart from those with tracehini. The stable failures ofPRINT1 n fprintg are therefore derived as follows:SF [[PRINT1 n fprintg]] = f(hi;X) j in 62 Xg[ f(hini;X) j out 62 Xg[ f(hin; outi;X) j X � �Xg[ f(hin; dequeuei;X) j X � �Xg
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These failures are illustrated in Figure 6.4. It emerges thatout cannot be refused afterin, but
thatdequeuecan be. 2

Renaming

The forward renamed processf (P) behaves asP, except thatf (a) can be performed whenever
P could have performeda. It follows that the processf (P) can refuse a setX if every event that
f maps intoX can be refused byP, since if there is some eventa whichP cannot refuse, then
f (P) would have to be open tof (a). This means thatf�1(X) must be a refusal ofP whenever
X is a refusal off (P).SF [[f (P)]] = f(f (tr);X) j (tr; f�1(X)) 2 SF [[P]]g

The renaming operator in the stable failures model meets all of the laws given in Figure 4.13.

The backward renaming operatorf�1(P) also behaves in a similar fashion toP, but any
eventa that is performed byf�1(P) corresponds to an eventf (a) performed byP. If a setX
is offered to the processf�1(P), then this corresponds tof (X) being offered to the underlying
processP. Hencef�1(P) can refuseX wheneverP refusesf (X).SF [[f�1(P)]] = f(tr;X) j (f (tr); f (X)) 2 SF [[P]])g

All the laws given in Figure 4.13 for backward renaming also remain validin the stable failures
model.

Sequential Composition

The sequential compositionP1; P2 behaves asP1 until P1 terminates successfully, at which
point it passes control toP2. A stable failure ofP1; P2 will arise either from a failure ofP1,
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which also refuses to terminate and transfer control toP2, or else from a terminating trace of
P1 followed by a failure ofP2.SF [[P1; P2]] = f(tr;X) j (tr;X [ fXg) 2 SF [[P1]]g[ f(tr1 a tr2;X) j ( tr1 a hXi 2 traces(P1)^ (tr2;X) 2 SF [[P2]])g

Not all of the laws of sequential composition given in Figure 4.14 arevalid in the stable
failures model. In particular,P; SKIP= P fails because of the possibility of termination inP
forming one branch of a choice. For example, the processP = SKIP2 a! STOPis not able
to refuse the eventa, butP; SKIP is able to refuse it by performingP’s termination event and
resolving the choice. This example also demonstrates that Law2-; -dist is also not valid in
the stable failures model. However, all of the other laws continue to hold.

Interrupt

The processP1 4 P2 executes asP1, but at any stage before termination it can begin
executing asP2. Any given stable failure(tr;X) is either a stable failure ofP1 for which (if not
terminating)P2 is also able to refuseX (sinceP2 is still enabled); or else it is a non-terminating
trace ofP1 followed by a failure ofP2, which must have a non-empty trace (sinceP2 must
perform an event to effect the interrupt).SF [[P1 4 P2]] = f(tr;X) j (tr;X) 2 SF [[P1]]^ (X 2 �(tr) _ (hi;X) 2 SF [[P2]])g[ f(tr1 a tr2;X) j tr1 2 traces(P1) ^ X 62 �(tr1)^ (tr2;X) 2 SF [[P2]]^ tr2 6= hig

All of the laws concerning the interrupt operator that are presented in Figure 4.15 are also true
in the stable failures model.Example 6.6 A message authenticator will accept a message, and then either pass it on,
or else reject it. It is unstable after its input. It can also be shutdown atany stage during its
execution.

The one-message version is described as follows:

AUTH = (left?x : T ! (DIV jjj (right!x! STOPu reject! STOP) )4 shutdown! STOP

The stable failures of the process inside the interrupt are simply pairs of the form(hi;X)
whereX \ left:T = fg. Once the first event has occurred, the process becomes unstable and
contributes no further stable failures.
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The calculation of the stable failures ofAUTH requires consideration of the traces of
the first process. For example,(hleft:3; reject; shutdowni; fright:3g) arises from the tracehleft:3; rejecti and the stable failure(hshutdowni; fright:3g). Only sequential composition
and interrupt require knowledge of the traces of their first component inorder to derive their
stable failures.

In fact, the stable failures ofAUTH will bef(hi;X) j shutdown62 Xg[f(hleft:x; shutdowni;X) j x 2 Tg[f(hleft:x; right:x; shutdowni;X) j x 2 Tg[f(hleft:x; reject; shutdowni;X) j x 2 Tg
The refusal set in a stable failure is given byshutdown! STOPonly when the trace from that
component is not empty:shutdownmust have occurred. 2

6.3 RECURSION

A recursive definitionN = P defines the processN in terms of a process descriptionP which
may itself contain instances ofN. The stable failures model provides guarantees that any
such definition is sound: that any recursive equation has a solution. Italso provides a way of
determining the stable failures of the appropriate solution—the smallest possible such set of
stable failures. This means that any solution to the recursive equation is guaranteed to have at
least those stable failures as possible observations. The traces of the appropriate solution are
given in the traces model.Example 6.7 The recursive equationN = N 2 a! STOPhas many fixed points, including
a! STOP, a! STOP2 b! STOP, anda! STOP2 DIV. The least of these in the stable
failures model isa! STOP2 DIV, and so this will be the semantics of the process defined
by the recursive equation. 2

Operational semantics

The understanding of recursion in the Stable Failures model requires a slightly different
operational treatment of recursive unwinding than was presented in Chapter 1, in order to give
a satisfactory account of divergence. In particular, unguarded recursions suchas the one in
Example 6.7 above are considered to be unstable because an infinite sequence of recursive
invocations of the processN of Example 6.7 may occur without the occurrence of any external
events. Beginning with the processN, the processN 2 a! STOPis reached from a recursive
invocation, and thenN 2 a! STOP2 a! STOP, and so on. To consider this as a divergent
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sequence, an internal event is associated with a recursive unwinding, resulting in the following
rule for recursion in place of the original transition rule given on Page 12.[ N = P ]

N

��! P

When the process expressionP is guarded inN, then this initial internal action makes no
difference to the visible behaviour ofP as compared with the original transition rule for
recursive processes: both rules will give rise to the same traces and stable failures. In fact, the
traces will be the same for all guarded and unguarded recursive process definitions, and all the
results concerning the traces model remain valid if this rule for recursionis used instead. The
only difference between the impact of the two rules is on the stability ofunguarded recursions.Example 6.8 Concerning the processN = N 2 a! STOP, the revised rule for recursive
unwinding allows the sequence of transitions:

N # �

N 2 a! STOP# �

N 2 a! STOP2 a! STOP# �

...

The original rule for recursion had no internal transitions forN, and only one transition,
labelled bya, to STOP. 2Example 6.9 The processN = STOPu b! N takes an internal transition to unwind the
definition, and then a further transition to resolve the internal choice.Finally, it has either
reachedSTOPor else the stable processb! N. The same possibilities arise if the original
transition rule for recursion is used, except that the initial internaltransition is absent. The two
transition graphs are compared in Figure 6.5. They are each associated with the same traces
and stable failures. 2

All of the techniques for recursion introduced in Chapter 4 for the traces model are also
applicable in the stable failures model.

The traces and stable failures associated with recursively defined process expressions
N = P can be obtained directly from the operational semantics, or alternatively by using the
denotational semantics. Both of these approaches give the same result.

The processP with free variableN corresponds to a functionF(Y) = P[Y=N], and
successive applications of the functionFwill give rise to approximations to the fixed point. The
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Fig. 6.5 Two transition graphs forN = STOPu a ! N

first approximation is the minimal processDIV, and successive approximations areF(DIV),
F(F(DIV)) and thenFn(DIV) for n 2 N. The sequence of approximationshFn(DIV)in2N

will define the fixed point, which will consist of those traces and stablefailures that appear
in some elements of the sequence. The traces ofN are those given in the traces model. The
stable failures will then beS

n2N SF [[Fn(DIV)]]
This process is the minimal one which contains all of the approximations.Example 6.10 The processN = STOP u b ! N is the fixed point of the function
F(Y) = STOPu b! Y. For anyn, the semantics ofFn+1(DIV) can be calculated from the
semantics ofFn(DIV), resulting inSF [[Fn(DIV)]] = f(hbii ;X) j i < n ^ X � �Xg

The union of these approximations yieldsSF [[N]] = f(hbii ;X) j i 2 N ^ X � �Xg

which is in accordance with the behaviours predicted from the operational semantics. 2

Law recursion-unwinding of Page 118 will hold for any recursive definitionN = P.
The lawUFP also holds: all solutions to any guarded equation must have the same stable
failures.



RECURSION 189(F(Y) guarded^ (F(P1) =SF P1) ^ (F(P2) =SF P2))) P1 =SF P2 hUFPSFi

For example, the functionF of Example 4.24 is event guarded:

N = F(N) = (a! N) 2 b! STOP

M = a! M

P = M 4 (b! STOP)

FurthermoreP =SF F(P), andN =SF F(N) by definition, so it follows thatN =SF P.

Mutual recursion

Mutual recursion is a generalization of single recursion, with an appropriate generalized
treatment. The operational transition rule is adjusted in a similar way,modeling the recursive
unwinding of any process variableNi as accompanied by an internal transition. As with the
case for single recursion, exactly the same results concerning the traces model remain valid if
this transition rule is used instead. [ N = P ]

Ni

��! Pi

The stable failures associated with all of theNi processes will be those that are predicted by
the operational semantics. They will give the minimal processes that satisfy the set of defining
equations—the ones with the fewest stable failures. The underlying theory of CSP guarantees
that such minimal processes must exist for any set of recursive CSP definitions.

The results concerning single recursion carry over to the more general case. The
semantics of theNi are the unions of the semantics of the chain of approximations, starting
from DIV. EachNi is defined by a functionFi(N). If the jth approximation toNi is written
asNj

i , then eachN0

i = DIV, and eachNj+1

i = Fi(Nj), whereNj is the vector of all of thejth
approximations. Each approximationNj

i is associated with a set of stable failuresSF [[Nj
i ]].

Each limitNi will have stable failures given bySF [[Ni ]] = S

j2N SF [[Nj
i ]]

Law recursion-unwinding will hold for any family of mutually recursive definitions. When-
everNi = Pi appears as a recursive definition, thenNi =SF Pi .

Law UFP also generalizes to mutual recursion. In a mutually recursive definition
N = P, a process variableNi is recursive if it appears in any of thePj . If each process
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definitionPi associated with any recursiveNi is event guarded in all of the process variables
that appear in it, then the recursive definition is event guarded. If two families of processes
both satisfy the same guarded recursive equation, then they must be equivalent:(F(Y) guarded^ (F(P1) =SF P1) ^ (F(P2) =SF P2))) P1 =SF P2

As in the traces model, a family of process definitions may be rewritten using Law
recursion-unwinding to equivalent processes whose definitions are in a form more suitable
for further reasoning.

ExercisesExercise 6.1 What are the stable failures associated with the following state machines ?

a

b

c

� a

bb
cExercise 6.2 Give the stable failures of the following processes:

1. a! STOPj b! c! STOP

2. a! STOPj b! (c! STOPj d! STOP)

3. a! STOP2 a! b! STOPExercise 6.3 What are the stable failures of the following non-recursive processes:

1. (coin! tea! STOP) 2 (coin! coffee! STOP)

2. (tea! STOP) u (coffee! STOP)

3. (coin! tea! STOP) k (coin! coffee! STOP)

4. (coin! tea! STOP) jjj (coin! coffee! STOP)

5. (coin! ((tea! STOP) 2 (coffee! STOP))) n fteagExercise 6.4 What are the stable failures of the following recursive processes:
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1. VM1 = (coin! (VM1 u choc! VM1))

2. VM2 = (coin! (VM2 2 choc! VM2))

3. VM3 = VM3 2 choc! STOPExercise 6.5 Give a processP for whichP k P 6=SF P.

Is P k P =SF P k P k P a law of the stable failures model ?Exercise 6.6

What is the behaviour of the following processes:

1. RUNk CHAOS

2. RUN jjj CHAOS

3. RUNA k CHAOS

4. RUNA jjj RUNB

5. RUNA 2 CHAOS

6. RUNA u CHAOSExercise 6.7 Give a single operational rule forDIV which is consistent with the stable
failures semantics.Exercise 6.8 Give operational rules forCHAOSwhich are consistent with the stable failures
semantics.Exercise 6.9 Does the lawh2-u-disti on Page 180 hold in the traces model ?



7
Specification and verification

with failures

7.1 PROPERTY-ORIENTED SPECIFICATION

The introduction of failures information in the stable failures model allows a wider range of
specification than was possible in the traces model. Specifications on behaviours describe
those executions that are acceptable, and a verification of a system or processP requires an
argument to establish that no behaviour ofP violates such a specification. Since there are now
two sets of behaviours associated with any process—traces,and stable failures—a specification
will consist of two parts, each of which describe the required property ofobservations from
the corresponding behaviour set. A specificationScan be written as a pair(ST(tr);SSF(tr;X)).
Each of the predicatesST andSSF can be expressed in any notation, though in common with
specifications in the traces model first order logic and elementary set and sequencenotation
tend to be sufficient in practice.

P sat (ST(tr);SSF(tr;X)) = 8 tr 2 traces(P) � ST(tr)^ 8(tr;X) 2 SF [[P]] � SSF(tr;X)

Safety specifications, that ‘nothing bad will happen’, are requirements on traces, where ‘noth-
ing bad’ means that no event will occur at an inappropriate point. Safety requirements are
captured in this model by using the predicateST to constrain the traces that are permitted.

The stable failures model also contains sufficient detail to support the expression of
liveness specifications, which require that ‘something good will happen’. Within the context
of synchronizing concurrent systems, liveness is expressed in terms of aprocess’ willingness
to participate in events. This will mean that at particular points of an execution, the process
should be guaranteed to offer certain events: any stable state reached by the process should
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not refuse those events. These conditions are precisely what is expressed by the requirement
that certain events should not appear in the refusal setX. If the process does not diverge, then
it should be guaranteed to reach a stable state where the events are offered.

For example, a stable component that must always be ready for input should meet the
specification that input can never be refused:SSF(tr;X) = in:T\X = fg. Whatever trace has
occurred previously, the process can never refuse input.Example 7.1 (Railway crossing) The processCROSS, defined in Example 1.16 on
Page 13, raises and lowers a barrier, and records when trains enter and leave thecrossing.
As well as its safety requirements, it should also meet the liveness requirement that it is
ready to lower the gate whenever the gate is up and an approaching train is detected. This
is a conditional liveness property, requiring an offer of a particular event only under certain
conditions on the trace:

SSF(tr;X) = tr = tr 0 a hgate:raise; train:approachi ) gate:lower 62 X 2Example 7.2 (Buffers) A common specification is that of abufferor FIFO queue. The
safety requirements on a buffer have already been discussed in the previouschapter, but a
buffer must also have some liveness requirements: that it must be ready for input when it is
empty, and that it must be ready for output when it is non-empty. The specification of a buffer
of typeT may be expressed as a predicate on traces and on stable failures:

BuffT(tr) = tr + out6 tr + in

BuffSF(tr;X) = tr + out= tr + in) in:T \ X = fg^ tr + out< tr + in) out:T * X

The safety specification, expressed on traces, states that the sequence of outputs must match
the sequence of inputs, appearing in the same order. If the sequence of inputs is equal to the
sequence of outputs, then the buffer must be empty, and the liveness requirement states that
no input may be refused. If the sequence of outputs does not contain all input messages, then
the buffer is non-empty, and so not all outputs can be refused. The safetyspecification allows
only one output to be possible, so any output which is not the nextelement of the sequence
can be refused in a stable state.

The specification states nothing about the capacity of the buffer, or even whether the
capacity is fixed, or finite or infinite. It also allows events along other channels, since it places
no restrictions on the behaviour of the process with regard to other events. However, the
specification is conventionally used to describe processes which have only input and output
channels:�(P) � in:T [ out:T. This can be introduced into the specification, as another
safety specification:

Buff0T(tr) = BuffT(tr) ^ �(tr) � in:T [ out:T
The specification also implies that a buffer cannot terminate. It requires liveness after any

trace, and terminating traces would not be exempt. 2
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7.2 VERIFICATION

The semantic equations associated with the CSP operators support a number of proof rules
for reasoning about CSP process descriptions. Proof obligations are of the form P sat(ST(tr);SSF(tr;X)). These can be split into a two separate obligations:

1. a traces obligationP sat ST(tr) which can be addressed with the proof system for the
traces model presented in Chapter 5;

2. a stable failures obligationP sat SSF(tr;X), which states that all the stable failures ofP
meet predicateSSF. Requirements of this form are the concern of this chapter.

This section will present a set of compositional proof rules for establishing stable failures
specifications for processes will be presented. Two of these rules (sequential composition,
and interrupt) rely on trace specifications of their component processes, reflecting the fact that
the definitions of the stable failures of these processes refer to the tracesof their components.

STOP

There is only one trace of the processSTOP: the empty trace. It may be accompanied by any
refusal set, so there is no restriction on the refusalX. The constraint on any stable failure is
simply that its trace is empty.

STOPsat tr = hi

The rule has no antecedents, corresponding to the fact thatSTOPhas no component processes.

Prefix

A failure of the processa! P either has an empty trace, in which casea cannot be refused,
or else begins with the eventa followed by a failure ofP. If P sat SSF(tr;X) then the part of
the trace aftera (that is: tail(tr)) together with the refusalX must meet the specificationSSF.

P sat SSF(tr;X)

a! P sat tr = hi ^ a 62 X_

head(tr) = a ^ SSF(tail(tr);X)

Prefix Choice

The prefix choice operator generalizes the prefix operator: it contains a numberof component
processes, and the first event that is performed can be any one of the menu of events offered.
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The antecedent to the rule assumes a family of specificationsSa(tr;X), one for each of the
componentsP(a).8a 2 A � P(a) sat Sa(tr;X)

x : A! P(x) sat tr = hi ^ A\ X = fg_9 a 2 A � head(tr) = a ^ Sa(tail(tr);X)
Output and Input

The output processc!v! P is simply a particular kind of prefix process, and the proof rule
reflects this:

P sat SSF(tr;X)
c!v! P sat tr = hi ^ c:v 62 X_

head(tr) = c:v ^ SSF(tail(tr);X)
Similarly, the input processc?x : T ! P(x) is a special form of prefix choice, and so

the proof rule is very similar:8 v 2 T � P(v) sat Sv(tr;X)
c?x : T ! P(x) sat tr = hi ^ in:T \ X = fg_9 v 2 T � head(tr) = c:v ^ Sv(tail(tr);X)

SKIP

The processSKIPdoes nothing except terminate successfully. It has only two possible stable
failures, one for before termination, and one for after.

SKIPsat (tr = hi ^ X 62 X) _ tr = hXi

The refusal set is hardly constrained, apart from the requirement that termination should not
be refused before it occurs.

DIV

The processDIV has no stable failures at all, so there is no specification that it can violate. It
therefore vacuously meets any specificationS(evenfalse). false(tr;X).

DIV sat S(tr;X)
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This apparently miraculous behaviour ofDIV—that it can meet any specification—indicates
that there is some aspect of the behaviour ofDIV that is not considered in the stable failures
model. The fact that it is divergent exempts it from any need to be concerned with stable
failures.

CHAOS

The worst process,CHAOS, is able to perform or refuse anything. It will only meet the trivial
specificationtrue(tr;X), the weakest specification.

CHAOSsat true(tr;X)

RUN

The processRUN is able to do any trace, but unlikeCHAOSit is unable to refuse any event
before termination.

RUN satX 62 �(tr)) X = fg

The specification met byRUN imposes no restrictions on the traces that it can perform, only
on the refusals that may accompany those traces.

External Choice

The processP1 2 P2 behaves either asP1 or asP2. If P1 sat S1(tr;X) andP2 sat S2(tr;X)

then the choice processP1 2 P2 satisfies the disjunction of these two specifications, and their
conjunction when the trace is empty:

P1 sat S1(tr;X)

P2 sat S2(tr;X)

P1 2 P2 sat (tr = hi ) S1(tr;X) ^ S2(tr;X))^ (tr 6= hi ) (S1(tr;X) _ S2(tr;X))

Any refusal ofP1 2 P2 before any event has yet been performed must be a refusal of both
components.

The rule generalizes to indexed external choices:8 i 2 I � Pi sat Si(tr;X)2

i2I
Pi sat tr = hi ) V

i2I Si(tr;X)^ tr 6= hi ) W

i2I Si(tr;X)

Any events refused before the choice has been made must be refusable by all of the components.
After the choice has been made, the refusal set is the responsibility of theprocess in whose
favour the choice was resolved.
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Internal choice

The internal choice operator can behave as either of its components:

P1 sat S1(tr;X)

P2 sat S2(tr;X)
P1 u P2 sat S1(tr;X) _ S2(tr;X)

The indexed internal choice can behave as any of its components:8 i 2 J � Pi sat Si(tr;X)u
i2J

Pi sat9 i 2 J � Si(tr;X)
Parallel composition

A failure (tr;X) of the processP1 A1kA2 P2 is comprised of a contribution fromP1 and a
contribution fromP2, contained within the alphabetsAX1 andAX2 respectively. In fact, the
projectiontr � AX1 is a trace ofP1, and the projectiontr � AX2 is a trace ofP2. The refusal set
X is a made up ofX1 andX2 from P1 andP2 respectively.

