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Chapter 10 - The Z-transform



What is in this chapter?

..&.Laplaoe transform of sampled signals and Z-transform

..&.Two— and one-sided Z-transforms

..&.Poles and zeros and region of convergence
..&. Convolution sum and transfer function
..&. Inverse Z-transform

..&.Solution of difference and differential equations



Laplace transform of sampled signals

Laplace transform of a sampled signal

o(t) = Y a(nTy)d(t —nT)
X(s) = Z:B(nTs)[,[é(t —nTy)] = Zm(nTs)e—nsT,
Z[T(nT«;)] = ﬁ[.’lfs(t)“z:e"rﬂ — Zm(nTS)z—n

the Z-transform of the sampled signal




Two-sided and one-sided Z-transform

Two-sided Z-transform z[n], —oc < n < o, is

Xiz) = Z z[n]z~" ROC

n=—oc
One-sided Z-transform of z[n] = 0 for n < 0, or signals that are made causal

by multiplying them with the unit-step signal u[n]:
o0
X1(z) = 2(z[n|u[n]) = Z z[nju[n]z™" ROC
n=0

Two-sided Z-transform in terms of One-sided Z-transform:
X(2) = Z (z[n]u[n]) + Z (z[-n]u[n]) |. — z[0]

ROC of X(z): R=R1NR,
Ri1 ROC (causal) Z (x[n]u[n])
Ra2 ROC (anticausal) Z (x[—n]u[n])]|.

e Z-transform: transformation of sequence {x[n|} into polynomial X(z) so
to each x[ng| we attach 2=

cex[=2) x2[=1]  z[0]  2[1] x[2] .-
cex[=2)22 2[-1])2" 2[0]  z[1)z7! 2[2]272- -

il = Vel - K e X()= Y alklat
’ k




e Two-sided Z-transform in terms of one-sides Z-transform

o0

Z xn]z™" = Z x[njun)z=" + Z x[nju[—n]z=" — 2[0]

Nn=—00 n=0 n=—oo

X(2)

I

= Z(z[nJuln]) + Y _ x[-m]u[m]z™ —z[0]

m=(0)

Z(x[-nJu[n])|-

Example Z-transform of ¢[n] = o/, 0 <a <1

oo
1
C S 1 Z . — -ﬂ —n —
ausa (c[n]u[n]) n;]“ 2 1 —az-1
ROC: |az7!| < 1or|z] > a
> 1
Anti-causal Z(c[-n]uln]). = Z a2t = 1 — az

n=(0

ROC: |az| <1 or|z| < |1/al

Two-sided Z-transform of ¢[n]:

Cz) = 1— rlxz—l 1 —laz —1= 2 j a (2 —zl/rx) - (z ang(i/f)lz/a)
ROC: |a| < |z] < %‘
For a = 0.5 _15s
C(z) = 05z =9 0.5 < |z] <2



Poles and Zeros

Poles of X(z) are complex values {py.} such that
X(pk) = 00
while the zeros of X(z) are complex values {z.} that make

X(Zk) =(

Example Find poles and zeros of

(1) Xi1(z)=14+2z""432"2 44273
(27 =1)(z"1 +2)?

(i) Xa(2) = z=1(272 + 2271 +1)

Express X (z) as function of positive powers of z:

2(1+2271 + 3272 +4273)
s
2422243244 Ny(z2)
z3 ~ Dy(2)

Xi(z) =

poles roots of D;(z) = 2* =0 or z = 0, triple
zeros are the roots of Ny(z) =23 4+ 222 +324+4=0
Expressing X»(z) as function of positive powers of z,

2z =1)(271 +2)?
(271272 4+ V2271 + 1))
(1—2)(1+22)2  Ny(2)

1+v22+22  Da(2)

Xo(2) =

poles of X5(z) are roots of Da(z) =14+ V22 4+22=0
zeros of X5(z) are the roots of Np(2) = (1 —2)(1+22)2 =0
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The ROC of the z-transform of a

1. finite support signal z[n] is the whole 2-plane, excluding the origin z = 0
and/or z = oo (depending on the boundaries of the support)

2. causal signal x[n] is |z| > Ry (outside of a circle of radius Ry), Ry being the
largest radius of the poles of X (z)

3. anti-causal signal z(n| is |z| < Ry (inside of a circle of radius Ry), Ra being
the smallest radius of the poles of X(z),

4. non-causal signal z[n| is Ry < |z| < Ry, or the inside of a torus of inside
radius Ry and outside radius Ry corresponding to the maximum and minimum
radii of the poles of X.(z) and X,(z), Z-transforms of the causal and anticausal
components of z[n].