P1 sat S1(tr;X)
P2 sat S2(tr;X)
P1 A1kA2 P2 sat 9X1;X2 � S1(tr � AX1 ;X1) ^ S2(tr � AX2 ;X2)^ �(tr) � (A1 [ A2)X^ X \ (A1 [ A2)X = (X1 \ AX1 ) [ (X2 \ AX2 )

For instance, two processes might both meet an initial liveness specification on the event
a, thata must be available until it is performed, as follows:

P1 sat S1(tr;X) = a 62 �(tr)) a 62 X

P2 sat S2(tr;X) = a 62 �(tr)) a 62 X

Each of them meets the specification that ifa has not yet occurred, then it cannot be refused.

The rule yields that the combinationP1 fa;bgkfa;cg P2 meets the specification9X1;X2 � tr � fa; bgX = hi ) a 62 X1

tr � fa; cgX = hi ) a 62 X2^ �(tr) � fa; b; cgX^ X � fa; b; cgX = (X1 \ fa; bgX) [ (X2 \ fa; cgX)

which implies thata 62 �(tr) ) a 62 X, and so

P1 fa;bgkfa;cg P2 sat a 62 �(tr) ) a 62 X
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If both components are initially live on the eventa, then so is their parallel combination.

The rule for the indexed parallel operator follows a similar pattern. Each componentPi

with interfaceAi imposes its own constraintSi(tr;X) on the projection of the overall behaviour
onto the alphabetAXi .8 i 2 I � Pi sat Si(tr;X)k

Ai
Pi sat9hXii � 8 i 2 I � Si(tr � AXi ;Xi)^ X \ (Si Ai)X = Si(Xi \ AXi )^ �(tr) � (Si2I Ai)X

Interleaving

An interleaved combinationP1 jjj P2 performs tracestr which consist of a tracetr1 of P1

interleaved with a tracetr2 of P2. A refusal after such a trace must be a refusal of both
processes.

P1 sat S1(tr;X)

P2 sat S2(tr;X)

P1 jjj P2 sat9 tr1; tr2;X1;X2 � (S1(tr1;X1) ^ S2(tr2;X2) ^ tr interleaves tr1; tr2)^ X1 [ X2 = X ^ X1 n fXg = X2 n fXg

For instance, consider a processP1 which meets the specification given previously that
the process must initially be live ona 2 �:

P1 sat a 62 �(tr)) a 62 X

ThenP1 interleaved with any (non-divergent)processP2 at all will still meet this specification.
Firstly any such process hasP2 sat true(tr;X), so the rule for interleaving yields that

P1 jjj P2 sat 9 tr1; tr2;X1;X2 � a 62 �(tr1)) a 62 X1 ^ tr interleaves tr1; tr2^ X1 [ X2 = X ^ X1 n fXg = X2 n fXg
Furthermore, iftr interleaves tr1; tr2 then�(tr) = �(tr1) [ �(tr2), so a 62 �(tr) ) a 62�(tr1). Also, a 62 X1 ) a 62 X. Thus

P1 jjj P2 sat a 62 �(tr) ) a 62 X

A single component of an interleaved combination can ensure liveness.
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Interface parallel

A failure (tr;X) of P1 k

A
P2 must arise from two failures(tr1;X1) and (tr2;X2) of P1 and

P2 respectively, wheretr synchA tr1; tr2, andX1 andX2 coincide on eventsP1 andP2 can
perform independently—those outsideAX. This results in the following inference rule:

P1 sat S1(tr;X)
P2 sat S2(tr;X)
P1 k

A
P2 sat 9 tr1; tr2;X1;X2 �(S1(tr1;X1) ^ S2(tr2;X2) ^ tr synchA tr1; tr2^ X1 [ X2 = X^ X1 n A = X2 n A)

Hiding

A trace of the processP n A arises from a trace ofP simply by removing all of the events inA
from the trace. Hence for any trace ofP n A with refusal setX there is a corresponding trace
of P with refusal setX [ A. The rule is then as follows:

P sat S(tr;X)
P n A sat9 tr1 � (S(tr1;X [ A) ^ tr = tr1 n A)Example 7.3 Consider the processP given byP = a! b! c! P. The proof rule will

be used to establish the liveness specification onP n fbg thatc should be available whenever
a is the last event to have occurred:

P n fbg sat foot(tr) = a) c 62 X

A property thatP satisfies is

S(tr;X) = (foot(tr) = a) b 62 X) ^ (foot(tr) = b) c 62 X)

If (tr;X) is a stable failure ofP n fbg, then9 tr1 � S(tr1;X [ fbg) ^ tr = tr1 n fbg. If
foot(tr) = a, thenfoot(tr1 n fbg) = a, so eitherfoot(tr1) = a or foot(tr1) = b. The first of
these contradictsS(tr1;X [ fbg), since it implies thatb 62 X [ fbg; and the second implies
thatc 62 X [ fbg, which in turn implies thatc 62 X. The specification can thus be weakened
to obtain

P n fbg sat foot(tr) = a) c 62 X

This is the specification required. 2
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In fact, the inference rule simplifies in the case where the specificationSSF(tr;X) is
independentof the setA being hidden. A failures specification isA-independent if8 tr;X �(SSF(tr;X), SSF(tr n A;X n A)). For such a specification, the predicate9 tr1 � SSF(tr1;X [

A) ^ tr1 n A = tr is equivalent toSSF(tr;X). The resulting rule is

P sat SSF(tr;X) [ SSF(tr;X) is A-independent]

P n A sat SSF(tr;X)

This rule states that if a processP meets a specificationSSF(tr;X) independently of the
performance or refusal of any events inA, thenP n A also meets it. Both the specification
itself andP’s meeting of it are completely independent of its behaviour onA.

Observe that the earlier specificationfoot(tr) = a) c 62 X is notfbg-independenteven
thoughb does not appear anywhere explicitly in the specification, since in this casefoot(tr) is
not the same asfoot(tr n fbg).

On the other hand, a specification that isfbg-independent is the liveness requirement
that whenever the same number ofa’s andc’s have been performed, thena should be on offer:

tr # fag = tr # fcg ) a 62 X

The processP = a! b! c! P meets this specification, and so the derived inference rule
for hiding yields thatP n fbg also satisfies it.

Renaming

A failure (tr;X) of a renamed processf (P) will be a renamed failure(f (tr1);X) for some
tr1 for which (tr1; f�1(X)) is a failure ofP. The inference rule for translating specifications
through a forward renaming is as follows:

P sat SSF(tr;X)

f (P) sat 9 tr1 � SSF(tr1; f�1(X)) ^ f (tr1) = trExample 7.4 In Example 3.14 a processOFFICE models two staff who each answer
their own phones. When both phones are mapped to the same number—f (phone:sylvie) =
f (phone:janet) = phone:janet&sylvie—then the best guarantee that can be provided is that
someone will answer, but with no guarantees as to who it will be.

The specification used to obtain this result through the inference rule is

OFFICE sat foot(tr) = phone:janet_ foot(tr) = phone:sylvie) fanswer:janet; answer:sylvieg * X

The direct result of applying the inference rule with this antecedent yields the result

f (OFFICE) sat 9 tr1 � (foot(tr1) = phone:janet_ foot(tr1) = phone:sylvie) fanswer:janet; answer:sylvieg * f�1(X))^ f (tr1) = tr
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which is equivalent to the result required:

f (OFFICE) sat foot(tr) = phone:janet&sylvie) fanswer:janet; answer:sylvieg * X

Observe that the specification onOFFICEcovered all of the possible ways in whichfoot(tr) =
phone:janet&sylviecan arise inf (OFFICE), and showed that in each case the required result
followed. In order to establish thatf (P) sat RSF(tr;X) from the fact thatP sat SSF(tr;X), it is
necessary for all behaviours that meetSSF to satisfyRSF when mapped through the alphabet
renaming. Another form of this rule is this:

P sat SSF(tr;X)8 tr1; tr;X � (SSF(tr1; f�1(X) ^ f (tr1) = tr)) RSF(tr;X))
f (P) sat RSF(tr;X)

If SSF does not constrain all tracestr1 which map to a particulartr, then no useful conclusions
will be obtained. For example, the result that

OFFICE sat foot(tr) = phone:sylvie) answer:sylvie 62 X

does not in itself provide any useful information about the behaviour of f (OFFICE) since any
trace off (OFFICE) ending inphone:janet&sylviemight have originated from a trace ending
in phone:janet, and no information is provided about the behaviour in such a circumstance.2

In the case wheref is a 1–1 function, its inversef�1 is well defined and there is only
one possibility for the tracetr1 which maps underf to tr, namelyf�1(tr). In this case the
inference rule simplifies as follows:

P sat SSF(tr;X) [ f injective ]

f (P) sat SSF(f�1(tr); f�1(X))

The backward renaming operator is more straightforward. If(tr;X) is a failure of
f�1(P), then(f (tr); f (X)) is a failure ofP, and so it must satisfy whatever specificationP is
known to satisfy. The inference rule is as follows:

P sat SSF(tr;X)

f�1(P) sat SSF(f (tr); f (X))

The processSALEof Example 3.15 is ready to accept payment after a choice of goods has
been made.

SALE sat foot(tr) = choose) pay 62 X
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The event renaming function

f (cash) = pay

f (cheque) = pay

f (credit card) = pay

is used to expand the interface ofSALEand accept any of these methods of payment. The
inference rule yields that

f�1(SALE) sat foot(f (tr)) = choose) pay 62 f (X)

and this is equivalent to

f�1(SALE) sat foot(tr) = choose) fcash; cheque; credit cardg \ X = fg

After a choice has been made, the process is ready to accept any of the events that map to
pay—it cannot refuse any of them.

Sequential composition

Any given failure ofP1; P2 must arise from one of two possibilities: either it is a failure of
P1 which has not yet reached termination, or else it consists of a trace ofP1 followed by a
failure ofP2. The proof rule reflects this:

P1 sat (ST(tr);S1(tr;X))

P2 sat S2(tr;X)

P1; P2 sat X 62 �(tr) ^ S1(tr;X [ fXg)_9 tr1; tr2 � tr = tr1 a tr2 ^ ST(tr1 a hXi) ^ S2(tr2;X)

The first case covers those failures fromP1 that have not yet terminated: in this case,X
must also be refusable. The second case is concerned with those failures corresponding to
executions that have passed control fromP1 to P2 at some point: in this case,tr1 a hXi is the
trace fromP1 up to its termination, and so it must meetP1’s trace specificationST(tr), and(tr2;X) is the contribution fromP2.
Interrupt

A failure of the interrupt processP1 4 P2 is either a failure ofP1 whose refusal is also a
possible initial refusal forP2, or else a non-terminated trace ofP1 followed by a failure ofP2.
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The inference rule is as follows:

P1 sat (ST(tr);S1(tr;X))
P2 sat S2(tr;X)

P1 4 P2 sat S1(tr;X) ^ (S2(hi;X) _ X 2 �(tr))_9 tr1; tr2 � tr = tr1 a tr2 ^ X 62 �(tr1) ^ ST(tr1)^ tr2 6= hi ^ S2(tr2;X)
In the second disjunct,tr1 is the trace contribution fromP1, so it meetsP1’s trace specification
ST(tr).Example 7.5 If int is a special interrupt event, andP2 is initially enabled on this event,
unable to refuse it, then

P2 sat int 62 �(tr)) int 62 X

Then whatever form processP1 takes, and whatever specificationS1 it satisfies, the rule yields
that

P1 4 P2 sat S1(tr;X) ^ (int 62 X _ X 2 �(tr))_9 tr1; tr2 � tr = tr1 a tr2 ^ X 62 �(tr1) ^ S1(tr1; fg)^ tr2 6= hi ^ (int 62 �(tr2)) int 62 X)

which can be weakened to

P1 4 P2 sat int 62 �(tr)) (int 62 X _ X 2 �(tr))

The interrupt combination will have the interrupt eventint enabled throughout an execution,
until either it occurs or the execution finishes. 2

7.3 RECURSION INDUCTION

If a recursive definitionN = F(N) preserves the satisfiable specificationSSF(tr;X)—F(Y) sat
SSF(tr;X) wheneverY sat SSF(tr;X)—thenN must also meet the specificationSSF(tr;X).8Y � (Y sat SSF(tr;X)) F(Y) sat SSF(tr;X)) [ N = F(N) ]

N sat SSF(tr;X)

In contrast to the rule for trace specifications, no separate check is required for satisfiability
of SSF(tr;X), since all such specifications are met byDIV.
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The rule generalizes to mutual recursion in exactly the same way as it does in the traces
model: 8Y � (Y sat SSF(tr;X)) F(Y) sat SSF(tr;X)) [ N = F(N) ]

N sat SSF(tr;X)Example 7.6 The light switch process has a recursive definition:

LIGHT = on! off ! LIGHT

It appears that whenever the light is on it is ready to be turned off. The appropriate specification
to verify is

SSF(tr;X) = foot(tr) = on) off 62 X

Assume thatY sat SSF(tr;X). Then two applications of the inference rule for prefixing
establish that

on! off ! Y sat tr = hi ^ on 62 X_ tr = honi ^ off 62 X_ tr = hon; offia tr 0 ^ SSF(tr 0;X)

If foot(tr) = on, then eithertr = on^ off 62 X or elsetr = hon; offia tr 0 ^ foot(tr 0) = on^

SSF(tr 0;X). In either case,off 62 X, so the specification weakens toSSF(tr;X), and so

on! off ! Y sat SSF(tr;X)

Finally, an application of the inference rule for recursion allows the conclusion that

LIGHT = on! off ! LIGHT sat foot(tr) = on) off 62 X

ThusLIGHT sat SSF(tr;X) as required. 2Example 7.7 (Alternating Bit Protocol) A communications protocol provides a
service over a lower level medium which provides a lesser service. The alternating bit protocol
provides a service in which messages of typeT are relayed between agents without loss, over a
medium in which messages can be lost, although they cannot become corrupted or reordered.

The service guaranteed by the underlying medium may be described by a two part CSP
specificationMed(in; out):

MedSF(in; out) = tr + out4 tr + in^ in:T \ X = fg _ out:T * X
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in

c1 c2
d1d2 out

S R

MED(c)
MED(d)

Fig. 7.1 The alternating bit protocol

Any output messages should have previously appeared as input messages, and they should
appear in the same order, but some messages can be lost. The medium is always ready for
either input or output.

A well-behaved process such asCOPYsatisfies the specificationMed(in; out), as do
less well-behaved processes which can sometimes lose messages.

A medium which accepts input onc1 and provides output onc2 will be referred to as
MED(c). Such a medium does not need to be explicitly described in CSP; only the fact that it
meets the specification is required for verification.

MED(c) sat Med(c1; c2)
The protocol itself consists of a sender componentS and a receiver componentR whose
combined behaviour is intended to ensure that no message becomes lost fromthe system. The
two components communicate in each direction over the unreliable medium. The system is
illustrated in Figure 7.1.

The sender awaits input, and then transmits it along output channelc1 together with a
particular bitb. It will wait for an acknowledgement to arrive on channeld2: receipt of the
correct bitb indicates that the message arrived, whereas receipt of the incorrect bitb should
be ignored as being associated with a previous message whose acknowledgement has already
been received. The message can be resent as an alternative to waiting for acknowledgement,
since it is possible that the message or its acknowledgement were lost during transmission.

S = S(0)

S(b) = in?x : T! c1!(x:b)! S(b; x)

S(b; x) = c1!(x:b)! S(b; x)2 d2:b! S(b)2 d2:b! S(b; x)

The receiver processR awaits messagesx:b along channelc2, and checks the bitb to see if it
is the next bit expected, in which casex must be a fresh message for output. If the bit is not
the one expected, then the message must be a repeated transmission, and will not be presented
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for output. In either case, an acknowledgement consisting of the bit received should be sent
out on channeld1.

R = R(0)

R(b) = c2?x:b0 : (T:fbg)! out!x! d1!b! R(b)2 c2?x:b0 : (T:fbg)! d1!b! R(b)

The two componentsSandR do not synchronize on any events, and their combination is de-
scribed asS jjj Rwhich is equivalent toSk Rbecause ofSandR’s disjoint alphabets. Similarly,
the two channels are independent, and their combination is described asMED(c) jjj MED(d).
Finally, the components are composed in parallel, resulting in the following description of the
alternating bit protocol:

ABP = ((S jjj R) k (MED(c) jjj MED(d))) n (c1:N [ c2:N [ d1:N [ d2:N)

The requirement is that this system should behave as a buffer and satisfythe specification(BuffT(tr);BuffSF(tr;X)).
The safety and liveness aspects of the specification may each be treated in turn. The

traces model can be used (see Exercise 7.9) to establish that

ABP sat tr + out61 tr + in

The only further property to establish is deadlock-freedom, in order toestablish that
the combination is a buffer in terms of liveness as well as safety. The safetyspecification
shows that only one ofin or out can ever be possible:in when the buffer is empty, andout
when non-empty. Hence deadlock-freedom will establish that it must be opento inputs when
empty, and ready to output when non-empty. Furthermore, the definitionof the senderS is
data-independent—once it is ready to accept some input, it is ready to accept any.

The system can be seen to be deadlock-free by considering a stable state. Ifin is refused
in this state, thenSis live on bothc1 andd2. If these are both refused by their respective media,
then bothc2 andd1 must be enabled within the media. The receiverR cannot be willing to
interact on either of these internal events, otherwise the state would not be stable, so it must
be ready to provide output

Hence the required result is obtained: thatABPsat BuffSF(tr;X). 2
7.4 PROCESS-ORIENTED SPECIFICATION

As in the traces model, the refinement relation on processes(T;SF) vSF (T;SF) holds when
the second process has fewer possible behaviours than the first.(T1;SF1) vSF (T2;SF2) , T2 � T1 ^ SF2 � SF1
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The subscriptSF emphasizes the fact that the relationship is defined on the stable failures
model.

Refinement holds between two process expressionsP1andP2 whenever it holds between
their sets of traces and stable failures. Another way of characterizing the relationshipP1 vSF

P2 is asP1 =SF P1 u P2. The introduction of the traces and stable failures ofP2 does not
introduce any new behaviours toP1. The subscriptSF will be elided if it is clear from the
context.

The refinement relationP1 vSF P2 supports a process-oriented approach to specifica-
tion. As in the traces model, a specification describes behaviours that are acceptable in a
particular situation, and these behaviours can be described either by use ofpredicates, or else
by means of a CSP process expression itself. A process descriptionSPECwill have partic-
ular traces and stable failures associated with it, and these are taken to be all the acceptable
behaviours. An implementation processIMP meets this specification if all of its possible
behaviours are allowed bySPEC, or in other words, ifSPECvSF IMP.

Many common specifications can be captured in a process-oriented style, where the
specification is the process with the most behaviours which meets the requirement. This
means thatSPECshould allow all possibilities that are not expressly forbidden.

The processALT = a ! b ! ALT expresses the requirement that the performance
of a’s and b’s should alternate. It also contains the requirement that these events should
be available, and that no other events are possible, since none appear as possibilities in
ALT. A weaker specification which places no constraint on any other events would be
ALT jjj CHAOS�nfa;bg, which allows arbitrary behaviour on all other events, but still requires
thata andb must be available when they are next in the alternating sequence. An even weaker
specification, which also allows the possibility of deadlock, would beALT kfa;bg CHAOS. Any

sequence ofa’s andb’s must still be alternating, but no liveness conditions on them are present.Example 7.8 (Buffers) The property of being a buffer of typeT is expressible in a
process-oriented way, by means of a mutual recursion. Internal choice is usedto describe the
various possibilities:

NBUFFT(hi) = in?x : T! NBUFFT(hxi)

NBUFFT(sa hyi) = out!y! NBUFFT(s)2 (STOPu in?x : T ! NBUFFT(hxia sa hyi))

The parameter toNBUFF consists of the sequence of messages that the buffer currently
contains. If this sequence is the empty sequencehi, then the buffer is empty and must be ready
for input. If the sequence contains some messages, then the buffer must be ready to output
the next message required. It is also possible that it will accept furtherinput, but it does not
have to. These possibilities are represented by the internal choice betweenSTOPand a further
input.
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The buffer specificationNBUFFT = NBUFFT(hi) also specifies that the alphabet of the
buffer is restricted to its input and output channels. It encapsulates the buffer specification
given on Page 194:

NBUFFvSF IMP , IMP sat (BuffT(tr);BuffSF(tr;X))

If further events are to be possible (such as a channel which can report on whether or not
the buffer is empty), then the appropriate specification will beNBUFFT jjj CHAOSA, whereA
are the other possible events. The most general specification, that corresponds toBuffT(tr;X),
is given as follows:

NBUFFT jjj CHAOS�n(in:T[out:T) vSF IMP, IMP sat (BuffT(tr);BuffT(tr;X))

However, in general it will be more appropriate to restrictA to the particular set of events
which are allowed for the buffer. 2

One of the benefits of the process-oriented approach is provided by the availability of
model-checking tools which permit automatic checking of (finite state) specifications against
implementations. The FDR tool allows processes to be checked against process-oriented
specifications with regard to their stable failures.

The two styles of specification can often be combined within verification. IfSPECvSF

IMP andSPECsat SpecSF(tr;X), then IMP sat SpecSF(tr;X), and this result can be used
within the application of a proof rule.

A process-oriented version of the proof rule for recursion inductionwill useSPECvSF Y
in place ofY sat SSF(tr;X), resulting in the following antecedent:8Y � (SPECvSF Y) SPECvSF F(Y))

This is equivalent to the assertion thatSPECvSF F(SPEC). The rule becomes

SPECvSF F(SPEC) [ N = F(N) ]

SPECvSF N

Even if the relationSPECvSF N cannot be checked directly by mechanical means, for
example ifN has infinitely many states, it can still be verified via the proof rule by checking
thatSPECvSF F(SPEC).Example 7.9 The bag processBAGtakes messages as input, and makes them available for
output. It is given by a guarded recursive definition.

BAG = in?x : T! (BAG jjj (out!x! STOP))
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One property that this process satisfies is that it is always ready for input. This specification
can be captured as the process

INS = RUNin:T jjj CHAOSout:T
It is not possible to checkINSvSF BAG directly using a model-checker, since the process
BAGhas an infinite number of states. However,

INS vSF in?x : T ! (INS jjj (out!x! STOP))
which can be automatically checked, sinceINS has a finite (and extremely small) number
of states. This single refinement check establishes the antecedent to the inference rule for
guarded recursion given above, establishing the result

INSvSF BAG

The processBAG is always ready for input. 2

7.5 CASE STUDY: DISTRIBUTED SUM

The functional correctness of the distributed sum algorithm was established in Chapter 5.
Only traces need to be considered in order to establish that any answer providedby the system
of nodes must be the correct one.

However, the trace analysis does not provide any guarantees that an answer will even-
tually be output. This is a liveness property, so an analysis in the stable failures model is
required. The main aim will be to establish deadlock-freedom of the network; more specific
liveness properties will follow from this. It will also ultimately be necessary to establish that
the network is free from divergence. This will be discussed in Chapter 8.

The liveness of the network as a whole will rely on the liveness properties of the
individual nodes. The particular properties used to prove deadlock-freedom will be I1 andI2

concerning liveness on inputs,O1 andO2 concerning liveness on outputs, andT1 concerning
liveness on termination. A subsidiary resultN1 is also useful: it can be established in the
traces model.

Liveness on input

All nodes will be initially live on all of their input channels. This is specified for each input
channelcij as follows:

I1ij NODE(j) sat tr � AXj = hi ) cij :0 62 X
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Given a particular nodej and edge(i; j) 2 E, if node j has not yet communicated with any
neighbour, then it must be ready for an initiating input fromi.

Furthermore, any nodej on any particular input channelcij will remain willing to accept
input until it occurs (see Exercise 7.11).

I2ij NODE(j) sat (tr � AXj 6= hi ^ tr + cij = hi)) cij :N \ X = fg

Given a particular nodej and edge(i; j) 2 E, if nodej has performed some communication but
has not yet received any input from its neighbouri, then it must be ready to input any possible
value.

Liveness on output

The first liveness property on output is that, once some message has been received along a
channelcki, then output is available along any channelcij other than the one matching the
initial input. This means that a node is ready to provide output to anyof its neighbours with
the possible exception of the neighbour it first interacted with. Therelationship between two
neighboursi andj is expressed as follows:

O1ij NODE(i) sat tr 6= hi ^ channel(head(tr)) 6= cji) (tr + cij = hi ) cij :0 62 X)

The processcij !0! SKIP is live on channelcij until it occurs:

cij !0! SKIP sat (tr + cij = hi ) cij :0 62 X)

Furthermore, the channelcij is not in the alphabet of any of the processescik!0! SKIPwhere
k 6= j, nor ofTOT(i; k; adj(i) n fkg;wi) wherek 6= j. It follows that the same specification is
met by the parallel combination (providedk 6= j):(TOT(i; k; adj(i) n fkg;wi) k (kl2adj(i)nfkg

cij !0! SKIP))

sat (tr + cij = hi ) cij :0 62 X)

Prefixing this process with an inputcki:0 will yield the required specification whenj 6= k

cki:0! (TOT(i; k; adj(i) n fkg;wi) k (kl2adj(i)nfkg

cij !0! SKIP))
sat tr 6= hi ^ channel(head(tr)) 6= cji ) (tr + cij = hi ) cij :0 62 X)

In the case wherej = k, then the specification is vacuously satisfied since whenevertr 6= hi
thenchannel(head(tr)) = cji . Hence the specification is met in all cases, andO1ij follows
from the fact thatNODE(i) is an indexed choice between all of these processes.
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The other liveness property required on output is that once a node has received inputs
from all of its neighbours, it is ready to output to the neighbour that it first communicated
with. The set of input possibilities to a nodei will be defined asAin

i :

Ain
i = fcji :n j cji :n 2 Aig

If all the input channels are mentioned in the trace, then the node has the required liveness
property:

O2ij NODE(i) sat channels(Ain
i ) � channels(tr) ^ channel(head(tr)) = cji) ((tr + cij = hi ) cij :N * X))

The proof of this property is left as an exercise (see Exercise 7.13).

Liveness on termination

When a node has had some communication along each of its channels, it is either ready to
terminate or else already terminated:

T1i NODE(i) sat channels(Ai) � channels(tr)) (X in tr _ X 62 X)

The proof of this property is left as Exercise 7.14.

Safety on the nodes

The safety property is simply that the first event of any process must beon one of its input
channels. This may be established in the traces model.

N1i NODE(i) sat tr 6= hi ) channel(head(tr � AXi )) 2 Ain
i

A single application of the proof rule for input (using simplyP(x) sat true(tr) as the an-
tecedent) establishes that this specification holds for any process of the form c?x : T ! P(x)

for whichc 2 Ain
i . This is indeed the case for all channels of the formcji wherej 2 adj(i), so

the proof rule for indexed external choice yields that any process of theform2

j2adj(i) cji?x : T ! P(x; j)

must also satisfy this specification, since each of its components do. The description of
NODE(i) is of this form, soN1i follows without any need to consider the behaviour following
the first event.
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Deadlock-freedom for the network

The properties of the individual nodes given above are sufficient to establish that the process
NETWORK= k

Ai
NODE(i) is deadlock-free.

Consider a failure(tr;X) of NETWORK. Then the refusal set is made up of a family
of refusal setshXiii2N, one for eachi 2 N, whereX = S

i2N(Xi \ AXi ), and(tr � AXi ;Xi) 2SF [[NODE(i)]]. The special channelsc01 andc10 appear only inA0. All other channelscij

appear in only two alphabets,Ai andAj . This means that if there is some valuev for which
cij :v 62 Xj andcij :v 62 Xi , thencij :v 62 X. If it is offered by bothNODE(i) andNODE(j), then
it cannot be blocked by any other component.

To establish deadlock-freedomforNETWORK, all the possible cases for the tracetr will
be considered, and in each case (before termination) the liveness properties will be enough to
show that there is some communication which does not appear in the refusal setX.

There are essentially two cases to consider: whether or not any of the nodes arestill in
their initial state. The two cases each split into a number of subcases.

Case 9 i � tr � AXi = hi:
Subcase tr + c1;0 = hi: In this case(tr � AX0 ) + c1;0 = hi, and so(hi;X0) is a

failure ofNODE(0). It follows from I110 thatc1;0:0 62 X0, and soc10:0 62 X.

Subcase tr + c1;0 6= hi ^ 9 j � tr � AXj = hi: In this case the set of nodes can be
partitioned into the nodes that have engaged in some event, and those that have not. Both sets
will be non-empty:

S1 = fi 2 N j tr � AXi 6= hig

S2 = N n S1

Connectedness of the graph(N;E) implies that there must be some edge(i; j) 2 E
connecting the two sets:i 2 S1 andj 2 S2. Thencij 2 Aj , sotr + cij = hi becausej 2 S2, so
I1ij yields thatcij :0 62 Xj .

Furthermore,tr � AX1 6= hi sincei 2 S1, andtr + cji = hi becausej 2 S2, so fromO1ij

it follows thatcij :0 62 Xi . Thuscij :0 does not appear inX, which establishes the case.

Case 8 i � tr � AXi 6= hi:
In this case, every node has participated in some event in the tracetr. In each case, the

first channel a nodei has interacted on will becji = channel(head(tr � AXi )) for some other
nodej. The set of all such channels is defined to be the setT:

T = fchannel(head(tr � AXi )) j i 2 Ng

These are the channels from parent to child nodes. They form a tree.

PropertyN1i means that for anyi the setT \ Ain
i contains exactly one channel: each

node has exactly one parent.
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If cji 2 T then nodei will pass the sum of its inputs, together with its own weightwi ,
along the complementary channelcij . The set of all such channels is defined to beT0:

T0 = fcij j cji 2 Tg
This is the set of channels from child nodes to their parent nodes. These arethe channels that
carry values rather than initiating messages.

The set of all channels apart from those inT0 is given by

T0 = (Si2N channels(Ai)) n T0
These are the channels that carry initiating messages.

Subcase T0 * channels(tr): The first subcase to consider is where not all initiating
messages have yet occurred: not all channels inT0 appear in the trace.

In this case there is a channelcij 2 T0 such thattr + cij = hi. This means that
cji 6= channel(head(tr � AXi )). The propertyO1ij implies thatcij :0 62 Xi , andI2ij means that
cij :0 62 Xj . Hencecij :0 cannot appear in the refusal setX.

Any channel inT0 that has not appeared in the trace cannot have0 refused.

Subcase T0 � channels(tr) ^ T0 * channels(tr): In this subcase, all initiating
messages have occurred (all channels inT0 have been used) but not all values have yet been
returned: some channels inT0 have not yet been used. Then the set of channelsU0 � T0 that
have not been used by a child node to return its value to its parent node is non-empty:

U0 = fcij 2 T0 j tr + cij = hig

The channels in the opposite direction to those inU0, from parent to child, are given by
U:

U = fcji j cij 2 U0g

ThusU � T. The setsT, T0, U0 andU corresponding to the point reached in Diagram 3 of
Figure 5.2 are illustrated in Figure 7.2. The setU consists of those channelscij which are
the first channels used by some nodei such thati has not communicated its output along the
corresponding channelcji . The last of those channels to have appeared in the trace is given
by channel(foot(tr � U)) = clk for somel andk. The aim is to show thatckl:N cannot be
refused.

To establish this, it is sufficient to show that all of the inputs channelsAin
k to nodek must

appear in the tracetr:

1. Firstly, all of those inT0 must have occurred, since all channels inT0 appear intr in this
subcase.
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T T0

U0

clk

U

Fig. 7.2 Example edge setsT, T0, U0, andU

2. Secondly, all ofk’s input channels inT0must also appear intr. If any ofk’s input channels
do not appear intr, then there is some input channelcmk 2 U0, sinceU0 consists of
those channels ofT0 that do not appear intr. This means that the corresponding channel
ckm 2 U. Both ckm andclk are in the alphabetAi of NODE(i). The fact thatclk 2 Ain

k
means thatclk = channel(head(tr � AXk )), and sockm must appear aftercjk in the trace
tr. But this is impossible, sincechannel(foot(tr � U)) = clk, so no other channel inU
can appear in the trace afterclk.

Thus all ofk’s input channels appear intr, sochannels(Ain
k ) � channels(tr � AXk ). Since

tr + ckl = hi, propertyO2kl yields thatckl:N * Xk, and so there is some numberv for which
ckl:v 62 Xk. If l =1 (andk = 0) then this is sufficient to establish thatckl:v 62 X. Otherwise,
propertyI2kl yields thatckl:v 62 Xj . Hence in either caseckl:v cannot appear in the refusal set
X.

Subcase T0 � channels(tr) ^ T � channels(tr): In this case all of the channels
have been used, so for any nodei

channels(Ai) � channels(tr � AXi )

The propertyT1 on each node yields in each case that eitherX in tr � AXi or thatX 62 Xi .
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1. If X 62 tr, thenX 62 tr � AXi for any nodei, and soX 62 Xi for any i, and henceX 62 X.

2. If X 2 tr, then the execution has terminated and deadlock is no longer a concern.

Hence no possible trace ofNETWORKis associated with a deadlock before termination,
soNETWORKis deadlock-free.

The deadlock-freedom ofDISTSUMallows further conclusions to be drawn about its
behaviour. The alphabet ofDISTSUMis simplyc01:N [ c10:N [ fXg. This is a subset of
the alphabet of node0, so any constraints imposed by that node on the order of these events
must be respected byDISTSUM.

In fact (see Exercise 5.15)NODE(0) satisfies the following safety specifications:

tr + c01 6= hi ) tr + c10 6= hi
tr � X 6= hi ) tr + c01 6= hi(tr + c10) 6 h0i(tr # c01) 6 1

These together mean that any first event ofDISTSUMmust bec01:0, any second event
must be a communication along the channelc01, and any third event must be termination.
Deadlock-freedom means that each of these events must be available in turn, sothe behaviour
of DISTSUMis equivalent to a process

c10:0! c01!v! SKIP

for some valuev. The safety specification proven in the previous chapter ensures that the value
v is the sum of all the weights of the nodes, and so

DISTSUM =SF c10:0! c01!(�i2Nwi)! SKIP

ExercisesExercise 7.1 A cheese shop sells Stilton, Brie, Gouda, and Jarlsberg cheese. Specify that

1. All of these will always be available;

2. All of these will initially be available;

3. At any time at least three are available;

4. At any time some cheese is available;



EXERCISES 217

5. After a delivery there is at least one cheese available.Exercise 7.2 If P is deadlock-free, then prove thatP n A is also deadlock-free.Exercise 7.3 If P1 andP2 are strongly deadlock-free, then prove that so too isP1 kfag P2.
MustP1 kfa;bg P2 be deadlock-free?Exercise 7.4 Prove that ifP1 andP2 are always live on an inputin, then so too isP1 k

in:T P2.Exercise 7.5 Prove that8Y � (SPECvSF Y) SPECvSF F(Y))

is equivalent to the assertion thatSPECvSF F(SPEC).Exercise 7.6 Prove thatP = on! off ! P sat foot(tr) = off ) on 62 X. [You will have
to strengthen the specification before the recursion rule can be applied.]Exercise 7.7 Prove thatP1 u P2 vSF P1 2 P2 for anyP1 andP2.Exercise 7.8 A stack process (or last-in-first-out queue) of typeT must always be receptive
to input elements ofT along channelpushwhen empty, and is always willing to output along
channelpopwhen non-empty. It can accept further input when nonempty, but is not obliged
to. Its output is always the item most recently input that has not yet been output. The process
defined in Example 1.23 may be considered a process-oriented specification forthe traces
model.

1. Give a process-oriented specification of a stack for the stable failures model, which
allows for the possibility of non-empty stacks being full.

2. Prove thatSTACK1 = push?x : N ! pop!x! STACK1 is a stack.

3. Prove thatpush?x : T ! STACK2(x) is a stack, where

STACK2(x) = pop!x! push?y : T ! STACK2(y)j push?y : T ! pop!y! STACK2(x)Exercise 7.9 (Hard) Prove that the alternating bit protocol of Example 7.7 meets its trace
specification:

ABP sat tr + out61 tr + in

218 SPECIFICATION AND VERIFICATION WITH FAILURESExercise 7.10 If the graph of nodes in the distributed sumNETWORKprocess is not
connected, which part of the liveness proof breaks down? What will be the behaviour of the
network in this case, and at what point will it deadlock?Exercise 7.11 Prove that

I2ij NODE(j) sat (tr � AXj 6= hi ^ tr + cij = hi)) cij :N \ X = fg
Hint: a useful starting point is to establish by a mutual recursion induction that theTOT

family of processes meet a corresponding family of specifications:

TOT(j; k;M; t) sat i 62 M _(tr + cij = hi ) cij :N \ X = fgExercise 7.12 Use the traces model to proveN1i on Page 212.Exercise 7.13 [Harder] ProveO2ij on Page 212.Exercise 7.14 ProveT1i on Page 212.
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Failures, divergences, and

infinite traces

8.1 OBSERVING PROCESSES

The stable failures model records the occurrence of events as processes perform them, and
their refusal after processes stabilize. This approach is effective for processesthat cannot
diverge. When divergence is a possibility then the stable failures modelis not discriminating
enough, since it completely ignores any divergent behaviour that a processmight have.

In order to analyze processes for the possibility of divergence, it is necessary to introduce
the appropriate observations into the model. There are two kinds of behaviour that have a
bearing on divergence: traces that lead to a divergent state, and infinite traces thatmight
give rise to divergence. These are introduced alongside failures information to yield the
Failures/Divergences/Infinite Tracesmodel, which is the concern of this chapter.

Divergence

When a process executes, it may pass through a sequence of process states by meansof internal� transitions. In an unstable state, external events might be possibleas well as the internal
event, but there can be no assurance that they will be available to the environment of the
process, since there is no way the� transition can be prevented from firing. It is appropriate
to consider guarantees on event offers only for those states which have nointernal transitions
leading from them.

If a processP is able to perform an infinite sequence of internal events, then there is no
guarantee that it will ever reach a stable state, and in fact there is no guarantee that it will ever
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respond to any offer that its environment can make to it. As defined on Page 173, P is said to
bedivergent, writtenP " .

Divergence is the worst possible behaviour that a component of a system may exhibit,
since any other component waiting to synchronize with it might remain waiting for ever, in
anticipation that the process will eventually reach a point where it will synchronize. Infinite
computing resources will be consumed during a divergent execution. Figure 8.1 illustrates
some divergent processes.Example 8.1 The processN1 n fag has a divergent execution, whereN1 is defined recur-
sively asN1 = a! N1. ThusN1 n fag " . This is pictured in Figure 8.1. 2Example 8.2 The processN2 n fag has a divergent execution, whereN2 is defined recur-
sively asN2 = (a! N2 j b! STOP). There is an infinite sequence of internal transitions
that can be performed. ThusN2 n fag " . This is pictured in Figure 8.1. 2

If a processP is unable to diverge, this means that there are no infinite sequences
of internal transitions starting fromP, and so every sequence of internal transitions must
eventually reach a stable stateP0 # from which no further internal events are possible.

Divergent traces

If a divergent state is reached after a finite sequence of events, then the sequencetr is recorded
as adivergent traceof the process. No guarantees about the behaviour of the process can be
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made subsequent to a divergent trace. The tracetr is a divergent trace ofP if there is some
divergent processP0 such thatP

tr=) P0 ^ P0 " . For example, the processN2 n fag of
Example 8.2 hashi as a divergent trace.

Infinite traces

If an infinite sequence of offers are all accepted, then an infinite traceu will be recorded. No
refusal information will appear since there is no point at which offers arerefused. If the trace
u = ha0; a1; a2 : : : i thenu will be an infinite trace ofP if there is an infinite sequencehPiii2N

such that

P = P0 ^ 8 i � Pi

haii=) Pi+1

For example, the processP = a ! P hasha; a; a; : : : i as an infinite trace—in fact its only
one.

The set of all possible infinite traces is denotedITRACE, and the variableu is used to
range overITRACE. It is the set of all infinite sequences of events from�. Such sequences
cannot contain the termination eventX—if termination occurs at some point in a trace then it
must be last.

Failures

The stable failures of a process will continue to be recorded. However, adivergent process is
also able to refuse any set of offered events by default, since it is able to ignore permanently
any offers made to it simply by following the divergent execution. Observations of such
behaviour will also be recorded as failures.

For example, the processN2 n fag of Example 8.2 has(hi; fa; bg) as a possible
(unstable) failure, since it can engage in a divergent execution after the empty trace, and hence
refusefa; bg.

The inclusion of both stable and unstable failures as observations meansthat the traces
of a process no longer need to be recorded separately. Unlike the stable failures model, all
traces of a process will appear in the failure set. Every trace of a process willeither be
divergent, or will lead to a stable state. In either case, it will be associated with the refusalfg,
either from a stable refusal of the empty set (which is possible for any stable state, since no
events are offered), or else for an unstable refusal. Hence whenevertr is a trace of a process,
then(tr; fg) will be a failure of that process.Example 8.3 The processN3 pictured in Figure 8.2 hashci and ha; b; ci as two of its
possible divergent traces. It has(ha; bi; fbg) as a possible failure, andha; b; a; b; : : : i as an
infinite trace. 2
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Semantic model

The failures, divergences, and infinite traces model (abbreviated as theFDI model) for CSP
identifies a processP with the failures, divergences, and infinite traces that may be observed of
it. This model is even more discriminating than the stable failures model, as it takes account of
divergent and infinite behaviour as well as stable failures, but the underlying approach taken
to the semantics and to specification and verification is the same as in all the models for CSP.

If three setsF, D, andI are to correspond respectively to the possible failures, diver-
gences, and infinite traces of some process, there are some consistency conditions that they
should meet, both within and between the sets. These are properties that must hold of any
triple of sets which describe some process.

Firstly, the setF should not be empty: there must always be some observation. Although
each ofD and I can be empty (since it is reasonable for processes to have no divergent or
infinite traces) any experiment on a process will give some response. In fact, it is possible to
be more specific: if the empty set of events is initially offered to any process, then it will be
refused, since the empty set can always be refused. This is described by the failure (hi; fg),
which must therefore appear in any process’ set of failures.

F1 (hi; fg) 2 F

The second property is also inherited from the traces model, although it is formulated dif-
ferently because of the presence of refusal sets. If a failure(tr;X) is in the setF of failures
associated with a process, then that process must be able to perform any prefixtr 0 of the trace
tr. Although the failure gives no information about possible refusals after the tracetr 0, the
empty refusal setfgmust always be possible aftertr 0.

F2 (tr;X) 2 F ^ tr 0 6 tr ) (tr 0; fg) 2 F
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There is also a property of subset closure in the refusal component of a behaviour: if a setX
can be refused after a tracetr, then any subsetX0 of X can also be refused after that trace.

F3 (tr;X) 2 F ^ X0 � X) (tr;X0) 2 F

The final property of the failures componentF is concerned with the relationship between
refusals and events that are not possible. If(tr;X) 2 F, and no event fromX0 can follow the
tracetr, then the setX0 can augment the refusal set. Events are either possible or refusable.