Example Z-transform of

't:[n] B 1 0<n<9
YT 0 otherwise

last expression is due to a pole/zero cancellation
zeros are the roots of

20 1=0 =2, =210 | =0...9

zero zg = 1, cancels the pole at 1
ROC: whole z-plane except z = 0
8




Example 5. Find ROCs of the Z-transforms of the following signals

@ ool = () ula

@) walal = (3) ul-n-1

x1[n] causal

o0 1 n . 1 >
Xl(z)_z(ﬁ) C T I 0521 205

n=0

provided 0.5z <1 or Ry :|z| > 0.5 outside of circle of radius 0.5

x2[n|] anti-causal

¥ B -1 1 n_n_ oo l—mm B oozmm B 1 - 5
:(D)== ), |3) 7" == (35) FHl=- L Hl= g tl= e

n=—o0o m=I()

ROC: Ry :|z| <0.5

Xi1(2) = Xa(z) although x,[n] # x2[n], ROCs differentiate them
Z-transform of x [n] + z2[n| does not exist given that the intersection of R and
R is empty



Imaginary Part

Imaginary Part
L o
-
hy(n)
.}

él J;
- HOGOROPCPPPRPPEP
g o O - x = l
g = 05 |
£ -1
2 0 2 N '
. Real Part 0 5 10 15 20
§1 ooooToooom
: .. |
VILLLEL L
-2 0 2 -1

-2 0 2 -1
Real Part 0 5 10 15 20
1 x 50 W
5 ¢
-1
= -50
-3 -2 -1 0 1 2 3 0 5 10 15 20
Real Part n

Effect of pole location on the inverse Z-transform: (from top to bottom) if pole is
at z = 1 the signal is u(n), constant for n > 0; if pole is at z = —1 the signal is a
cosine of frequency m continuously changing, constant amplitude; when poles are
complex, if inside the unit circle the signal is a decaying modulated exponential,
and if outside the unit circle the signal is a growing modulated exponential.
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The Z-transform is a linear transformation

Z(axfn] + by[n)) = aZ(xln]) + bZ(yln])

Exponentials —For real a = |ale’™, for wy = 0,7

z[n] = a™uln]

o

X(2)

— 1 —] : ROC |Z| o |O|

1-az? zZ—Q

— when a > 0 then wy = 0 and the signal is less and less damped as a — oo,

and

— when a < 0 then wy = m and the signal is a modulated exponential that
grows as o —» —0oo

Sinusoids
cos(won)u[n| &
sin(won)u[n| o
The Z-transform pair

r™ cos(won + 0)u[n]

~

2(z — cos(wp))
(z — edwo)(z — e—Jwo)

z sin(wg)

ROC :|z| > 1

ROC : |2| > 1

(z — eIwo)(z — e~ Iwo)

z(z cos(0) — rcos(wo — )
(2 — reiwo)(z — re—Jwo)

damping indicated by r and frequency given by wq

Double poles

na[njuln]

dX(z)
dz

~ i
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Convolution Sum and Transfer Function

The output y[n| of a causal LTI system is computed using the convolution sum

yln] = [w* h)[n] = z[klh[n — k] = ) h[k]z[n — k]
k=0

k=0

where x[n| is a causal input and h|n| the impulse response of the system.
Z-transform of y[n] is the product

Y (2) = Z{[x * h)[n)} = Z{e[n]} Z{h[n]} = X (2)H(2)
and the transfer function of the system is thus defined as

Y(z)  Z[ output yn]]
X(z)  Z[ input z[n]]

H(z)=

i.e., H(z) transfers the input X(z) into the output Y (z).

The

Remarks

e Whenever multiplying two polynomials X (z) and X5(z), of finite or infi-
nite order, the coefficients of the resulting polynomial can be obtained by
means of the convolution sum. For instance,

X1(z)=1+a1z7 ' +azz?

Xo(z) =1+ bzt

Y(Z) = X](Z)XQ(Z) =14 (bl + (!-1)2_] + ((l—[b[ + (12)2_2 + (l-2b12_3

Convolution sum of [1 a; a3] and [1 b], from coefficients of X,(z) and
Xo(z),is [1 (ay+b1) (az+byay) asz], also order Y (z)=order X, (z) +order

f Xo(z) -1
of X5(2) "




e FIR filters implemented by convolution sum:

N _ order FIR
N-1

y[n| = Z brz[n — k| x(n] input, y[n| output
k=0

N-1
Impulse resp. h{n| = Z bpdln — k] = hln]=b,, n=0,--- N -1
k=0
N-1
so that y[n| = Z hlk|x[n — k]
k=0