F4 (tr;X) 2 F ^ 8a 2 X0 � (tr a fag; fg) 62 F ) (tr;X [ X0) 2 F

SinceX is always the last event in a trace,F4 means that any set of events can be refused
afterX has occurred, since the trace cannot be extended beyondX. A terminating trace can
be associated with all refusal sets.

The FDI model takes a pessimistic approach to recording process behaviours. In order
to guarantee that certain behaviours are not possible, which will be required for verification,
it is necessary to allow for the possibility of all behaviours that cannot be definitely excluded.
Behaviours are known to be possible if they can actually be observed during some interaction
with the process, and corresponddirectly to some execution. Certainly these behaviours cannot
be excluded. However, divergence complicates the picture, because an extremelynegative
view is taken of divergent processes.

Any processPwhich is attempting to interact with a divergent processPD can guarantee
nothing about the results of any attempted interaction, or even about itsown independent
progress, since the divergent execution might take precedence over any activity thatP would
prefer, and the parallel combination ofP and PD is also divergent. Since nothing can be
guaranteed about any future behaviour, nothing can be excluded. The possibility of divergence
masks all other possible executions, so once a process is divergent then all other behaviours
should be allowed as possible observations. Any process or environment interacting with a
purely divergent process which can only loop has no guarantees about further interactions, just
as if it were interacting with a divergent process that has some other well-defined executions.
Even the possibility of divergence is considered to be catastrophic. This is true in a precise
testing sense, as will be discussed at the end of this chapter. The reason forrecording divergence
within the FDI model is because it is a phenomenon that may arise, so the possibility must
be incorporated in order to provide a framework which can establish that it has not arisen in
particular systems.

Hence once a divergence has occurred, then no behaviour can be excluded from the
possibilities associated with a process, so any behaviour prefixed by a divergent trace will be
included in the semantics of a process. This means that any trace which containsa divergent
trace as a prefix will also be in the set of possible divergences:

D1 tr 2 D ^ tr 6 tr 0 ) tr 0 2 D

Any possible divergence can be associated with any refusal setX, and appear in the set of
possible refusals:

D2 tr 2 D ^ X � �X ) (tr;X) 2 F
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Any infinite trace which has a divergent trace as a prefix cannot be excluded as a possible
behaviour:

D3 tr 2 D ^ tr 6 u) u 2 I

Once a process has diverged then nothing can be ruled out.

Finally, the relationship between divergence and termination is as follows:

D4 tr a hXi 2 D) tr 2 D

A process cannot diverge on termination—if it is divergent after termination, then this must
be because it was already divergent.

Determinism

In sequential programming, determinism is associated with programs which give the same
result each time they are executed from the same initial state. This characterization is not
entirely appropriate for concurrent programs, since their execution is dependent to some extent
on their environment. Furthermore, such components are often non-terminating, since they
are designed to provide some ongoing service rather than to perform a specific computation
and return a result. Rather than focus on initial and final states, it is necessary to consider the
interactions that a process can perform, and whether an environment will achieve the same
interactions every time it offers events.

There are three possible results that may be obtained from offering an event to a process:
it might accept the event, it might refuse it, or it may diverge and not give a response at all.
If the same response is guaranteed every time the offer is made, then the process will be
considered to be deterministic on this event. Hence a process will be deterministic if it only
ever has one possible response to an offer, after any given previous interaction. This means
that if a trace can be extended with some event, then that event cannot also be refused. A
process(F;D; I) is deterministicif8 tr; a � ((tr a hai; fg) 2 F ) (tr; fag) 62 F)

It follows from this definition that no divergent process can be deterministic, since after
divergence all failures are possible.

Deterministic processes are completely characterized by their traces: once their traces
are known, then their failures can be deduced from the fact that they are deterministic, together
with (the contrapositive of) the propertyF4. The refusals associated with a tracetr will be
precisely those events that do not extendtr. All the possible infinite traces will be present: the
infinite traces will be the limits of all the chains of finite traces.
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If T is the set of traces of a deterministic process, then its failures, divergences, and
infinite traces will be given by

FT = f(tr;X) j tr 2 T ^ 8a 2 X � tr a hai 62 Tg

DT = fg

IT = fu j 8 tr 6 u � #tr <1) tr 2 Tg

Each process in the traces model corresponds to a deterministic process in the FDI model.

For example, if

F = f(hain;X) j a 62 Xg

thenF gives the failures of a process which can only ever performa events, and can never
refuse them. The only trace setT with FT � F is

T = fhain j n 2 Ng

ThusIT = fhai!g.
Infinite traces

The relationship between the infinite traces and the finite traces of a processhas implications
in both directions. Firstly, the presence of an infinite traceu requires that the finite prefixes of
u, must appear as traces in the set of failures.

I1 u 2 I ^ tr < u) (tr; fg) 2 F

For example, ifhai! 2 I , then(hain; fg) 2 F for anyn.

Secondly, the presence of some infinite traces may be deduced from failures information
about sequences of events that can be forced from a process.

Theclosure(F;D; I) of a set of behaviours(F;D; I) includes all the infinite traces that
are consistent with the finite traces which appear in the refusal set.(F;D; I) = (F;D; fu j 8 tr 6 u � (tr; fg) 2 Fg)

A set of behaviours isclosedif it is equal to its closure.

If a process is closed then that means that any set of finite approximations toan infinite
trace could have come from the same execution. Not all processes are closed; for instance,
those with infinite choice such asu

i2N Pn are able to perform arbitrary length finite sequences
of a events, but no infinite sequences ofa’s. (Recall thatP0 = STOP, andPi+1 = a! Pi .)
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In this case thea can be refused at any stage, so an infinite sequence cannot be forced.
Deterministic processes are closed. This means that their infinite tracesIT can be deduced
from their set of finite tracesT.

Any processPhas a deterministic refinement, since in principle all of its internal choices
can be resolved in advance of execution. Hence at any point of a process’ execution, having
exhibited a tracetr and reached a process stateP, there is a deterministic refinement ofP with
set of tracesT.

I2 8(tr;X) 2 F; 9T �f(tr a tr 0;X0) j (tr 0;X0) 2 FTg � F ^ ftr a u j u 2 ITg � I

This property allows the inference of infinite traces from finite ones, since it asserts that a
particular set of infinite traces are contained inI . For example, a process whose set of failures
is f(hain;X) j n 2 N ^ a 62 Xg has the setT = fhain j n 2 Ng as the only possible
deterministic refinement (after the empty trace). If it has any fewer traces, thenthe setFT will
allow the refusal ofa at some point, and this contradictsI2’s requirement thatFT � F. Since
it has all possible traces ofa, the setIT = fhai!g, and sohai! must be a trace ofI . This
follows purely from the set of finite failures andI2.

There are different degrees of nondeterminism that it is useful to distinguish. Processes
that only ever make internal choices between finitely many alternatives are said tobefinitely
nondeterministic, and they will be characterized by their finite behaviours. This means that
once their finite traces and divergences are known, and their refusal behaviouron finite sets,
then their remaining behaviours can be derived. Such processes will be closed: their infinite
traces will be the limits of all the infinite chains of their traces. Furthermore, their refusal
behaviour on infinite sets will be deduced from the refusal behaviour on finite sets. If they
are able to refuse all finite subsets of a set, then they will also be able to refuse the entire set.
Such a property is calledcompactness: a process(F;D; I) is said to becompactif(8X0 �fin X � (tr;X0) 2 F)) (tr;X) 2 F

Processes which are both closed and compact correspond to finitely nondeterministic pro-
cesses. Together with closedness, a propertyFFN characterises finite nondeterminism:8(tr; fg) 2 F; 9FIN 2 F (P(�X)) � (tr;X) 2 F , 9Y 2 FIN � X � Y

This states that after any tracetr, there are only a finite number of maximal refusals, given by
the finite setFIN. All refusals of the process(F;D; I) after tr must be contained in one of
these refusals.

Processes that are not closed, or which do not have the propertyFFN, are infinitely
nondeterministic: at some stage they will contain some internal choice over an infinite number
of possibilities.

The propertyFFN is stronger than compactness, so any process which exhibits only
finite nondeterminism will be compact.
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For example, the processu

i2N(i ! STOP) will internally choose a single numberi to
offer, and will refuse all others. This process can refuse any finite subsetof N, but will be
unable to refuse all ofN, so it is not compact, and hence notFFN. However, it is closed.

On the other hand, the processu

i2N Pi described earlier, where

P0 = STOP

Pn+1 = a! Pn

does meetFN, since after any trace it will always be able to refuse everything apart froma,
and may refusea as well. In this case,FIN = f�Xg. However, it is not closed, since it
can perform any finite number ofa events, but not an infinite sequence. This process is also
infinitely nondeterministic.

8.2 PROCESS SEMANTICS

Each CSP process expression will be associated with appropriate failures,divergences, and in-
finite traces in the FDI model. These are defined compositionally, so the behaviours associated
with a composite process will be defined in terms of the behaviours of its components. The
failures associated with a CSP process expressionP will be given byF [[P]], the divergences
byD [[P]], and the infinite traces byI [[P]].

There is a close relationship between the traces semantics, the stable failures semantics,
and the FDI semantics of any process expressionP which does not have any divergences. In
this case, the set of traces predicted by the trace semanticstraces(P) is the same as the traces
appearing in the failuresF [[P]] of P:D [[P]] = fg ) ftr j (tr; fg) 2 F [[P]]g = traces(P)

Any trace appearing with some refusal set inF [[P]] will also appear with the empty
refusal set, by propertyF3, so the set of traces appearing with the empty refusal is precisely
the set of traces appearing in the failures set.

Furthermore, the set of stable failures predicted in the stable failures is the same as the
failures given in the FDI model:D [[P]] = fg ) F [[P]] = SF [[P]]

The definitions ofF [[P]] generally correspond to the definitions ofSF [[P]] with an extra
clause which includes the additional failures introduced as a result of divergences ofP.
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STOP

The processSTOPis a deadlocked process. It is able to perform nothing and can refuse
anything. It has no infinite traces (or finite traces apart fromhi), and it does not diverge.F [[STOP]] = f(hi;X) j X � �XgD [[STOP]] = fgI [[STOP]] = fg
Prefixing

In a failure of the processa ! P, there are two possibilities: either the eventa has not
occurred, in which case the trace must behi and any events other thana can be refused, or
else the eventa has occurred and the rest of the failure derives from processP.F [[a! P]] = f(hi;X) j a 62 Xg[f(haia tr;X) j (tr;X) 2 F [[P]]g

It does not diverge initially, so any divergence will be a divergence ofP, prefixed with the
initial a:D [[a! P]] = fhaia tr j tr 2 D [[P]]g

Its infinite traces will be those ofP, prefixed with the initiala:I [[a! P]] = fhaia u j u 2 I [[P]]g

Prefixing preserves determinism: ifP is deterministic, then so too isa! P.

Prefix choice

A failure of the processx : A! P(x) is again one of two possibilities. Either no event has yet
occurred, in which case no event fromA can be refused; or else an eventa in A has occurred,
and the subsequent behaviour is that of the corresponding processP(a).F [[x : A! P(x)]] = f(hi;X) j A\ X = fgg[f(haia tr;X) j a 2 A ^ (tr;X) 2 F [[P(a)]]g
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The prefix choice does not initially diverge, so any divergence will arise from behaviours of
theP(a) components; and infinite traces will also be generated by theP(a) processes.D [[x : A! P(x)]] = faa tr j a 2 A ^ tr 2 D [[P(a)]]gI [[x : A! P(x)]] = faa u j a 2 A ^ u 2 I [[P(a)]]g

Prefix choice also preserves determinism.

SKIP

The atomic processSKIPis used to denote successful termination, and it signals this by means
of the termination eventX. This is the only event it can perform. It cannot diverge, and it has
no infinite traces. All other events will be refused before termination,and all events will be
refused after termination.F [[SKIP]] = f(hi;X) j X 62 Xg[ f(hXi;X) j X � �XgD [[SKIP]] = fgI [[SKIP]] = fg

All of the laws given earlier concerning the behaviour ofSKIPin parallel combinations remain
valid in the FDI model.

DIV

The process that can immediately diverge, and hence provides no guarantees about any
behaviour, is denotedDIV. This process has all possible failures, divergences, and infinite
traces.F [[DIV]] = f(tr;X) j tr 2 TRACE^ X � �Xg= TRACE� P(�X)D [[DIV]] = TRACEI [[DIV]] = ITRACE

CHAOS

The process which can do absolutely anything except diverge isCHAOS. This is able to accept
or refuse any events, but it is at least guaranteed to stabilize. It has all possible failures and
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infinite traces, but no divergences.F [[CHAOS]] = TRACE� P(�X)D [[CHAOS]] = fgI [[CHAOS]] = ITRACE

Chaotic behaviour may be restricted to a particular set of eventsA� �X. The process
CHAOSA allows any events in the setA to be performed or refused, but cannot perform any
events outside the setA.F [[CHAOSA]] = f(tr;X) j �(tr) � AgD [[CHAOSA]] = fgI [[CHAOSA]] = fu j �(u) � Ag
RUN

Both CHAOSandDIV have the same traces asRUN, so there was no need to introduce them
in the traces model. In the FDI model, it isRUN that is the best behaved, always willing to
interact, and never refusing any interaction, before termination.F [[RUN]] = f(tr;X) j X = fg _ X 2 �(tr)gD [[RUN]] = fgI [[RUN]] = ITRACE

This process is deterministic.

The processRUNA parameterized by a particular setA is able to perform events in that
set, and to refuse all others.F [[RUNA]] = f(tr;X) j �(tr) � A ^ (X \ A = fg _ X 2 �(tr))gD [[RUNA]] = fgI [[RUNA]] = fu j �(u) � Ag

If X 62 A thenRUNA cannot terminate.

External choice

An observer of the choice constructP1 2 P2 might observe an execution ofP1, or of P2;
there are no other possibilities. Before any events are performed and thechoice resolved, any
refused set must be refused by bothP1 andP2, unless the choice has already diverged in which



PROCESS SEMANTICS 231

case any refusal is possible. After the choice is resolved, any refusal need only be possible for
the process in whose favour the choice was resolved.F [[P1 2 P2]] = f(hi;X) j ((hi;X) 2 F [[P1]] \ F [[P2]]) _ hi 2 D [[P1 2 P2]]g[f(tr;X) j tr 6= hi ^ (tr;X) 2 F [[P1]] [ F [[P2]]g

The divergences and infinite traces of a choice are simply the unions of thecomponent
behaviours.D [[P1 2 P2]] = D [[P1]] [ D [[P2]]I [[P1 2 P2]] = I [[P1]] [ I [[P2]]

The properties of idempotence, associativity, and commutativity still hold for external
choice in the FDI model. Furthermore,STOPis still a unit, thoughRUN is no longer a zero
becauseP might diverge whereasRUNdoes not. In the FDI model, the zero of external choice
is DIV, which has the same traces asRUNbut minimal guaranteed behaviour.

P2 DIV =FDI DIV h2FDI -zeroi

In fact the zero in the stable failures model,RUN2 DIV, is also a zero in this model
since here it is equivalent toDIV.

The executions of the indexed external choice2

i2I
Pi are the executions of all of its

components. Its failures, divergences, and infinite traces will be those of its components:F [[2

i2I
Pi ]] = f(hi;X) j ((hi;X) 2 Ti2I F [[Pi ]]) _ hi 2 D [[2

i2I
Pi ]]g[f(tr;X) j tr 6= hi ^ (tr;X) 2 Si2I F [[Pi ]]gD [[2

i2I
Pi ]] = S

i2I D [[Pi ]]I [[2

i2I
Pi ]] = S

i2I I [[Pi ]]

In the case where the choice is over the empty set of processes, the intersection

T
i2I F [[Pi ]]

is taken to include all possible failures, since all of them are vacuously in each of theF [[Pi ]].
This means that in this case, any refusal is possible on the empty trace. Furthermore, no events
are possible, and there are no divergences or infinite traces. As in the traces model, an empty
choice is equivalent toSTOP.
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Internal choice

The internal choiceP1 u P2 behaves either asP1 or asP2, and its environment exercises no
control over which, at any point. The possible observations are precisely those that eitherP1
or P2 are able to exhibit.F [[P1 u P2]] = F [[P1]] [ F [[P2]]D [[P1 u P2]] = D [[P1]] [ D [[P2]]I [[P1 u P2]] = I [[P1]] [ I [[P2]]

The indexed internal choiceu
i2J

Pi is able to behave as any of its component processes,
and its behaviours will be the union of those of its constituents:F [[u

i2J
Pi ]] = S

i2JF [[Pi ]]D [[u
i2J

Pi ]] = S
i2JD [[Pi ]]I [[u

i2J
Pi ]] = S

i2J I [[Pi ]]
Indexed internal choice over an infinite set is one of the few operators which can introduce
infinite nondeterminism into a process description.

Alphabetized Parallel

An alphabetized parallel combinationP1 AkB P2 consists ofP1 performing events inAX, and
P2 performing events inBX. ProcessesP1 andP2 synchronize on events in(A\ B)X, and
perform the other events independently.

The definition of the failures of a parallel combination resembles that of the stable
failures model, though divergences must also be included:F [[P1 AkB P2]] = f(tr;X) j 9X1;X2 : P(�X) �

X \ (A[ B)X = (X1 \ AX) [ (X2 \ BX)^ (tr � AX;X1) 2 F [[P1]]^ (tr � BX;X2) 2 F [[P2]])^ �(tr) � (A[ B)Xg[ f(tr;X) j tr 2 D [[P1 AkB P2]]g

Failures will also be present as a result of divergence of the combination.

When one of the components has reached a divergent state, then the entire combination
is divergent. In order to reach a divergent state, co-operation may be requiredfrom the other



PROCESS SEMANTICS 233

component, though once the divergence is reached then no further co-operation is required.D [[P1 AkB P2]] = ftr a tr 0 j �(tr) � (A[ B)X) ^ tr 0 2 TRACE^(tr � AX 2 D [[P1]] ^ (tr � BX; fg) 2 F [[P2]]_ tr � BX 2 D [[P2]] ^ (tr � AX; fg) 2 F [[P1]])g

The infinite traces ofP1 AkB P2, apart from those arising as a result of divergence, will be
those whose projections onto the interface setsAX andBX are behaviours ofP1 andP2. The
projections could individually be finite, in which case they will appear in the failure of the
corresponding process, or infinite, appearing as an infinite trace.I [[P1 AkB P2]] = fu j �(u) � A[ B ^

u # A =1) u � A 2 I [[P1]] ^

u # A <1) (u � A; fg) 2 F [[P1]] ^

u # B =1) u � B 2 I [[P2]] ^

u # B <1) (u � B; fg) 2 F [[P2]]g[ ftr a u j tr 2 D [[P1 AkB P2]]g

All of the laws for the parallel operator given in Figure 4.5, with the exception of the lawk-idempotence, also hold for the FDI model.

If both P1 andP2 are divergence-free, then so too is their parallel combination. Further-
more, if bothP1 andP2 are deterministic, then so is their parallel combination: synchronized
parallel combination preserves determinism.

Interleaving

An interleaving of two processesP1 jjj P2 executes each component entirely independently
of the other. Traces of the combination appear as interleavings of traces of the two component
processes. Since they do not synchronize, an event (other than termination) will be refused by
the combination only when it is refused by both processes independently—if only one of the
processes is able to refuse the event, then the combination will still perform it when offered
the opportunity.F [[P1 jjj P2]] = f(tr;X1 [ X2) j 9 tr1; tr2 � tr interleaves tr1; tr2^ X1 �� = X2 ��^ (tr1;X1) 2 F [[P1]]^ (tr2;X2) 2 F [[P2]]g[ f(tr;X) j tr 2 D [[P1 jjj P2]]

An interleaved combination diverges as soon as one of its components does:D [[P1 jjj P2]] = ftr a tr 0 j 9 tr1; tr2 � tr interleaves tr1; tr2 ^(tr1 2 D [[P1]] ^ (tr2; hi) 2 F [[P2]]_ (tr2 2 D [[P2]] ^ (tr1; hi) 2 F [[P1]])g
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The infinite traces are the infinite interleavings of finite or infinite traces of the two components,
provided at least one of the components makes an infinite contribution. Infinite traces may
also be present as a consequence of the combination’s divergence.I [[P1 jjj P2]] = fu j 9 u1; u2 � u interleaves u1; u2^ u1 2 I [[P1]] ^ u2 2 I [[P2]]_ 9u1; tr2 � u interleaves u1; tr2^ u1 2 I [[P1]] ^ (tr2; fg) 2 F [[P2]]_ 9 tr1; u2 � u interleaves tr1; u2^ (tr1; fg) 2 F [[P1]] ^ u2 2 I [[P2]]g[ ftr a u j tr 2 D [[P1 jjj P2]]g
The interleaving condition involving infinite traces is defined as a limit of interleaving on finite
traces. If there are three sequences of traces,htr iii2N, htr 0i ii2N, htr 00i ii2N, whose limits arew,
w0, andw00 respectively, thenw interleaves w0;w00 if tr i interleaves tr 0i ; tr 00i for eachi 2 N.
This definition is applicable both for finite and infinitew, w0 andw00. If all sequences are
infinite then it ensures that all of the events in bothw0 andw00 appear inw.

The laws given in Figure 4.9 are all true for the FDI model as well, with the exception
of jjj-zero. Although all of thetracesof RUN� will be possible forP jjj RUN�, if P is
divergent then it will be able to refuse arbitrary offers after it has diverged and hence will
not be equivalent toRUN�. The zero for interleaving in the FDI model is the immediately
divergent processDIV, and the law is

P jjj DIV =FDI DIV hjjjFDI -zeroi

Interface parallel

The processP1 k
A

P2 is a combination of synchronous and interleaved parallel, synchronizing

on events in the setAX and interleaving outside that set.