Example Find output of FIR filter

yln] = = (z[n] + z[n — 1] + z[n - 2])

B =

for an input z[n| = u[n] — uln — 4|

n=-1 x[k]

h[-1— k] /

\ ¢ y[-1]=0
ol

-3 -2 -1 0 1 2 3 4 5

il e—n |
\" ] { I [y[2) = [0]A[2) + z[1]A[1] + z[2]A[0] |
k
-3 =2 =1 0 1 2 3 i 5

= / h[5 — k|

/
I yl5] = =[3]h[2]

~ f——o0
——

& |—t—0
| <

-3 -2 -1 0



Convolution sum property:

X(z)=1+z1+4+2"2+4273
1 2
H(z) = 5[1 + 271 4+ 277

Y(2) = X(2)H(z) = %(1 +2:7 14327243273 42271 4 279)
so y[0] = 0.5, y[1] = 1, y[2] = 1.5, y[3] = 1.5, y[4] = 1, and y[5] = 0.5
Example FIR filter with impulse response
hin] = é[n] + é[n — 1] + é[n — 2]

Find filter output y[n| for input z(n| = cos(2mn/3)(u[n| — u[n — 14])

15
1
1
z 0° T 05
x
-0.
TS 5 10 s e 5 10 15




Convolution property approach:

Y(2) =X@)H(Z) =X (1 +27 4272 = X(2) + X(2)27 ' + X(2)272

— — — — 1 — S — — — — — — — -_15
20 Z] 22 Z3 24 270 ZG z? 28 z‘.’)zlozll 12 13 14 15

1 =05 =05 I =05 =05 1 =05 =05 I =05 =05 1 =0.5
1 =05 =05 1 =05 =05 1 =05 =05 1 —=0.5 =05 1 -0.5
I =05 =05 1 =05 =05 I —-05 -=0.5 1 =05 =05 I —0.5

Adding vertically these coefficients we obtain

Y(z) = 140.527 1402724 - 402712 40.52 714 -0.5271° = 140.527 1 4+0.52 71052717

Example First-order IIR system

y[n] = 0.5y[n — 1] + x[n] input z[n], output y[n]

Determine transfer function, impulse and the unit-step responses, if system is
BIBO stable and transient and steady state responses of the system if possible

Y(z) 1
X(z) 1-0.52"1
impulse response h[n] = Z7'[H(z)] = 0.5"u[n]

Transfer function H(z) =

unit-step response x[n] = u[n]

1 -1 2
V() =HE)X() = G050 -2 1051 T 1=z

y[n] = —0.5"u[n] + 2u|n]

15



BIBO stable

Z 0.5" = 1 ! 05 = 2, h[n] absolutely summable, also
n=0 '

1 z N o
H(z) = = pole z = 0.5 inside unit circle

1-05z"1 z-0.5

steady state: n — oo, y[n| =2

transient :  — 0.5"u[n|

Example FIR system

y[n] = %[.L[n,] +zn—1]+zn-2]]  z[n] input y[n] output

Find transfer function, impulse response and determine if system is BIBO stable
or not

Transfer function
2+ 241

1 _ _
H(z)=§[l+zl+z 2] = 3.3

impulse response
hln] = %[6[7&] +6[n — 1]+ é[n - 2]]

h{n] absolutely summable so system is BIBO

16



Non-recursive or FIR Systems. The impulse response h[n| of an FIR or non-
recursive system

y[n] = boz[n] + bhixzn — 1] + - - - + byz[n — M)
has finite length and is given by

h(n] = bpd[n] + byd[n — 1] + - - - + bysd[n — M|
Its transfer function is

Y(z , bozM 4+ by2M-l 4. 4 by
()=bo+b12_l+"'+b,uz_M= L - + Oum

Ez) X(2) M

with all its poles at the origin z = 0 (multiplicity M ) and as such the system is
BIBO stable.
Recursive or IIR Systems. The impulse response h[n| of an IIR or recursive system

N M
y[n] = — Zaky[n — k] + Z bmx[n —m)|
k=1

m=0

has (possible) infinite length and is given by

hln] = Z7'H(2)]=27"

1+ Zi‘vzl akz—k

M —m
z‘m=() bm <

—1 | B(2) . - n—1
Z [A(z)]—gh[f]&[l {

where H(z) is the transfer function of the system. If the poles of H(z) are inside
the unit circle, or A(z) # 0 for |z| > 1, the system is BIBO stable.

17




Interconnection of discrete-time systems

ascade In -lI“] rn ymn rn y|n
Cascad —[’]'H](Z)—"H_;(S)'—}’ = [—]sz(Z)—bH](Z) —f[’] = [—]"H](S)H_)(Z)—I[’] (a)

Hl("’-’)_\
Parallel ki uin Tin y|n
i oy - Mmermels (b)
—— H)(S) —f
Negative . '[H] (,[”] pl[n]

I :
feedback —.O—D H](-‘C,’) _r[n] H

J 1(2) )
F *‘ = TP Eme®Ee [ (c)
Hy(z)

Negative feedback connection:
feed-forward path Y(z) = Hy(z
error functionE(z ) = X(z) Y(z)
feedback path W(z) = Z[w[n]] = H2(2)Y (2)

)E(2)

Y(z) H,(z)
X(z) 14 Hy(2)Hs(2)

18



Initial and Final Value Properties
If X(2) is the Z-transform of a causal signal x[n] then

Initial value:  z[0] = lim X(z)
z—00

Final value: lim z[n] = !iml(z -1)X(2) (1)

n—oo

Example Plant G(z) = 1/(1 — 0.5z7") connected with constant feedback gain
K. Reference signal z[n] = u[n], determine behavior of error signal ¢[n]. Effect
of the feedback on an unstable plant G(z) = 1/(1 — z~1)?

yln]
>

K

Error signal E(z) = X(z) - W(z) = X(z) — KG(2)E(z2)
X(z) 1

X(2)=1/(1-="") = E() = 17 pem = G- A T RGG)

initial value of the error ¢[0] = lim E(z) = since G(oo) =1
Z=—00Q

1+ K
Steady-state or final error

: . (z-1)X(2) 1

1 [n] =1 =
Aim_e[n] = lim S— KG(z) 1+2K
K large, e[0] = e[oo] =0

since G(1) = 2

For unstable plant G(z) = 1/(1 — z71)
el0] = 1/(1+ K), steady-state error e[oc] — 0 since G(1) — oo

19



One-sided Z-transform Inverse

Inspection

X(2)=1+22""432"* = inverse: x[n]=4d[n]+ 20[n — 10] + 38[n — 20]

Long-division

Rational function X(z) = B(z)/A(z), having as ROC the outside of a circle of
radius R (i.e., x[n] is causal):

X(2) =z[0) +z[1)z"  + z[2]z72 + - - -
then the inverse is the sequence {x|0),z[1],z[2],---} or

z[n] = z[0)8[n] + z[1)d[n — 1] + z[2]6[n — 2] + - -

Example Inverse Z-transform of

1

X =15

2| > V2
Let X(z) = z[0] + z[1]z"" + ;1:[2]2“2 .
I=(1+ 22—2)!3:[0] +a[l]z:7 422272+ )

X‘(r::)
1= (z[0] + z[1)z" ' + z[2]z 2 + 23]z + -+ ) + (22[0]2 7% + 2z[1]2 % +--+)

z[0]=1; z[1]=0
z[2] 4+22[0)=0 = z[2]=-2; z[3]+2z[1]=0 = z[3]=0
z[d] +22[2] =0 = z[d] = (-2)*

20



Partial Fraction Expansion

e PFE same as for Laplace

e Given X(z) = N(z)/D(z) must be proper rational (i.e., N(z) of lower
order than D(z)), if not use long division

Example

B 24272
T 1+22 1422

X(2)

Obtain an expansion of X (z) containing a proper rational term

1-22"1
1422714272

Long division X(z) =1+

proper rational
Inverse Z-transform
z[n] = é[n] + 27! [ Lk ]
T 142271422

21



Example Find inverse Z-transform of

14271 B z(z+1)
(14 0.52=1)(1 —=0.52=1) (2 +0.5)(z — 0.5)

X(z) = 12| > 0.5

using negative and positive powers of z expressions

e Negative powers

1+ 271
X@) = AFosma-050
B A B
= 15051 T 1-0551
A = X(2)A+052"Y.-1-_5=-05

B = X(2)(1-05z"Y].-120 =15

z[n] = [-0.5(—0.5)" + 1.5(0.5)" |u[n]

e Positive powers — X (z) not proper, let

X(z) z+1
2 (z+40.5)(z — 0.5)
C D
z+0.5 * z—0.5
X(2)

C = = Z(z405)m05 = 05

D = Xiz)(z —0.5)].c05 = 1.5

—0.5z 1.5z
XG) = st o5
z[n| = [-0.5(=0.5)" 4+ 1.5(0.5)" |u[n]