Any failure of the parallel processP1 k

A
P2 will be a combination of failures of its two

components.F [[P1 k

A
P2]] = f(tr;X1 [ X2) j 9 tr1; tr2 �

tr synchA tr1; tr2)^ X1 n AX = X2 n AX^ (tr1;X1) 2 F [[P1]]^ (tr2;X2) 2 F [[P2]]g[ f(tr;X) j tr 2 D [[P1 k

A
P2]]g
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Divergences will arise from divergences of either component:D [[P1 k

A
P2]] = ftr a tr 0 j 9 tr1; tr2 � tr synchA tr1; tr2 ^(tr1 2 D [[P1]] ^ (tr2; fg) 2 F [[P2]]_ tr2 2 D [[P2]] ^ (tr1; fg) 2 F [[P1]]g

Infinite traces will arise from infinite traces of the components, or from divergences:I [[P1 k

A
P2]] = fu j 9 u1; u2 � u synchA u1; u2^ u1 2 I [[P1]] ^ u2 2 I [[P2]]_ 9 u1; tr2 � u synchA u1; tr2^ u1 2 I [[P1]] ^ (tr2; fg) 2 F [[P2]]_ 9 tr1; u2 � u synchA tr1; tr2^ (tr1; fg) 2 F [[P1]] ^ u2 2 I [[P2]]g[ ftr a u j tr 2 D [[P1 k

A
P2]]g

ThesynchA operator for an infinite tracew is defined in a similar way to the corresponding
operation for interleaving. If there are three sequences of traces,htr iii2N, htr 0i ii2N, htr 00i ii2N,
whose limits arew, w0, andw00 respectively (wherew0 andw00 can be finite or infinite, though
at least one of them will be infinite) thenw synchA w0;w00 if tr synchA tr 0i ; tr 00i for eachi 2 N.
The predicatew synchA w0;w00 will hold for precisely those traces which have an appropriate
sequence of approximations.

The laws for interface parallel given in Figure 4.10 all hold in the FDImodel with the
exception ofk

AT
-zero which does not hold for divergent process, althoughP k

A
STOP= STOP

for any non-divergent processP with �(P) � A. The general zero for interface parallel is
DIV, since immediate divergence is propagated:

P k

A
DIV =FDI DIV hk

AFDI
-zeroi

Hiding

The processP n A will undergo the same executions asP, but with all events in the setA as
internal events rather than external synchronizations. This means that any stable refusalX of
P n A will correspond to a refusal ofP in which not only internal events but also all events in
A are refused. The failures ofP n A are constructed around this possibility:F [[P n A]] = f(tr n A;X) j (tr;X [ A) 2 F [[P]]g[ f(tr;X) j tr 2 D [[P n A]]g

236 FAILURES, DIVERGENCES, AND INFINITE TRACES

Failures arising as a result of divergence must also be included in the failure set.

The processP n A may diverge becauseP does, but the abstraction ofA may also result
in some fresh divergent behaviour. IfP may perform an infinite sequence of events from the
setA, then once those events are internalized the processP is able to perform a divergent trace.
The infinite traces ofP contain the requisite information.D [[P n A]] = f(tr n A)a tr 0 j tr 2 D [[P]]g[ f(u n A)a tr 0 j u 2 I [[P]] ^ #(u n A) <1g
If the traceu n A is finite whenu 2 I [[P]] is infinite, thenu must end with an infinite sequence
of events fromA, and this becomes a divergent sequence ofP n A. Hiding is the only operator,
apart from recursion, that is able to introduce a divergence when applied toa non-divergent
process.

The infinite traces ofP n A are those infinite traces ofP that are still infinite whenA is
hidden:I [[P n A]] = fu n A j u 2 I [[P]] ^ #(u n A) =1g

All of the laws for hiding given in Figure 4.12 are also true in theFDI model.

Together with infinite choice and infinite-to-one alphabet renaming, hiding of an infinite
set is one of the few ways in which infinite nondeterminism can be introduced into a process
description. For example, the processCH defined below offers the choice of any natural num-
ber, and then performs that number ofa events before stopping. This process is deterministic,
and so finitely nondeterministic.

CH = n : N ! Pn

P0 = STOP

Pn+1 = a! Pn

If all of the initial eventsN are hidden, then the choice becomes internal, and the resulting
processCH n N = u

i2N Pi is infinitely nondeterministic: it can perform any finite sequence
of a events, but not an infinite sequence, so it is not closed.Example 8.4 Consider a one-time transmission process which polls two input channels
repeatedly until it receives an input, upon which it outputs the value received and terminates.
This might be described as follows:

POLL1 = in1 ! out! STOP2 switch! in2 ! out! STOP2 switch! POLL1
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Its FDI semantics will be:F [[POLL1]] = f(tr;X) j 9 n � tr = hswitchi2n ^ fswitch; in1g \ X = fg_ 9 n � tr = hswitchi2n+1 ^ fswitch; in2g \ X = fg_ 9 n � tr = hswitchi2n a hin1i ^ out 62 X_ 9 n � tr = hswitchi2n+1 a hin2i ^ out 62 X_ 9 n � tr = hswitchi2n a hin1; outi_ 9 n � tr = hswitchi2n+1 a hin2; outigD [[POLL1]] = fgI [[POLL1]] = fhswitchi!g

If the switchbetween channels is abstracted, the result isPOLL1 n fswitchg. This process can
perform an infinite sequence of internalswitchevents from its initial state, so it is immediately
divergent. This is reflected in the semantics by the fact that the infinite trace ofPOLL1

becomes the empty trace whenswitchis hidden:D [[POLL1 n fswitchg]] =f(hswitchi!) n fswitchga tr 0 j #(hswitchi! n fswitchg) <1g= TRACE

ThereforePOLL1 n fswitchg also contains all infinite traces, and all possible failures, and is
thus equivalent toDIV. 2

Renaming

The forward renamed processf (P) behaves asP, except thatf (a) can be performed whenever
P could have performeda. It can refuse a setX if every event thatf maps intoX can be refused
by P. This means thatf�1(X) must be a refusal ofP for X to be a refusal off (P).F [[f (P)]] = f(f (tr);X) j (tr; f�1(X)) 2 F [[P]]g[ f(tr;X) j tr 2 D [[f (P)]]g

Failures arising from divergence are also included.

The divergences will be generated by those divergent traces ofP, mapped through the
renaming functionf :D [[f (P)]] = ff (tr)a tr 0 j tr 2 D [[P]]g

Finally, the infinite traces off (P) will be generated by the infinite traces ofP, and by the
divergences off (P):I [[f (P)]] = ff (u) j u 2 I [[P]]g[ ftr a u j tr 2 D [[f (P)]]g
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Infinite-to-one renaming is one of the few operators that can introduceinfinite nonde-
terminism from a finitely nondeterministic process. For example, thefunctionf which maps
each numbern 2 N to the same eventb, andf (a) to a, might be applied to the processCH
described above. The resultf (CH) is a process for whichb followed by any finite number of
a events is a possible trace off (P), but b followed by an infinite number ofa’s is not. The
application off has introduced infinite nondeterminism, since the resulting processf (P) is not
closed.

Finite-to-one renaming cannot introduce infinite nondeterminism, though it might in-
troduce some nondeterminism even when applied to a deterministic process. However, iff is
a one-one renaming, then it will preserve determinism.

The renaming operator in the FDI model meets all of the laws given in Figure 4.13.

The backward renaming operatorf�1(P) also behaves in a similar fashion toP, but any
eventa in f�1(P) corresponds to an eventf (a) in P.F [[f�1(P)]] = f(tr;X) j (f (tr); f (X)) 2 F [[P]])g[ f(tr;X) j tr 2 D [[f�1(P)]]g
The divergences off�1(P) will be generated by the divergences ofP:D [[f�1(P)]] = ftr j f (tr) 2 D [[P]]g
The infinite traces off�1(P) will be generated by the infinite traces ofP:I [[f�1(P)]] = fu j f (u) 2 I [[P]]g

All the laws given in Figure 4.13 for backward renaming remain valid.

Sequential Composition

The sequential compositionP1; P2 behaves asP1 until P1 terminates successfully, at which
point it passes control toP2. A failure of P1; P2 will arise either from a failure ofP1, whose
stability means that it also refuses to transfer control toP2, or else from a terminating trace of
P1 followed by a failure ofP2.F [[P1; P2]] = f(tr;X) j (tr;X [ fXg) 2 F [[P1]]g[ f(tr1 a tr2;X) j ( tr1 a hXi; fg) 2 F [[P1]]^ (tr2;X) 2 F [[P2]]g[ f(tr;X) j tr 2 D [[P1; P2]]g

A divergence ofP1; P2 arises either from a divergence ofP1, or from a trace ofP1 followed
by a divergence ofP2:D [[P1; P2]] = D [[P1]] [ ftr a tr 0 j (tr a hXi; fg) 2 F [[P1]] ^ tr 0 2 D [[P2]]g
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An infinite trace ofP1; P2 also arises in ways similar to divergences: either from an infinite
trace ofP1, or else from a trace ofP1 followed by an infinite trace ofP2:I [[P1; P2]] = I [[P1]] [ ftr a u j (tr a hXi; fg) 2 F [[P1]] ^ u 2 I [[P2]]g

The same laws for sequential composition are valid in the FDI model as inthe stable failures
model (see figure 4.14).

Interrupt

The processP1 4 P2 executes asP1, but at any stage before termination (or divergence) it
can begin executing asP2. Its failures will be given by these behaviours together with those
included from divergence.F [[P1 4 P2]] = f(tr;X) j (tr;X) 2 F [[P1]] ^(X 2 �(tr) _ (hi;X) 2 F [[P2]])g[ f(tr1 a tr2;X) j (tr1; fg) 2 F [[P1]] ^ X 62 �(tr1)^ (tr2;X) 2 F [[P2]][ f(tr;X) j tr 2 D [[P1 4 P2]]g

The divergences are either divergences ofP1, or else traces ofP1 followed by divergences of
P2: D [[P1 4 P2]] = D [[P1]] [ ftr1 a tr2 j ( tr1; fg) 2 F [[P1]]^ X 62 �(tr1)^ tr2 2 D [[P2]]g

Similarly, the infinite traces are either infinite traces ofP1, or else finite non-terminating traces
of P1 followed by infinite traces ofP2:I [[P1 4 P2]] = I [[P1]] [ ftr1 a tr2 j (tr1; fg) 2 F [[P1]]^ X 62 �(tr)^ tr2 2 I [[P2]]g

All of the laws concerning the interrupt operator that are presented in Figure 4.15 are also true
in the FDI model.

8.3 RECURSION

The understanding of recursion in the FDI model requires the same operational treatment of
recursion as given for the stable failures model in Chapter 6: that recursions unwind via an
internal� event.
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The failures, divergences, and infinite traces associated with recursively defined process
expressionsN = P can be obtained directly from the operational semantics, or alternatively
by using the denotational semantics. Both of these approaches give the same result.

A recursive definitionN = P defines the processN in terms of a process description
which may itself contain instances ofN. The FDI model provides guarantees that any
recursive definition equation has a solution. It also provides a way of determining the failures,
divergences, and infinite traces of the appropriate solution.

The FDI model is concerned with the guarantees that can be made regarding process
behaviour. This means that the more possible behaviours a process hasassociated with it,
the less can be guaranteed about it in any particular context. The processDIV has the most
possible behaviours of any process, and as a result nothing can be guaranteed about how it
will execute. More generally, any process of the formP1 u P2 will have more behaviours
thanP1 alone, and so less can be guaranteed about how it will execute.

As in the traces model, the refinement ordering(F1;D1; I1) vFDI (F2;D2; I2) between
processes holds when the second process has fewer possible behaviours than the first.(F1;D1; I1) vFDI (F2;D2; I2) , F2 � F1 ^ D2 � D1 ^ I2 � I1

The subscriptFDI signifies that the relationship is defined on the FDI model.

Refinement holds between two process expressionsP1andP2 whenever it holds between
their sets of failures, divergences, and infinite traces. Another way of characterizing the
relationshipP1 vFDI P2 is asP1 =FDI P1 u P2. The introduction of the behaviours ofP2

does not introduce any new behaviours toP1. The subscriptFDI will be elided if it is clear
from the context.

In the FDI model, refinement amounts to reducing nondeterminism in processes. The
minimal process with respect to this ordering, refined by all other processes, isDIV. The max-
imal processes in the refinement ordering will be the deterministic processes: no deterministic
process can be further refined. Unlike the traces model and the stable failuresmodel, there is
no single maximal process.

Any recursive CSP equationN = P will have a least fixed point: a solution which
is refined by any other solutions that might exist. The least solutionprovides the fewest
guarantees, and all guarantees that it does provide are also true for any of theother solutions.
It is appropriate to use the least solution ofN = P as the semantics ofN, since the only
observations that can be guaranteed ofN will be those that follow from the fact that it is a
solution of the equationN = P. In contrast to the approaches taken in the traces and stable
failures model, approximation in the FDI model begins with as many behaviours as possible,
and only excludes those behaviours whose absence is guaranteed by unfolding the recursive
definition.Example 8.5 The recursive equationN = N 2 a ! STOPhas many fixed points in the
FDI model, includinga ! STOP, a ! STOP2 b ! STOP, andDIV. The least of these
in the FDI model isDIV, and so this will be the semantics of the process defined by the
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recursive equation. The equation does not exclude the possibility ofinitial divergence, so that
possibility must be allowed, resulting in no guarantees at all concerninguseful behaviour. The
possibility of divergence leads to its semantics being different to its stable failures semantics
given in Example 6.7. 2

The processP with free variableN corresponds to a functionF(Y) = P[Y=N], and
successive applications of the functionF will give rise to approximations to the fixed point.
The first approximation is the weakest process of all,DIV, and successive approximations are
Fn(DIV) for n 2 N. Each of these will be refined by any fixed point, since ifN = F(N), then� DIV vFDI N; and� if Fn(DIV) vFDI N thenF(Fn(DIV)) vFDI F(N) = N because all of the CSP operators

comprisingF are monotonic with respect to the refinement orderv.

If the functionF does not introduce any infinite nondeterminism—in other wordsP does
not contain any infinite internal choice, infinite hiding, or infinite-to-one renaming—then the
sequence of approximationshFn(DIV)in2N will define the fixed point, which will consist of
those failures, divergences, and infinite traces that are in the behavioursof all elements of the
sequence. The fixed point will then be given by the triple:(Tn2NF [[Fn(DIV)]];Tn2ND [[Fn(DIV)]];Tn2N I [[Fn(DIV)]])

This process must refine all of the approximations, since it is containedin each of them.
Furthermore, any other process which refines all of the approximations will also refine this
process, which is therefore the least fixed point ofF: it will be refined by any other fixed point
of F.Example 8.6 The processN = STOPu a! N is the fixed point of the functionF(Y) =

STOPu a! Y. For anyn, the semantics ofFn+1(DIV) can be calculated from the semantics
of Fn(DIV), resulting inF [[Fn(DIV)]] = f(haii ;X) j i < n ^ X � �Xg[ f(hain a tr;X) j tr 2 TRACE^ X � �XgD [[Fn(DIV)]] = fhaina tr j tr 2 TRACEgI [[Fn(DIV)]] = fhaina u j u 2 ITRACEg

The only behaviours that are in all of the corresponding sets are thosethat have onlya’s in
their traces. There is no trace that appears in all of the divergence sets, and theonly trace that
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appears in all the infinite trace sets is the tracehai!. The intersections of the three components
reduces toF [[N]] = f(haii ;X) j i 2 N ^ X � �XgD [[N]] = fgI [[N]] = fhai!g
which is in accordance with the behaviours predicted from the operational semantics.

In fact, the functionF has two fixed points:(f(hain;X) j n 2 N ^ X � �Xg; fg; fg)
and (f(hain;X) j n 2 N ^ X � �Xg; fg; hai!)
Both processes have the same failures: any finite sequence ofa’s is possible, and any refusal
is also possible at any stage. However, one of the fixed points has an infinite sequence of
a’s possible, whereas the other one does not. If nothing is known aboutN other than the
fact that it satisfies the equation above then it is inappropriate to exclude the infinite trace,
since its absence cannot be guaranteed. The appropriate semantics forN defined by the
recursive definitionN = STOPu a! N will be the second process, with the infinite trace,
as calculated. 2Example 8.7 The unguarded processN = N 2 a ! STOPcorresponds to the function
F(Y) = Y 2 a! STOP. Since the possibility of divergence is preserved by external choice, it
follows from the semantics of the external choice operator thatF(DIV) has the same semantics
asDIV. This means that the entire sequencehFn(DIV)in2N is simplyhDIVin2N, so the limit
of this sequence isDIV. HenceN = DIV, as predicted by the operational semantics. 2

If the functionF does contain infinite nondeterminism, then some further work may
be required, as the intersection of the approximations might not givethe fixed point. IfF is
guarded, then the intersection will at least give the finite behaviours of the fixed point: the
failures and divergences. However, it may be too pessimistic on the infinite traces and further
approximations may be required. Hence ifN = F(N) for guardedF, then the FDI semantics
of N satisfyF [[N]] = T

n2NF [[Fn(DIV)]]D [[N]] = T

n2ND [[Fn(DIV)]]I [[N]] � T

n2N I [[Fn(DIV)]]
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N = (STOPu a! N) k A

A = u

n2NA(n)

A(0) = STOP

A(n+ 1) = a! A(n)

is prevented from performing any infinite sequence ofa’s, though it can perform any arbitrarily
long finite sequence of them. Each of the approximationsFn(DIV) have the same behaviours
as the approximations in Example 8.6:F [[Fn(DIV)]] = f(haii ;X) j i < n ^ X � �Xg[ f(hain a tr;X) j tr 2 TRACE^ X � �XgD [[Fn(DIV)]] = fhaina tr j tr 2 TRACEgI [[Fn(DIV)]] = fhaina u j u 2 ITRACEg

and so the intersection of all the approximations will containhain as an infinite trace. The
intersection is in a sense the!th approximation to the fixed point,and will be denotedF!(DIV).
In each approximationFn(DIV) the infinite tracehai! arises as a result of the divergencehain.F [[F!(DIV)]] = f(haii ;X) j i 2 N ^ X � �XgD [[F!(DIV)]] = fgI [[F!(DIV)]] = fhai!g

The limit process has no divergences, and so one further application ofF will remove the
infinite trace and result in the fixed point (which also happens to be the semantics of the
processA).F [[N]] = f(haii ;X) j i 2 N ^ X � �XgD [[N]] = fgI [[N]] = fg

The functionF is guarded, and so the setsF [[N]] andD [[N]] must be reached by the!th
approximation, as the intersection of the finite approximations:F [[N]] = F [[F!(DIV)]] andD [[N]] = D [[F!(DIV)]]. Only the infinite traces may require more than! iterations, but even
they must eventually be reached. 2

If a functionF is not guarded, then the number of approximations required to determine
the failures and divergences of the fixed point may be more than!. (see Exercise 8.12).
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Law recursion-unwinding will hold for any recursive definitionN = P. However, the
law UFP does not hold in general, since even guarded recursive definitions can admit more
than one fixed point. For example, the (guarded) functionF(Y) = STOPu a! Y has both
the least fixed point calculated in Example 8.6, and the processA of Example 8.8 as solutions
to the equationF(Y) = Y. However, all solutions to any guarded equation must have the same
failures and divergences.

A more restricted unique fixed point law holds in the FDI model. The infinite traces
of finitely nondeterministic processes are determined completely by their failures and diver-
gences. This means that ifF(P1) = P1 and F(P2) = P2 whereP1 and P2 are finitely
nondeterministic, andF is guarded, then must have exactly the same behaviours:P1 =FDI P2.
The second law for recursion in the FDI model can now be given:

(P1 finitely nondeterministic^ P2 finitely nondeterministic^ F event guarded^ (F(P1) =FDI P1) ^ (F(P2) =FDI P2))) P1 =FDI P2 hUFPi

In particular, if a guardedF itself contains no infinite nondeterminism, then the recur-
sively defined processP1 = F(P1) will be finitely nondeterministic, and hence equivalent to
any other such processP2 for whichP2 =FDI F(P2).

For example, the finite nondeterminism conditions hold for bothN andP of Exam-
ple 4.24:

N = F(N) = (a! N) 2 b! STOP

M = a! M

P = M 4 (b! STOP)

andP =FDI F(P), so it follows thatN =FDI P.

Mutual recursion

Mutual recursion generalizes single recursion in the same way as in the models already
introduced. The operational transition rule is adjusted in a similar way, modeling the recursive
unwinding of any process variableNi as accompanied by an internal transition. As with the
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case for single recursion, exactly the same results concerning the traces model remain valid if
this transition rule is used instead. [ N = P ]

Ni

��! Pi

The failures, divergences, and infinite traces associated with all of theNi processes will be
those that are predicted by the operational semantics. They will give themost nondeterministic
processes that satisfy the set of defining equations—the ones with the most failures, diver-
gences, and infinite traces. The theory of CSP guarantees that such processes must exist for
any set of recursive CSP definitions.

The results concerning single recursion carry over to the more general case:� If all of the recursive calls are event guarded, and none of the recursive definitions
contains any infinite nondeterminism, then the semantics of theNi are the intersections
of the semantics of the chain of approximations, starting fromDIV. EachNi is defined
by a functionFi(N). If the jth approximation toNi is written asNj

i , then eachN0

i = DIV,
and eachNj+1

i = Fi(Nj), whereNj is the vector of all of thejth approximations. Each
approximationNj

i is associated with failuresF [[Nj
i ]], divergencesD [[Nj

i ]], and infinite
tracesI [[Nj

i ]]. The limit Ni will have failures, divergences, and infinite traces given byF [[Ni ]] = T

j2NF [[Nj
i ]]D [[Ni ]] = T

j2ND [[Nj
i ]]I [[Ni ]] = T

j2N I [[Nj
i ]]� If all of the recursive calls are event guarded, then the finite behaviours—the failures

and divergences—will be given even if infinite nondeterminism is present:F [[Ni ]] = T

j2NF [[Nj
i ]]D [[Ni ]] = T

j2ND [[Nj
i ]]

However, the infinite traces may not be accurate, though they will be contained in the
intersection of those of the finite approximations:I [[Ni ]] � T

j2N I [[Nj
i ]]

Law recursion-unwinding will hold for any family of mutually recursive definitions. When-
everNi = Pi appears as a recursive definition, thenNi =FDI Pi .

Law UFP also generalizes to mutual recursion. In a mutually recursive definition
N = P, a process variableNi is recursive if it appears in any of thePj . If each process
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definitionPi associated with any recursiveNi is event guarded in all of the process variables
that appear in it, then the recursive definition is event guarded. If two families P andP0 of
finitely nondeterministic processes both satisfy the same guarded recursive equation, then they
must be equivalent:(P finitely nondeterministic andP0 finitely nondeterministic^ F event guarded^ (F(P) =FDI P) ^ (F(P0) =FDI P0))) P =FDI P0 hUFPi

8.4 SPECIFICATION AND VERIFICATION

Property-oriented specification

The inclusion of refusal, divergence, and infinite trace information in the FDI model allows
a wider range of specification to be presented than was possible in the traces model or the
stable failures model. Since there are three sets of behaviours associated with any process,
the most general form of specification will consist of three parts which each describe the
required property of observations from the corresponding behaviourset. A specificationScan
be written as a triple(SF(tr;X);SD(tr);SI (u)).

P sat (SF(tr;X);SD(tr);SI (u)) = 8(tr;X) 2 F [[P]] � SF(tr;X)^ 8 tr 2 D [[P]] � SD(tr)^ 8u 2 I [[P]] � SI (u)

The most basic form of liveness is divergence-freedom, which requires thatat any stage
of an execution the process should at least eventually reach a stable state. Theappropriate
specificationSD(tr) on the divergence set of a process states simply that no divergence should
occur. This is captured by requiring thatSD(tr) should be false for any tracetr. Divergence-
freedom is then the specification

divergence-free = (true(tr;X); false(tr); true(u))

It is satisfied by any process which has no divergences, and by no process that can diverge at
any stage. The most nondeterministic process which satisfies it isCHAOS.Example 8.9 A buffer B(N) of size N is guaranteed not to diverge provided it is not
overloaded. It provides no guarantees about its behaviour if it is ever supplied with more than
N pieces of data. In this case, the specificationSD(tr) that it meets will be

SD(tr) = 9 tr 0 6 tr � tr 0 # in > tr 0 # out+ N
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This states that any divergencetr must begin with a sequencetr 0 witnessing the fact that too
many inputs occurred. In order to guarantee divergence-freedom of a system which contains
such a component, the rest of the system will have to ensure that the buffer is never asked to
carry more items than its capacityN.

Divergence here is associated with a limitation on the capabilities of the component.
A manufacturer would be unlikely to provide a component which is sure to diverge when its
capacity is exceeded. It is more likely that the manufacturer simply makes no claims about
the component in this case. For example, a bridge with a weight limit of44 tonnes does not
claim to support a heavier load: any weight which does collapse the bridgeshould be heavier
than 44 tonnes. 2Example 8.10 (Deadlock-freedom) Deadlock-freedom is captured by the specifica-
tion

strong deadlock-free(tr;X) = X 6= �X

Whatever trace has already occurred, the process cannot refuse the entire set of events�X. A
deadlock-free process must therefore be divergence-free, since all events could be refused on
divergence.

A weaker form of deadlock-freedom, which allows the possibility of termination is
expressed as

deadlock-free(tr;X) = X 62 �(tr) ) X 6= �X

Deadlock-freedom for a processP can be established in the stable failures model pro-
videdPcan also be shown to be divergence-free in the FDI model, since in that caseSF [[P]] =F [[P]]. It also follows that if a divergence-free processP sat strong deadlock-free(tr;X) in
the stable failures model then this must also be true in the FDI model. 2

The relationship between the traces model and the FDI model, on divergence-free
processes, means that results concerning safety obtained using the traces model can be imported
into the FDI model. IfST(tr) is a predicate on traces, then a correspondingpredicate on failures
can be defined to hold wheneverST holds on the trace component:SF(tr;X) , ST(tr). If
P is known to be divergence-free, then the traces model can be used to verify any safety
specification, and the result can be imported into the FDI model, since thesemantics in the
two models give the same traces. In particular, ifP sat divergence-free, then

P sat ST(tr) ) P sat (SF(tr;X); false(tr); true(u))

This allows reasoning from the traces model and the FDI model to be combined within a single
system’s analysis.
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the system, and offering to receive input and provide output as appropriate, a buffer should also
be divergence-free. This means that the specification of a buffer in the FDI model combines the
trace specification and the stable failures specification into a requirement on the FDI failures:

BuffF(tr;X) = tr + out6 tr + in^ tr + out= tr + in) in:T \ X = fg^ tr + out< tr + in) out:T * X

The restriction on traces and failures means that any process satisfying thispredicate cannot
diverge, since any divergence will give rise to failures which violate the specification. 2

Specifications on infinite traces will often be concerned with some kind of progress
requirement or fairness constraint. For example, any infinite sequence of tosses of a fair coin
should contain infinitely many heads and infinitely many tails:

u # heads=1 ^ u # tails =1
All finite sequences of heads and tails will be permitted in the failures of aprocess representing
such a coin, but the infinite traces will be constrained. Stronger requirements can also be
expressed, such as the expectation that the proportion of heads will approach0:5 as the length
of the trace increases:

SI (u) = lim
n!1(((u � n) # heads)=n) = 0:5Example 8.12 Resource allocation by a scheduler is often subject to fairness requirements

with regard to its servicing of requests from various processes. If a request of processi is
represented by an eventreqi , and an allocation to processi is represented byalloci , then one
possible requirement is that no request should be ignored for ever. This may be captured as
the specification

SI (u) = 8 i � (u # reqi =1) u # alloci =1)

In order to ensure that processes are not prevented from making their request by another
process starving them out with an infinite sequence of resource allocations, it might be
appropriate to ensure that thereqi events are entirely under the control of the processes
themselves and so cannot be blocked by the scheduler or other processes. 2Example 8.13 A communications medium which can sometimes lose messages might be
used as the basis for a link between two peers which wish to communicate reliably. They will
be able to do this provided the medium can guarantee some form of progress, namely that
it can never lose an infinite sequence of messages, and must eventually provide output if a
message is input sufficiently often.
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The possibility of messages being lost, but not duplicated or reordered, is captured by the
trace specificationtr + out4 tr + in: the sequence of output messages must be a subsequence
of the input messages, so everything that is output was previously input. However, not all
inputs are guaranteed to be successfully transmitted.

Liveness might be captured as deadlock-freedom: the medium must always be ready to
input or output.

The progress property is then described as

SI (u) = u # in =1) u # out=1

Any infinite traces of a process must be consistent with the finite traces,which meet the
safety property, so it is not necessary to specify that the outputs of theinfinite sequence must
be a subsequence of the inputs. This follows from the corresponding property on the finite
traces. 2

Admissible specifications

The infinite traces of a process must be consistent with its finite ones,as described by property
I1. If a process is required to meet a progress or fairness condition, then its infinite traces
must be examined and checked against the specificationSI (u). However, specifications are
often expressed only in terms of their failures, and no constraints are placed explicitly on
the infinite traces except those required by consistency with the constrained finite behaviours.
For example, deadlock-freedom is concerned with refusal information after finite traces, and
buffer specifications are concerned with maintaining the order between inputsand outputs,
and with liveness at finite stages of the execution. Such specifications are easier to check,
since they are dependent only on the finite behaviours of processes, and these are often more
straightforward to calculate and reason about. They are known asadmissiblespecifications,
and are equivalent to specifications of the form(SF(tr;X);SD(tr); true(u)).
Verification

The semantic equations associated with the CSP operators can support a number of proof
rules for reasoning about CSP process descriptions, but in practice the most common form
of specification is concerned with divergence-freedom. Once this is established, the stable
failures model can be used to analyze the requirements on the failures of the process. This
section will be concerned with conditions for establishing divergence-freedom of process
descriptions.

Processes can be shown to be divergence-free by calculating their semantics directly, in
particular their set of divergences. However, there are some common techniques for making
sure that divergence is not introduced at any stage of a process description, resulting in a
process that is divergence-free by construction.
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The only operators that can introduce divergence into a process description areDIV, the
hiding operator, and recursion. All of the other operators preserve theproperty of ‘divergence-
freedom’: if their components satisfydivergence-free then so too will their combination.
These three operators will be considered in turn.

DIV

This process is divergent, and any use of it will introduce divergence into the process descrip-
tion. It is therefore best avoided when constructing divergence-free processes.

Hiding

If P sat divergence-free, then a divergence of the processP n A must arise from a trace
u of P which ends in an infinite sequence of events fromA. In order forP n A to satisfy
divergence-free it is necessary to ensure that this possibility cannot arise.

This will be guaranteed if any tracetr n A of P n A is associated with some bound on
the length that the original tracetr can be. This will ensure thattr n A cannot be generated
from any infinite trace ofP, and so there is no possibility of divergence. The bound associated
with a tracetr n A will be given by a bounding function� : TRACE! N: P should satisfy the
specification that the length of any of its tracestr must be no greater than the bound�(tr n A).
This means that there is a bound on the length of all of the traces that couldhave given rise to
tr n A. If P is divergence-free, then this may be established in the traces model.

The rule is as follows:

P sat divergence-free
P sat#tr 6 �(tr n A)

P n A sat divergence-freeExample 8.14 Consider the processP given by P = a ! b ! c ! P discussed in
Example 7.3. The proof rule will be used to establish thatP n fbg sat divergence-free.

The setfbg is to be hidden, so it is necessary to find a bounding function. In fact,�(tr 0) = 2 � #tr 0 is such a function, in thatP sat #tr 6 2 � #(tr n fbg)—any trace of
P n fbg of lengthn must have come from a trace ofP of length no greater than2n.

The existence of the bounding function yields thatP n fbg sat divergence-free. 2

8.5 RECURSION INDUCTION

Recursive definitions have the potential to introduce divergent behaviours, so the possibility
of divergence must be addressed within a verification of a recursive process.
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If a recursive definitionN = F(N) is event guarded, andF preserves divergence-
freedom, thenN will be divergence-free.8Y � ( Y sat divergence-free) F(Y) sat divergence-free) �

N = F(N)

F guarded

�

N sat divergence-free

The event guard means that the unfolding of the recursive definition will not itself introduce
a divergent loop. The antecedent thatF preservesdivergence-free means thatF does not
introduce any divergences itself. This is required to exclude functionssuch as

F(Y) = a! (Y jjj b! DIV)

which is guarded but does not preservedivergence-free, sinceF(STOP) has a divergent trace.Example 8.15 The light switch process of Example 7.6 has a guarded recursive definition:

LIGHT = on! off ! LIGHT

It can be seen to be divergence-free by observing that the functionF(Y) = on! off ! Y is
guarded, and that it does not introduce divergence since it contains only operators that do not
introduce divergence. 2

A more general recursion induction rule allows an explicit treatment of divergence. In
this case there are no constraints on the form of the recursive functionF, so in particular it
need not be guarded. This rule instead requires that each recursive unfolding of F increases
the length of any possible divergence. The fixed point ofF thus cannot have any divergence
of finite length.

Let Specn = (true(tr;X);#tr > n; true(u)): this specification requires that any diver-
gence is of length at leastn.

The Specn specifications are progressively stronger asn increases, with a limit of
divergence-free. In order to check if a process meets a specificationSpecn, only those
behaviours with traces of length less thann need be considered. So any process will meet any
Spec0. 8n;Y � (Y sat Specn) F(Y) sat Specn+1) [ N = F(N) ]

N sat divergence-free

If recursive calls allow the approximationsSpecn to get closer todivergence-free, then in the
limit the specificationdivergence-free will itself be met by the recursive process.

In order to establish the antecedent, more general proof rules would be required than
those given in this section, since there is also a need to consider divergences explicitly. This
may be done by a direct appeal to the semantics of the CSP functionF, or alternatively by

252 FAILURES, DIVERGENCES, AND INFINITE TRACES

developing from the semantics a more detailed collection of rules that handle more general
specifications on divergence.Example 8.16 The definition of a buffer whose capacity expands as it accepts messages is
given as follows:

EXPBUFF = in?x : T! ((out!x! EXPBUFF)� COPY)
Each time an input is provided, a fresh bufferCOPYis spawned and added to the chain, and
the input value is passed to it. The definition of the body of the recursionF(Y) = in?x : T!((out!x! Y) � COPY) is not guarded, since there is an implicit hiding operator within the
chaining operator. However, divergence-freedom can be proved by the recursion induction
rule for divergence-freedom.

Let tr be a divergence ofY of length at leastn giving rise to a divergencehin:via tr 0 of
F(Y). Thenhout:xi a tr is a divergence ofout!x! Y, and there is some tracetr 00 of COPY

whose inputs match the outputs ofhout:xia tr: tr 00 + in = (hout:xia tr) + out. Recall that

COPY sat tr + out61 tr + in

so tr 00 # out:T > tr 00 # in:T � 1.

The events intr 0 will be the inputs oftr and the outputs oftr 00. So#tr 0 = tr # in:T + tr 00 # out:T> tr # in:T + (tr 00 # in:T � 1)= tr # in:T + ((hout:xia tr) # out:T � 1)= tr # in:T + tr # out:T= #tr> n

and so#hin:viatr 0 > n+1. Thus the antecedent to the inference rule is true. If all divergences
of Y are of length at leastn, then those ofF(Y) are of length at leastn+1. Applying a recursive
call increases the length of a divergent trace, and so the rule allows the deduction that the
process cannot diverge. 2

Process-oriented specification

As well as its use in identifying fixed points, the refinement relationP1 vFDI P2 supports
a process-oriented approach to specification, similar to that taken in the tracesmodel and
stable failures model. A specification describes behaviours that are acceptable in a particular
situation, and these behaviours can be described either by use of predicates,or else by means
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of a CSP process expression itself. A process descriptionSPECwill have particular failures,
divergences, and infinite traces associated with it, and these are taken to be all the acceptable
behaviours. An implementation processIMP meets this specification if all of its possible
behaviours are allowed bySPEC, or in other words, ifSPECvFDI IMP.

The specification is the most nondeterministic process which meets the requirement.
This means thatSPECshould allow all possibilities that are not expressly forbidden.

The specification for divergence-freedom isCHAOS: any non-divergent behaviour is
permitted, butCHAOSdoes not admit any divergences.

The FDR tool allows processes to be checked against process-oriented specifications
with regard to their failures and divergences. The behaviour sets associatedwith finite state
processes are closed, since no such processes can have any infinite nondeterminism, so the
infinite traces do not need to be checked separately: if the failures and divergencesare all
acceptable, then the infinite traces must also be.Example 8.17 (Alternating Bit Protocol) The alternating bit protocol of Exam-
ple 7.7 was verified with regard to its traces and stable failures. It remainsto establish
divergence-freedom.

Since the medium is not itself described as a CSP process, further properties need to be
described in the FDI model in order to establish divergence-freedom. Firstly, that the medium
is itself be divergence-free. Secondly, a fairness assumption is required to ensure that the
medium does not simply lose messages for ever. These assumptions cannotbe expressed in
the stable failures model.

MedI (in; out)(u) = #(u + in) =1) #(u + out) =1

MedD(in; out)(tr) = false

The predicate on infinite traces requires that enough messages pass through the medium: if
infinitely many have been input, then infinitely many must be output. The requirement that
there are no divergences is a consequence of the other requirements: if some divergence is
possible, then the other requirements would be violated by the arbitrary behaviours following
divergence.

The system can then be shown to be divergence-free. The components themselvesare
individually divergence-free, and the internalizing of the communications over the channels
does not introduce divergence. If there were some infinite sequenceu of internal actions on
thec andd channels without any inputs or outputs, thenu would have to contain an infinite
sequence of transmissions along channelc1, since the other channels can only see as many
messages asc1. This would have to end with an infinite sequence of the same message
x:b, since they all arise from the stateS(b; x). Hence byMedI andMedF there would be an
infinite number of occurrences ofx:b on channelc2, and infinitely many acknowledgements
b sent alongd1, and so infinitely many acknowledgementsb received alongd2. But this is
impossible, since receipt ofb in stateS(b; x) means thatSbecomes ready for the next input,
and does not engage in any further internal activity until this arrives.
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This permits the conclusion thatABP is divergence-free, and hence that it is a buffer.2
8.6 CASE STUDY: DISTRIBUTED SUM

The final property required of the distributed summing networkDISTSUM is divergence-
freedom.

The effect of abstracting the internal channels must be considered.

DISTSUM = NETWORKn fcij j (i; j) 2 Eg
If NETWORKcan be shown to be divergence-free, and a bound on the length of its traces can
be found, then it follows thatDISTSUMis divergence-free.

All the recursive definitions for the family of processesTOTare guarded, and none of the
definitions uses eitherDIV or the hiding operator, so all theTOTprocesses are divergence-free.
This means that all of theNODE(i) processes are divergence-free, since they are composed
of divergence-free processes, and hence thatNETWORKis divergence-free, being a parallel
combination of divergence-free processes.

There is also a bound on the number of communications each node can be involved in.
It will communicate on each channel at most once, and can terminate at most once.

N2i NODE(i) sat#tr 6 # channels(Ai) + 1

This may be established in the traces model (see Exercise 5.16), and imported into the FDI
model using the fact that eachNODE(i) is divergence-free.

This places a bound on the length of a tracetr of NETWORKnumber of internal events
that may occur. The propertyN2 on each nodei identifies a bound on the length of the trace
tr � AXi , andtr = tr � (Si Ai)X, so#tr 6 �i(tr # AXi ) 6 �i2N(2� j adj(i) j +1).

Hence an appropriate bounding function�(tr) is simply the constant function�(tr) =�i2N(2� j adj(i) j +1): no more than this number of internal events can ever occur. It follows
thatDISTSUMis divergence-free.

8.7 MUST TESTING AND FDI EQUIVALENCE

The FDI model is equivalent to another form of testing equivalence which can be defined
directly on the operational semantics. In contrast to may testing, which wasconcerned with
thepossibilityof a process passing a test, the form of testing appropriate for the FDI model
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is one which considers when processes areguaranteedto pass tests. This is known asmust
testing.

A processP is tested in the same way as described in Section 4.3:P is placed in parallel
with a testT, and all of the events in� are hidden. Since this form of testing is concerned
with the guarantees about a process’ execution, only the maximal executions of (P k� T) n �

are considered, to allow the process the opportunity to exhibit the desired behaviour.

The maximal executions are those sequences of states and transitions that cannot be
extended, either because they reach a final state from which no further events are possible, or
else because they consist of an infinite sequence of transitions. For example, the process

N = P = a! N 2 b! c! STOP

hashN; �;P; a;N; �;P; b; (c ! STOP); c;STOPi andhN; �;P; a;N; �;P; a;N; : : : i as maxi-
mal executions. On the other hand,hN; a;N; b; (c! STOP)i is not a maximal execution.

The processP passes a testT if all of the maximal executions of(P k� T) n � pass

through some state in which a success event! was possible. This is writtenP must T.

Two processes are considered to be equivalent if they must pass exactly the same tests:

P1 �mustP2 = 8T � P1 must T , P2 must T

The requirement that only maximal executions are considered allows the identification
of refusal behaviour, since a finite maximal execution must end in a deadlocked state. In such
a state, any events not refused by the testing process must be refused by the process under test.

Must testing also allows the distinction of internal from external choice. For example,
the two processes

P1 = a! STOP2 b! STOP

P2 = a! STOPu b! STOP

are distinguished by the testT = b ! SUCCESS. The first processP1 must pass this test,
since it is unable to refuse to synchronize on the initialb. The empty execution is not maximal
for (P1 k� T) n �; its only maximal execution indeed passes through a success state. The

other processP2 might not pass the test, since one of its possibilities is to resolve the choice in
favour ofa! STOP, resulting in a deadlock and the inability of the test to reach its success
state.

The must approach to testing also results in the treatment of divergence as catastrophic,
and the equivalence of all processes that might possibly diverge. IfN = (a ! N) n fag,
then the divergent processN is equivalent under must testing to a processP3 which has the
possibility of diverging among other possibilities:

P3 = P3 2 b! STOP
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If a testT is not initially in a success state, then the infinite executionh(P3 k� T) n � ; � ; (P3 k� T) n � ; � ; (P3 k� T) n � ; : : : i
is a maximal execution which does not takeT through a success state. The possibility of
divergence inP3 ensures thatP3 does not always passT, and soP3 �mustN. No guarantees
can be provided about the behaviour of a process that might diverge.

This notion of testing equivalence turns out to correspond exactly to equivalence in the
FDI model:

P1 �mustP2 , (F [[P1]];D [[P1]]; I [[P1]]) = (F [[P2]];D [[P2]]; I [[P2]])

If two processes have different semantics in the FDI model, so there is some behaviour of one
that is not a behaviour of the other, then a test can be constructed which distinguishes them;
and conversely, if there is a test that distinguishes two processes, then there is some behaviour
in the FDI semantics of one that is not in the semantics of the other (see Questions 8.23 and
8.24). The FDI model is fully abstract with respect to must testing.

Must testing also gives rise to a natural notion of refinement:

P1 vmustP2 = 8T � (P1 must T)) (P2 must T)

If the specification processP1 provides some guarantees concerning its behaviour within a
particular context, then any implementation of itP2 must meet these guarantees.

Must testing refinement is equivalent to refinement in the FDI model:

P1 vmustP2 , P1 vFDI P2

8.8 NOTES

The traces model for CSP was first introduced by Hoare in [46] . The failures model [13] refined
the traces model with the introduction of failure observations, but it modelled divergence as
allowing arbitrary failures. This approach is not altogether satisfactoryfor a number of
technical reasons: some of the expected algebraic laws do not hold, and the semantics of
recursive definitions are not always in accordance with the operational semantics. This was
resolved by Brookes and Roscoe with the introduction of divergences, resulting in the failures-
divergences model [14, 12, 100].

Brookes also provided the firstalgebraic semanticsfor CSP [12] , in which a set of
algebraic laws on process terms are actually taken to define equivalence between processes.
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A more recent presentation of algebraic semantics for CSP can be found in [103]. This is also
the primary semantic approach taken by the process algebra ACP [5].

Neither the failures model nor the failures-divergences model are able to model infinite
nondeterminism, because the refusal sets essentially have to be finite inorder to ensure that the
model is a complete partial order, required for defining recursive processes. This limitation
forces certain restrictions on the language of CSP: alphabet renaming has to be finite-to-one;
hiding must be restricted to finite sets; and only finite nondeterministic choices are permitted.
These restrictions were all enforced in [47] by the requirement that processalphabets should
be finite. The introduction of the FDI model [101] introduced the ability to model arbitrary
nondeterminism with the introduction of infinite traces as additionalobservations. See [103]
for an alternative presentation. The technical propertyI2 of that model is defined rigorously
and discussed fully there and in [9]. A different fixed point theory, proposed by Roscoe [101]
and refined by Barrett [6, 79], is needed for this model as the standard approaches are not
applicable (see [101]).

The stable failures model for CSP [103], is a relatively recent development, arising from
a collaboration between Jategoankar, Meyer and Roscoe. A similar model was presented by
Valmari [118]. Rather than attempt to model divergence within a failures model, the insight
behind the stable failures model is that divergence can often usefully be ignored.

The traces model and the stable failures model both form a complete lattice (and hence
a complete partial order) under the subset order. In both cases all of the CSP operators are
monotonic and continuous, withSTOPas the bottom element of the traces model, andDIV as
the bottom element of the stable failures model. This ensures that all recursive definitions have
a least fixed point, which means that all recursive processes are well-defined. Furthermore,
they each form a complete metric space with the distance function

d(P;P0) = inff2�n j P � n = P0 � ng

where in the traces modelP� n = ftr 2 traces(P) j #tr < ng and in the stable failures model
P � n = f(tr;X) 2 SF [[P]] j #tr < ng. In each case, the longer it takes to tellP from P0,
the closer together they are. In this metric space, all guarded CSP functionscorrespond to
contraction mappings, and hence have auniquefixed point.

The FDI model also has the partial order structure and the same results hold for it.
However, this structure is weaker than those of the other models, and somore effort is required
to ensure that all the processes have the correct semantics. [21] provides anintroduction to
the lattices and partial order structures involved. Introductory materialon metric spaces can
be found in [115]. Appendix A of [103] also discusses both kinds ofstructures with particular
emphasis on their use in CSP.

Note that the terminology ofCHAOSfollows the more recent treatment given in [103]
and differs from [47]. In the latter book,CHAOSwas the immediately divergent process (what
we call DIV) and there was no special name for the most nondeterministic divergence-free
process.

The distributed sum algorithm is due to [18]; it is a variant of Segall’s Propogation of
Information with Feedback protocol [112]. The first formal verificationof the algorithm was
given by Vaandrager [117]. Groote has also provided a formal verification [40].
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Fig. 8.3 Two recursive processes

ExercisesExercise 8.1 What are the failures, divergences, and infinite traces associated with the
finite state machines in Figure 8.3.?Exercise 8.2 What are the FDI semantics of:

1. N1 = (a! N1) 2 b! STOP

2. N2 = b! a! DIV

3. N1 k N2
4. N1 kfbg N2
5. N1 jjj N2
6. N1 n fag
7. N3 = (a! (N3; b! SKIP) 2 c! SKIP)

8. N4 = (a! N4) 4 b! STOP

9. N4 n fbg

10. N4 n fagExercise 8.3 Does the lawh2-u-disti on Page 180 hold in the FDI model ?Exercise 8.4 Are the operational rules you gave forDIV andCHAOSconsistent with their
FDI semantics? If not, give rules which are consistent with both the stable failures and the
FDI semantics.Exercise 8.5 1. Give a deterministic processP for whichP n A is nondeterministic
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2. Can a nondeterministic processP have thatP n A is deterministic?

3. Give a process P for whichP k P 6=FDI P

4. Give a nondeterministic processP for whichP k P =FDI P

5. Give two nondeterministic processesP1 andP2 for whichP1 jjj P2 is deterministic.

6. If P is nondeterministic, canP jjj P be deterministic?

7. Find a deterministicP for whichP jjj P is nondeterministic.Exercise 8.6 Give operational rules forDIV andCHAOSwhich are consistent with their
FDI semantics given above.Exercise 8.7 Capture the following specifications in either the property-oriented or the
process-oriented style of specification:

1. A process cannot diverge if it has accepted at least as many coins as it has dispensed
chocolates;

2. A process can diverge only if it accepts three consecutive inputs withoutproviding
output;

3. A process will not diverge if all of its inputs are less that232 � 1;

4. On average, no more than13 of messages should be lost;

5. Any infinite trace must contain an ‘a’ at some point;

6. Every request is eventually serviced;

7. Every execution eventually terminatesExercise 8.8 Find anFFN processP such thatP n A is notFFN.Exercise 8.9 Find anFFN processP such thatf (P) is notFFN.Exercise 8.10 Which of the following variants of the processEXPBUFFof Example 8.16
are divergence-free?

EXPBUFF2 = in?x : T ! (COPY� out!x! EXPBUFF2)

EXPBUFF3 = in?x : T ! (COPY� out!x! EXPBUFF3� COPY)
EXPBUFF4 = COPY� (in?x : T ! out!x! EXPBUFF4)
EXPBUFF5 = in?x : T ! (out!x! EXPBUFF5� EXPBUFF5)

Which of them can never refuse input?

260 FAILURES, DIVERGENCES, AND INFINITE TRACESExercise 8.11 Which of the following processes are deterministic? Which areFFN?
Which are closed?

1. BAG= in?x : T! (BAG jjj out!x! STOP)
2. DISTSUMof Page 161

3. ABPof Example 7.7

4. INN = in?n! A(n) where
A(0) = b! STOP
A(n+ 1) = a! A(n)

5. INN n in:N
6. f (INN), wheref (in:n) = b for anyn

7. INN n in:N [ fag
8. ND = a! ND u b! ND u a! b! ND

9. DIV

10. CHAOSExercise 8.12 If � is an ordinal number, identified with the set of ordinals less than�, then
for each� 2 � define

P� = 
 : � ! RUN�

This process allows any ordinal less than� as its initial event, and then allows all sequences
of ordinals less than�. The recursive definition

N = � : �! ((P� k N) n �)

is not guarded, because of the use of the hiding operator within the definition.

1. CanN diverge?

2. How long will the chain of approximationsF�(DIV) be before it reaches the fixed point?
How many of these approximations can diverge?

Deduce that for any ordinal�, if � � � then there are recursions that require at least�

approximations before the sets of failures and divergences is fixed.
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P1 = a! STOPu b! c! STOP

P2 = a! STOP2 b! c! STOP

P3 = a! STOP2 P3

P4 = a! STOP2 b! RUN

Which of them must pass which of the following tests:

T1 = a! SUCCESS

T2 = b! c! SUCCESS

T3 = a! SUCCESSjjj b! SUCCESS

T4 = (a! SUCCESS) n fag

T5 = SUCCESSExercise 8.14 Find a test which distinguishesa! STOPfrom STOPu a! STOP.Exercise 8.15 Find a test which distinguishesa! b! STOPfrom a! STOPjjj b!

STOP.Exercise 8.16 Using your operational rule forDIV from Question 8.4, find a test that
distinguishesDIV from STOP.Exercise 8.17 Using your operational rules forCHAOS, find a test that distinguishes
CHAOSfrom RUN.Exercise 8.18 Find a test that distinguishesP1 =u

n2NA(n) from P2 = P1 u (N = a!

N), whereA(0) = STOPandA(n+ 1) = a! A(n).Exercise 8.19 Find a testT such thatP must T if and only if ha; b; ci 62 D [[P]].Exercise 8.20 Find a testT such thatP must T if and only if (ha; b; ci; fd; eg) 62 F [[P]].Exercise 8.21 Find a pair of processes that are equivalent under may testing but distin-
guished by must testing.Exercise 8.22 Find a pair of processes that are equivalent under must testing but distin-
guished by may testing.Exercise 8.23 1. Giventr 2 D [[P1]]andtr 62 D [[P2]], find a testT such that:(P1 must T)

and(P2 must T).
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2. GivenD [[P1]] = D [[P2]] and(tr;X) 2 F [[P1]] and(tr;X) 62 F [[P2]], find a testT such
that:(P1 must T) and(P2 must T).

3. GivenD [[P1]] = D [[P2]] and u 2 I [[P1]] and u 62 I [[P2]], find a testT such that:(P1 must T) and(P2 must T).
4. Deduce that ifP1 �mustP2 thenP1 =FDI P2.Exercise 8.24 Assume that:(P1 must T) and P2 must T. Show that there is some

divergence, failure, or infinite trace ofP1 which is not also in the semantics ofP2.



Appendix B:
Model-checking with FDR

This appendix provides a brief overview of the operation and use of themodel-checking
tool FDR1, which provides automated analysis and verification of CSP process descriptions.
Section B.1 describes the use of the FDR tool; Section B.2 is concerned with the theory
underlying the implementation of the tool; and Section B.3 introducesthe form of machine-
readable CSP required to provide input to the tool.

Some understanding of the workings of FDR is required in order to make best use
of the tool. However, for large and complex systems it supports a number of sophisticated
techniques which are beyond the scope of this appendix, and the interestedreader can find
further information in [102, 103, 104, 33].

FDR stands for ‘Failures Divergences Refinement checker’. It is a software tool for
carrying out automatic analysis of (untimed) CSP processes. Its main operation is in checking
whether or not one CSP process refines another. This provides a surprisingly powerful
analysis mechanism, since many important questions about processes can be expressed in
terms of refinement by employing the process-oriented approach to specification, as discussed
in Sections 5.5, 7.4, and 8.5. FDR provides refinement checking for each of the untimed
models presented in this book. It also permits analysis for particular common properties, such
as deadlock, divergence (livelock), and determinism.

1developed and marketed by Formal Systems (Europe) Ltd
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FDR has a companion tool, ProBE [34], which stands for ‘Process Behaviour Explorer’.
This tool interprets and animates CSP process descriptions, allowing the user to interact
with a process and thus explore its behaviour patterns. It allows theuser to synchronize on
events, to observe the available options at each stage, to backtrack, and to watch the trace being
constructed as the process is executed. ProBE does not provide formal analysis; it does provide
a better informal understanding of CSP process descriptions. It is simple to use: it can input
the same CSP files as FDR, and the user interacts with a process through a window interface
by selecting events to perform from the menus of events that are offered. An exploration of
Example B.4 is illustrated in Figure B.1. Unexplored events are marked with a ‘+’. Any event
that has been performed is marked with a ‘�’, and followed by a description of the process
reached by performing it. For example, subsequent to the performance ofenter:kate is the
processPERSON(eleanor) k PERSON(isabella) k PRESENT(kate). The menu of events
that this combination offers is listed immediately below it:

enter:eleanor
leave:kate
enter:isabella

ProBE then offers the opportunity to explore any of these events.

B.1 INTERACTING WITH FDR

FDR allows automatic refinement checking between (finite state) processes. In order to apply
FDR, it is necessary to supply both the specification process and the implementation process.
This is accomplished by loading a CSPscript into FDR. This is simply a text file containing
a collection of CSP process definitions. On loading such a script, FDR identifies all of the
potential processes within it.

FDR offers the opportunity to do a number of checks on any of the processes that have
been loaded. There are specific options to check for deadlock, livelock, and determinism. In
addition, refinement checks between processes can be carried out. The interface is illustrated
in Figure B.2.

In requesting a refinement check, it is necessary to provide FDR with three pieces of
information:� The specification process. This can be any of the processes that have been loaded in as

part of the CSP script, or a process definition typed directly into the ‘Specification’ box.
In Figure B.2, the processSPEChas been selected.� The implementation process. This can also be any of the processes that have been
loaded, or a process typed into the ‘Implementation’ box. In Figure B.2, SYSTEMhas
been selected.� The model in which the refinement relation is to be checked. There are three choices:
traces, failures, and failures/divergences. These correspond to the three untimed models
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Fig. B.1 The ProBE tool

for CSP presented in Part 2 of this book. (The failures/divergences modelis the same
as the FDI model for finite-state processes). In Figure B.2, the model selected is the
failures model.

The CSP script loaded into FDR should therefore in general contain both the specification
process and the implementation to be checked against it. There will usually be a number of
checks of interest (perhaps a number of properties to check of an implementation, or a number
of implementations to check), and so the script will need to contain all of the definitions
required for these. The checks to be carried out (refinements or specific options) are either
entered into the relevant window in FDR, or they can be included directly in the script as
assertions. This enables them to be loaded into FDR alongside the processes, and FDR will
list them when the script is loaded. In Figure B.2, a refinement check has been entered directly
into the refinement window. Furthermore, four checks have loaded directlyfrom the script:
deadlock-freedom assertions on three different processes, and one traces refinement assertion.

If a check is successful, then this is reported by the tool with aX alongside the verified
assertion. If the check fails, reported by a�, then this will be because the tool has identified
a particular erroneous behaviour of the implementation process that violates the assertion.
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Fig. B.2 The FDR 2.11 main screen

In this case, the tool will identify the behaviour and provide it as feedback to the user. For
example, withSYSTEMas a description of the dining philosophers combination checked for
deadlock-freedom, the feedback window provided when it identifies a possible deadlock is
given in Figure B.3. The trace leading to it is given in the ‘Performs’box towards the right
hand side.

Deadlock is shown by the fact that the resulting state has an empty acceptance set as
shown in the ‘Accepts’ box, which means that all possible events can be refused.

The process tree labelled ‘SYSTEM’ shows the concurrent components of the process
SYSTEM. It is possible to pick out the contribution of particular subcomponents to the
erroneous behaviour. For example, the contributionhenter:2; picks:2:2i of PHIL(2) can be
extracted by clicking onPHIL(2).

This feedback is useful for debuggingpurposes. In establishing how a concurrentsystem
is able to reach an incorrect state, design mistakes can be understood and corrected.
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Fig. B.3 Feedback from FDR

B.2 HOW FDR CHECKS REFINEMENT

FDR checks refinement claims of the formSPECv IMP, whereSPECis a process-oriented
specification. This is achieved by exploring the state space given by the operational semantics
of the processIMP, and checking for each state that all of the possibilities of event performance
(as well as refusals and divergences where appropriate) for the implementation IMP are allowed
by the specificationSPEC. This is achieved by matchingIMP’s transitions inSPEC, and
examining whatSPECwill allow in each state thatIMP can reach. SinceSPECis considered
as a specification,SPEC’s behaviours are taken to be all of the behaviours that are permitted
for any refinementIMP.

In order to useSPECeffectively in tracking the transitions ofIMP, it is necessary to
identify, for any given trace thatIMP could potentially perform, all of the possible events that
SPECcan allow next, and also all of the refusals thatSPECwill permit. FDR achieves this by
determinizing the transition graph ofSPEC, , and adding refusal and divergence information to
obtain a ‘normalized’ graph. Determinization involves removing all� events, and coalescing
sets of states that can all be reached via the same sequence of visible events. Thus in the
determinized state space, each state will correspond to a set of states in the original state space.
Any event will appear on at most one transition out of each node, and so for any particular
trace ofSPECthere is a unique node that can be reached in the determinized graph. For
example, the determinization of

VMSPEC = coin! ( (tea! VMSPEC)u (coffee! VMSPEC))u water! VMSPEC
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water
coin

coffee
tea

1 1
22 345 6

�
� �

coffee

coin

tea

�
water

VMSPEC

NVMSPEC

Fig. B.4 Determinizing a state graph

to the graphNVMSPECis illustrated in Figure B.4.

Divergent states are also detected during this procedure, and labelled explicitly as such.

Refusal information is not contained in the transitions of the determinized graph alone,
since transitions from different states of the original graph are all possible from their coalesced
state. For example, states5 and6 of theVMSPECgraph of Figure B.4 are both part of state2 of
NVMSPEC, from which bothteaandcoffeeare possible. The information thatteaandcoffee
are also refusable in those states cannot be derived simply from the transitions ofNVMSPEC.

The refusal possibilities thus need to be recorded explicitly with thenodes of the
determinized graph. The complete normalization ofVMSPECis given in Figure B.5.

Although the process of normalizing a CSP process is exponential in the number of
states in the worst case (since each state in the normalized graph will correspond to a set of
states in the original graph), it has been found that in practice the worstcase arises very rarely.
This is partly because specification processesSPECare often very simple, so that usually the
size of the normalized graph is the same size or even smaller than the original graph.

FDR checks a processIMP by identifying for each reachable state the corresponding
state of (the normalized)SPECthat indicates what is permitted. In exploring the state space of

IMP, it checks for each reached stateIMP0 that all of the transitionsIMP0 ��! IMP00 possible
from that state are also possible from the corresponding stateSPEC0 of SPEC. If � is an

external event then there must be some (unique)SPEC00 for which SPEC0 ��! SPEC00, and
the stateIMP00 will need to be checked againstSPEC00. The case where� = � is a special
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water

tea

coinftea; coin;watergfcoffee; coin;waterg
ftea; coffee;watergftea; coffee; coing

coffee

Fig. B.5 The state graphNVMSPEClabelled with maximal refusals

case—the matching state inSPECis still SPEC0, since the visible trace is not changed by this
transition. Thus in this caseIMP00 must be checked againstSPEC0.

With regard to refusal information, FDR also performs additional checkson the stable
states ofIMP: that the refusable sets of events are possible refusal sets forSPEC.Example B.1 The transition graph of the implementation

VMIMP = (coin! tea! water! VMIMP)

is given in Figure B.6. It will be checked against the transition graphNVMSPEC.

Firstly, state1 of VMIMP is checked against state1 of NVMSPEC. In this statecoincan
be performed, and this is possible for the corresponding state ofNVMSPEC. Furthermore,
only subsets offtea; coffee;waterg can be refused byVMIMP, and these refusals are permitted
by NVMSPEC.

In covering the state space ofVMIMP, the transitioncoin is followed, which requires
state 2 ofVMIMP to be checked against state 2 ofNVMSPEC. This check is also successful:
the refusal sets ofVMIMPare allowed, and the single transitionteais permitted, takingVMIMP
to state3, matched by the transition ofNVMSPECback to state1. In this state, the refusals
are all permitted by the possible refusals inNVMSPEC, and the single transitionwatercan be
matched, returning bothVMIMP andNVMSPECto their initial states. Since this pair of states
has already been checked, the exploration of the state graph forVMIMP is complete and the
refinement relationVMSPECvfailures VMIMP is confirmed. At this point FDR will confirm
that the refinement relation holds. 2
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Fig. B.6 CheckingVMIMP againstNVMSPECExample B.2 An alternative implementation

VMIMP2 = (coin! tea! SKIP jjj water! SKIP); VMIMP2

fails to refineNVMSPEC. The pairs of states that are checked is illustrated in Figure B.7.
When checkingVMIMP2 state2 againstNVMSPECstate2, we find awater transition that
is not permitted by the specification. This means that the implementation canperform a
trace that is not allowed by the specification: the tracehcoin;wateri. In this way the model-
checking provides a witness trace which demonstrates thatVMIMP2 is not a trace refinement
of NVMSPEC. When FDR finds that a refinement fails to hold, it provides the counterexample
which it has discovered. The feedback window that it provides for this example appears in
Figure B.8. It simply provides the tracehcoin;wateri which fails the specification. 2

The checks that are carried out when the state space is explored depend on the semantic
model under consideration.

Traces model: checking for refinement in the traces model means checking that all the
possible traces of the implementation are allowed by the specification. Therefusal and
divergence information in the normalized system is ignored. This is appropriate for checking
safety properties.

Failures model: In this case, stable states that are reached while exploring the implementation
are checked with respect to the refusal information recorded in the normalized specification.
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Fig. B.7 CheckingVMIMP2 againstNVMSPEC

The failures model completely ignores divergence, and so the possibilityof divergence in the
implementation is simply ignored. This means that if some states are divergent, then they will
not be checked with regard to refusal information.

Failures/Divergences model:In this case, states in the implementation are also checked for
divergence, which will correspond to� loops. This can add some considerable overhead to the
state space exploration. In practice, implementations will not contain divergences, so it will
generally be more efficient to check an implementation specifically for divergence-freedom
first (using the specific ‘livelock check’ option). Once this has been established then a check
in the failures model will be equivalent to a check in the failures/divergences model and the
faster failures refinement check can be carried out.

Compression

When the state space of the implementation becomes large, it is often advantageous to reduce it
before carrying out the state space exploration. FDR provides a numberof ways of compressing
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Fig. B.8 Feedback on VMIMP2 from FDR

the state space of a process to another (smaller) graph which has the same CSPsemantics, and
which will take less time to explore. We mention the main mechanisms briefly here.

One example of graph transformation is the normalization that FDR applies to the
specification process of a refinement, though in this case more states may result. Many of the
compression mechanisms, such asdiamond eliminationand� -loop eliminationare concerned
with the elimination of� events in a semantics-preserving way. Other mechanisms factor
a graph by some semantic equivalence. This means that all nodes which have thesame
semantics are represented by a single node. This reduction can be done efficiently for strong
bisimulation (which is stronger than all the CSP semantic equivalences).Its computational
expense for other semantic equivalences is rather greater.

There are other mechanisms which achieve some compression but do not in general
preserve the semantics,and should therefore be used with extreme care. Thechaseoperator will
select internal� transitions over external ones, possibly removing some of the nondeterminism
present and resulting in a refinement of the system it is applied to. It will therefore preserve the
semantics of a deterministic system, but may not preserve semantics in general. Thepriority
operator (still under development) also alters the operational semantics by removing some of
the possible transitions when those of a higher priority are present. This does not even result
in a refinement (except in the traces model), since some new refusals may be introduced by
the removal of external transitions.

The compression mechanisms are discussed in more detail in [103, 104].

B.3 MACHINE READABLE CSP

A CSP script defines a number of processes. Channels used by the processes in aCSP script
must be typed, where the types are either predefined types or else defined explicitly within the
script. For example, the set of dining philosophers and their chopsticks can be defined by

nametype Phils = {0..4}
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Operator Syntax ASCII form

Stop STOP STOP

Run RUNA RUN(A)

Chaos CHAOSA CHAOS(A)

Prefixing a! P a -> P

Prefix choice x : A! P(x) [] a : A @ a -> P(a)

Output c!v! P c!v -> P

Input c?m : T ! P(m) c?m:T -> P(m)
channel c : S
whereT � S

Recursion N = P N = P

Mutual recursion N(e) = P(e) N(e) = P(e)

Choice of process definitions

�

P1 if b
P2 otherwise

if b then P1 else P2

External choice P1 2 P2 P1 [] P2

General external choice 2

i2I
Pi [] i : I @ Pi

Internal choice P1 u P2 P1 |~| P2

General internal choice u

i2J
Pi |~| i : J @ Pi

Fig. B.9 The ASCII representation of CSP: prefix and choice

nametype Chops = {0..4}

All events and channels that are used by any CSP process in the script must bedeclared
explicitly. Simple events are treated as channels which do not carry messages.For example,
the following declarations may appear in a CSP script:

channel coin, tea, copy

channel in, out : {0,1}

channel picks : Phils.Chops

The first declares three events, sotea will be permitted as a process event; the second
declares two channelsin andout which both carry bits, so an example communication along
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Alphabetized parallel P1 AkB P2 P1 [ A || B ] P2
Alphabetized parallel P1 k P2
General alphabetized parallelki2I

Ai
Pi || i : I @ [ Ai ] Pi

General alphabetized parallelki2I
Pi

Interleaving P1 jjj P2 P1 ||| P2
General interleaving jjj

i2I
Pi ||| i : I @ Pi

Interface parallel P1 k
A

P2 P1 [| A |] P2
General interface parallel k

Ai2I
Pi [| A |] i : I @ Pi

Hiding P n A P \ A

Forward renaming f (P) P[[ f ]]

Labelling l : P P[[ fl ]]

Backward renaming f�1(P) P[[ f�1]]
Chaining P1 � P2 P1 [out <-> in] P2

General chaining �n
i=1 Pi [out <-> in] i : <1..n> @ Pi

Fig. B.10 The ASCII representation of CSP: concurrency and abstraction

these channels would beout.1 ; and the third declares a channelpicks which carries two
values—a value fromPhils and a value fromChops—so an example event on this channel
would bepicks.3.4 .

Once the channels are declared, the CSP processes themselves are given. An ASCII
form of CSP is used to enable machine readability. Figures B.9, B.10, andB.11 give the main
constructs of the ASCII form of CSP.

Mathematical style expressions can be used in the manipulation of process parameters
and data variables, and the definition of indexing sets and data types. FDRalso handles
notation for arithmetic, sets, and sequences, and permits functional styledefinitions.Example B.3 An boundedN place version of the buffer given in Example 1.22, may be
defined using a mutual recursion indexed by sequences of messages. In this example, it will
have typeT = fhigh; low;middleg.
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Successful termination SKIP SKIP

Sequential Composition P1; P2 P1 ; P2

Interrupt P1 4 P2 P1 /\ P2

Event interrupt P1 4 e! P2 int( P1,e, P2)
Fig. B.11 The ASCII representation of CSP: flow of control

B(hi) = in?x : T ! B(hxi)

B(hxia tr) = (in?y : T! B(hxia tr a hyi)2 out!x! B(s) if #(hxi a tr)) < N

out!x! B(s) otherwise

This definition involves pattern matching on the sequence parameter to the processB,
as well as the manipulation of sequence expressions. It may be rendered intoa CSP script as
shown below.

N = 5

datatype Message = high | low | middle

channel in, out : Message

B(<>) = in?x -> B(<x>)

B(<x>ˆtr) = if # (<x>ˆtr) < N
then (in?y -> B(<x>ˆtrˆ<y>) [] out!x -> B(tr))
else (out!x -> B(tr))

In order to check a process, values have to be provided forNandT. The value forN is simply
declared, whereasT is instantiated by the enumerated typeMessage 2Example B.4 Example 2.10 is concerned with conditions under which a meeting of a group
of people is considered to be quorate. It consists of a number of people who can each enter or
leave the meeting independently, but who are required to synchronize on the common event
meeting. It may be given in machine-readable form as follows:

datatype NAMES = kate | eleanor | isabella
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channel enter, leave : NAMES

channel meeting

A(n) = {enter.n, leave.n, meeting}

PERSON(n) = enter.n -> PRESENT(n)

PRESENT(n) = (leave.n -> PERSON(n)) [] (meeting -> PRESENT(n))

GROUP = || name : NAMES @ [A(name)] PERSON(name)

Observe that the processGROUPcould also have been defined by means of an interface parallel
construction:

GROUP = [| {meeting} |] name : NAMES @ PERSON(name)

In order to check that at any stage either a meeting is possible or else someonecan enter,
the following specification will be used.

SPEC = MEETENT ||| CHAOS({|leave|})

MEETENT = (meeting -> MEETENT |˜| enter?x -> MEETENT)

The specificationSPECmust always allow one ofmeeting andenter to be offered. It
places no restrictions on occurrences ofleave , reflecting the fact that it is not concerned
with such events.

The following assertion captures the failures refinement check to be carried out on
GROUP:

assert SPEC [F= GROUP

A CSP script to verifyGROUPwould need to contain all of these components. 2

ExercisesExercise B.1 Give a machine-readable version of the cloakroom system of Example 2.3,
whose components are as follows:

ATT = coat:off ! store! ATT2 retrieve! coat:on! ATT

CUST = enter! coat:off ! eat! coat:on! CUST
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S(1) R(1)in:1 out:1

a:1

in:n out:nb:n...
...

S(n) R(n)a:n b:1

transmit

SEND REC

Fig. B.12 A multiplexing scheme

Use FDR to check whetherATT k

coat
CUSTis deadlock-free.Exercise B.2 Give a machine-readable version of the payment system of the bookshop of

Example 2.18. Alter the description ofCHIT andRECEIPT(to CHIT4 andRECEIPT4) so
they allow only four chits and receipts to circulate. Use your descriptionto check whether

CASHIERk BOOKk CHIT4 k RECEIPT4

is deadlock-free. Do the results of your analysis apply to the case where there are an unlimited
number of chits and receipts?Exercise B.3 Use FDR to check that the railway crossing systemTRAINk CROSSINGof
Example 13.4 cannot deadlock. Check further that the gate can only ever move up when the
train is not on or entering the crossing. Obtain a trace from FDR that shows that the train can
enter the crossing when the gate is down.Exercise B.4 A multiplexing scheme for a family of buffers over a single transmission
channeltransmitis illustrated in Figure B.12. The network is intended to behave as an inter-
leaved collection of buffer processesBUFFERS(N) = jjj

i2I
BUFF(i;N), whereBUFF(i;N)

is the general (nondeterministic) specification of a buffer with maximum capacity N, on
channelsin:i andout:i.

The components are described as follows:

S(i) = in:i?m! a:i!m! S(i)

R(i) = b:i?m! out:i!m! R(i)

SEND = a?j?m! transmit!j!m! SEND

RECEIVE = transmit?j?m! b:j!m! RECEIVE
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S(1) R(1)in:1 out:1
a:1

in:n out:na:n b:n
c:nd:nd:1 c:1b:1

transmit

receive
...

...

S(n) R(n)RECSEND

Fig. B.13 An alternative multiplexing scheme

Use FDR to check that the combination system (with the internal channels hidden) is a trace
refinement ofBUFFERS(N) for a suitably largeN. Is it a failures refinement? Is it deadlock-
free? Is it a trace refinement ofBUFFERS(1)? What is the fundamental problem with this
multiplexing scheme?Exercise B.5 In order to overcome some of the shortcomings of with the multiplexing
scheme given in Exercise B.4, message acknowledgement is added to the protocol as illustrated
in Figure B.13.

1. The components are now described as follows:

S(i) = in:i?m! a:i!m! d:i ! S(i)

R(i) = b:i?m! out:i!m! c:i ! R(i)

SEND = a?j?m! transmit!j!m! SEND2 receive?j ! d:j ! SEND

RECEIVE = transmit?j?m! b:j!m! RECEIVE2 c?j ! receive!j ! RECEIVE

Use FDR to check that the combination system (with the internal channels hidden) is a
trace refinement ofBUFFERS(1). Is it a failures refinement?

2. Place a one-place buffer on thetransmitchannel so the communication betweenSEND
andRECEIVEbecomes asynchronous. Is the resulting system divergence-free? Is it a
failures refinement ofBUFFERS?
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Notation

Sets and logic

a 2 S ais a member of the setSfg the empty setfa1; : : : ; ang the set of the elements listedfa j P(a)g set comprehension: the set of elements which meet predicateP
S[ T; S

i2I Si set union
S\ T; T

i2I Si set intersection
Sn T set subtractionPS power set ofSF S finite power set: the finite subsets ofSN natural numbersR real numbersR+ non-negative real numbersdre r rounded up to the integer immediately abovebrc r rounded down to the integer immediately below
I interval of the real numbers[b; e) the half-open interval fromb to e (includingb and excludinge)[b; e] the closed interval fromb to e(b; e) the open interval fromb to e(b; e] the half-closed interval fromb to e:P negation: notP
P1 ^ P2 conjunction:P1 andP2

P1 _ P2 disjunction:P1 or P2

P1 ) P2 implication: P1 impliesP28 x � S for all x, Sholds8 x : T � S for all x of typeT, Sholds9 x � S there is somex for whichSholds9 x : T � S there is somex of typeT for whichSholds

Event notation� (Sigma) the universal set of events�X � [ fXg�X;� � [ fX; �gX (tick) the termination event; not in�� (tau) the internal event; not in�X

a external event from�X� external or internal event from�X;�

c:v communication event with channelc and valuev
channel(c:v) the channelc of the compound eventc:v
value(c:v) the valuev in the compound eventc:v
A set of eventsA� �X

AX A[ fXg

492 NOTATION

Sequences and Traces

seq a sequence of elementshi the empty sequenceha1; : : : ; ani the sequence of elements listedha j a seq;P(a)i sequence comprehension

seq1 a seq2 concatenation:seq1 followed byseq2
head(seq) first element of the sequence
tail(seq) sequenceseqwithout the first element
foot(seq) last element ofseq
init(seq) seqwithout the last element#seq length of the sequence�(seq) the set of events appearing in the sequence
a in seq aappears in the sequenceseq
seq1 6 seq2 sequenceseq1 is a prefix ofseq2
seq1 4 seq2 subsequence (not necessarily contiguous)
seq@i the ith element of the sequence (counting from 0)
seq� A the subsequence of elements ofseqin A
seqn A the sequence of elements ofseqnot inA
seq# A the number of occurrences of elements ofA
f (seq) f applyingf to each element ofseqin turn
channels(tr) the set of channels used intr
seqinterleaves seq1; seq2 seqis an interleaving of the sequencesseq1 andseq2

seqsynchA seq1; seq2 seqsynchronizesseq1 andseq2 on events inAX

flatten(sseq) the elements ofsseqconcatenated together
term(seq) seqcontains aX

TRACE the set of all finite traces
ITRACE the set of infinite traces
tr a finite trace
u an infinite trace
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Timed Traces

TT the set of timed traces
s a timed trace
s� A srestricted toA: h(t; a) j (t; a) s; a 2 Ai

s # A number ofA’s in s: #(s� A)

s n A swithout the elements ofA: s� (� n A)

strip(s) swith the times removed:ha j (t; a) si

s+ t sdelayed byt: h(t0 + t; a) j (t0; a) si

s� t sbrought earlier byt: h(t0 � t; a) j (t0; a) s; t0 > ti

begin(s) the time of the first event ins (and1 for the empty trace)
first(s) the first event to appear ins
end(s) the time of the last event in the finite traces (and0 for the empty trace)
last(s) the last event to appear in the finite traces
s " I s duringI : h(t; a) j (t; a) s; t 2 Ii

s j� t sstrictly beforet: s " [0; t)

s� t sbeforet: s " [0; t]

s� t saftert: s " [t;1)

s �j t sstrictly aftert: s " (t;1)

s� A sprojected ontoA: h(t0; a) j (t0; a) s; a 2 Ai

Timed refusals

RSET the set of possible refusal sets: sets of timed events@ (aleph) a timed refusal@ " I @ duringI : f(t; a) 2 @ j t 2 Ig@ " t @ at t : f(t0; a) 2 @ j t0 = tg@ j� t @ beforet : @ " [0; t)@ � t @ aftert : @ " [t;1)@+ t @ translated throught: f(t0 + t; a) j (t0; a) 2 @)g@ � t @ translated backwards throught: f(t0 � t; a) j (t0; a) 2 @; t0 > tg@ � A @ restricted toA: f(t; a) 2 @ j a 2 Ag@ n A @ with A events removed:@ � (�X n A)�(@) the set of events appearing in@

begin(@) the time of the first event in@ (and1 for the empty refusal)
end(@) the least upper bound of times mentioned in@
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CSP processes

P untimed CSP process
Q timed CSP process
STOP deadlock
a! P prefix
a : A! P(a) prefix choice (guarded choice)
a1 ! P1 j a2 ! P2 guarded choice
c!v! P output
c?v! P(v) input
SKIP successful termination
DIV divergence
CHAOS the most non-deterministic divergence-free process
RUN the process that will deterministically perform any event
N process variable
N = P recursive definition
P1 2 P2; 2

i2I
Pi external choice

P1 u P2; u
i2I

P1 internal choice

P1 AkB P2; kAi

i2I
Pi alphabetized parallel

P1 jjj P2; jjj
i2I

Pi interleaved parallel

P1 k
A

P2 interface parallel

P n A hiding
f (P) renaming
l : P labelling
f�1(P) backward renaming
P1 � P2 chaining
P1; P2 sequential composition
P1 4 P2 interrupt
P1 4e P2 interrupt one

a
d! Q timed prefix

Q1 d. Q2 timeout
WAIT d; Q delay
Q1 4d Q2 timed interrupt
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CSP notation

P1 = P2 P1 andP2 have the same behaviours
P1 v P2 P1 is refined byP2

PUvT Q P is timewise refined byQ
P sat S all the observations of processP meet specificationS
P ref X P refusesX
P " P is divergent
P # P is stable

P1 ��! P2 (#�) P1 can perform a� transition toP2

P1 tr=) P2 P1 can perform the sequencetr and becomeP2

Q1 d Q2 (

 

d) Q1 can perform ad evolution toQ2
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Index

ACP, 72
actions with duration, 266
adj(i), 159
admissible specification, 249, 369
A-independent, 201@ (aleph), 339
algebraic laws, 89
algebraic semantics, 256
alphabetized parallel, 29–42

FDI semantics, 232
inference rule, 146, 198
laws, 102, 352
operational rules, 31
stable failures, 180
timed failures, 350
timed inference rule, 377
timed operational rules, 289
traces, 97

alphabets, 74, 75
alternating bit protocol, 205–207, 253, 443

timed, 427
ATP, 329

backward renaming, 63–64
FDI semantics, 238
inference rule, 151, 202
laws, 110
operational rules, 63
timed failures, 353
timed inference rule, 381
timed operational rules, 303
traces, 111

Baeten, J. C. M., 329, 442
Barrett, Geoff, 257
Bergstra, J. A., 72, 329, 442
bisimulation, 73

strong, 21
Bolognesi, T, 329
bookshop, 47
boss, 57
Brookes, Stephen, 72, 256
buffer, 17, 54, 247, 285

and timewise refinement, 422
liveness, 194
process-oriented specification, 208
specification, 141, 194
timed law, 425
timed specification, 426

buses, 279

Cauchy sequence, 358
CCS, 72
chain of processes, 292
chaining, 64–66
chaining timed buffers, 423
chains, 39
channel, 9
CHAOS

FDI semantics, 230
inference rule, 197
stable failures, 178
traces, 178

cheese shop, 216
circular saw, 367, 372
communications protocol, 54
compactness, 226, 423
complete lattice, 257
complete metric space, 358
complete partial order, 257
compositional semantics, ix, 89
compound events, 9
compression, 475
congruence, 134–135

associated equivalence, 134
consistency with an execution, 341
constancy of offers, 297, 315
contraction mapping, 358
CSP

ASCII form, 477–479
CSP script, 468

Davies, Jim, 442
deadlock, v, vii, 35–37
deadlock-freedom, 247
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timed, 426
debugging, 470
delay, 275

laws, 348, 352, 353
timed failures, 347
timed inference rule, 376

delayed prefix, 276
delayed prefix choice, 276� delay, 441
dequeueing, 58
design, vi
determinism, 224
determinization, 471
Dijkstra, E. W., 77
dining philosophers, 77
discrete timed CSP, 452
discrete timed traces, 459
distance function, 357
distributed sum, 158–166, 210–216, 257
distributivity, 114

laws, 114–115
DIV

FDI semantics, 229
inference rule, 196
stable failures, 177
traces, 177

divergence, 59, 173, 219–220, 247
and hiding, 59
in recursive calls, 186
interacting with, 223

divergence-freedom, 173, 246
by construction, 249

divergent trace, 220
duration calculus, 329
dynamic specification, 29

encapsulation, 53
environmental assumptions, 371–373
ESTEREL, 329
ET-LOTOS, 329
event guarded, 119
event prefix,seeprefix
event renaming,seerenaming
events, 2
eventual non-retraction, 415

on a set, 416
evolutions, 267, 268
exception handling, 276
executions, 85, 88, 313–315

structure, 326
external choice, 18–22

FDI semantics, 231
inference rule, 145, 197
laws, 93, 179, 180, 231
operational rules, 19
stable failures, 179
timed and nondeterminism, 280
timed failures, 349
timed inference rule, 376
timed operational rules, 278
traces, 93

failures, 221
fairness, 248
FDI model, 222

properties, 222–226
FDI timewise refinement, 434–436
FDR, vi, 467–482
Fencott, C., 328
FFN, 226
finite nondeterminism, 226

and recursion, 244
finite timed failures model, 357
finite variability, 325
Fischer, 388, 443
Fischer’s algorithm, 389
fixed point, 116
fixpoint operator, 73
flatten, 407
Ford, Henry, 18
FTF model, 357
furniture removers, 33

garage, 43
global clock, 266
Groote, J. F., 257
guarded function, 244
guardedness, 119

handshake synchronization, 29
Hanssen, H., 328
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He Jifeng, viii
Hennessy, Matthew, 329
hiding, 53–59

across choice, 57–59
FDI semantics, 235
inference rule, 149, 200
laws, 108
operational rules, 54
stable failures, 183
timed failures, 352
timed inference rule, 380
timed operational rules, 297
traces, 108

hierarchy of semantic models, 440
Ho-Stuart, C., 329
Hoare, C. A. R. (Tony), viii, 72, 77, 256

ill-timed processes, 387
implementation, vi
indexed alphabetized parallel, 37–42

inference rule, 146, 199
indexed external choice, 20

FDI semantics, 231
inference rule, 145, 197
laws, 95
operational rules, 20
stable failures, 179
traces, 95

indexed interface parallel, 49, 295
indexed interleaving, 48
indexed internal choice, 24

FDI semantics, 232
inference rule, 145, 198
operational rules, 24
stable failures, 180
timed failures, 350
timed inference rule, 377
timed operational rules, 282
traces, 96

indexed parallel
timed inference rule, 379

inference rules, 4–5
infinite nondeterminism, 236, 238, 241

and recursion, 242
infinite trace, 221

infinitely fast processes, 286
input, 10

inference rule, 144, 196
operational rules, 10
traces, 92

instantaneous events, 266
int, 460
interface, 1, 30
interface expansion, 63
interface parallel, 48–50

FDI semantics, 234
inference rule, 148, 200
laws, 105, 106, 182, 235, 352
operational rules, 49
relationship with parallel operators,

107
stable failures, 182
timed failures, 351
timed inference rule, 380
timed operational rules, 295
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