22




Checks:
z[0)=1= 2121010 X(z)
lim z[n| = lim(z - 1)X(2) =0
n—o0 z—1

Partial Fraction Expansion with MATLAB

2(z+1) (1+271)
X(z = > 0.5
(2) (z—=05)(2+0.5)  (1-052"1)(14+0.521) 12 7
1.5 0.5

1-052-1 140521

% Two methods for inverse Z-transform

h

pl=poly(0.5); p2=poly(-0.5); % generation of terms in denominator
a=conv(pl,p2) 7 denominator coefficients

z1=poly(0); z2=poly(-1); % generation of terms in numerator
b=conv(z1,z2) % numerator coefficients

z=roots(b) % zeros of X(z)

[r,p,k]=residuez(b,a) % partial fraction expansion, poles and gain
zplane(b,a) % plot of poles and zeros

d=[1 zeros(1,99)]; % impulse delta([n]

x=filter(b,a,d); % x[n] computation from filter

n=0:99;
x1=r(1)*p(1) . n+r(2)*p(2)."n; % x[n] computation from residues

a=1 0 =0.25
b=1 1 0
z=0

-1
r = 1.5000

-0.5000
p = 0.5000

-0.5000

23



y &
! o8| |
05 '
= 06 :
ofo o x ‘
2.0
x 04}
-05 .
-1 ; 0.2 |
14 0 ﬁ“ﬂomooooooT
-1 05 0 05 1 0 5 10 15 20
Real Part
Example az=]
X(2)=7———3 |2|>a
(1—-az"1)2
z[n] = na"u[n]
PFE a la MATLAB
X(z)=r—1-+- SR E— ry=—1,1r9 =1
1—az! (1—az"1)2 ' ! e
[ —

not in table of Z-trans

Our method
A Bz!
X =
(2) 1—az1 " (1—-az"1)2
A=ry+rey, B—Aa= —riaor B =ary
x[n] = [(r1 + r2)a"™ + nroa™|u[n] = na™u[n]
24




0.5z71
1—0.52-1 — 0.252-2 + 0.1252-3

X(z) =

% Inverse Z-transform --- multiple poles

h

b=[0 0.5 0 0 ]J; a=[1 -0.5 -0.25 0.125]

[r,p,k]l=residuez(b,a)  partial fraction expansion, poles and gain
zplane(b,a) % plot of poles and zeros

n=0:99; xx=p(1).7n; yy=xx.*n;
x1=(r(1)+r(2)) . *xx+r(2) .*yy+r(3)*p(3) ."n; ) inverse computation

2 0.6
3t 1 o5} o
1-
04
§ osf
- 03
E‘ 0 2 2 = o
L — »
g 02
E -o0s
0.1
) T T
T ? ? 0
-15} op
-2 : ‘ - - - -0.1 B - 1 1
-1 05 0 05 1 0o 2 4 6 8 10
Real Part n

25



Solution of Difference Equations

If z[n| has a one-sided Z-transform X (z), then x[n — N| has the following one-sided
Z-transform

Zlz[n — N)) = 27V X (2) + z[-1)z~ N+ 4 z2[-2]z=N*2 4 ... 4+ z[-N]

Example System represented by second-order difference equation with constant
coefficients

y[n| — ayy[n — 1] — axy[n — 2| = z[n] + byz[n — 1] + byz(n — 2| n=>0
input z[n|, output y[n]
initial conditions y[—1], y[—2]

Z(y[n] — a1y[n — 1] — agy[n — 2|) = Z(z[n| + byxz[n — 1] + baz[n — 2)])
Y(z) —ay(z7Y (2) + y[—1]) — a2(272Y (2) + y[-1]z7' + y[-2]) = X (2)(1 + b1z~ + by27?)
Y(2)(1—a1z7! —a227?) = (y[-1)(a1 + azz™) + asy[-2]) + X(2)(1 + b1z~ ! + baz™?)

solving for Y'(z) we have

X(2)(1+b1z7 ! + byz7?) N y[—1](a1 + azz~1) + azy[—2])
l—ayz27! —ag2—2 l—az7! —agsz—2

N - N -
v

zero-state response zero-input response

Y(z) =

26



Example Complete response of

y[n] + y[n — 1] — dy[n — 2] — dy[n — 3] = 3z[n] n=>0

yl-1]=1
y[-2] =y[-3] =0
x[n] = uln]

Is corresponding discrete-time system BIBO stable? steady state response?

Y(2) 14271 —4272 4273 =3X(2) + [-1 + 427! + 4277
Let A(z)=1+2"1'-422 423 =(1+2"H1+2271H(1 =227

- X(z) —14+4271 44272
Y(Z) = SM + A(Z) |Z| > 2
N — . ~ >

zero-state resp. zero-input resp.

Transfer funct. H(z) = ;;((i)) = A:(sz)

poles z=—1, 2=-2, 2=2 = hln] = Z7'[H(z)] not absolutely summable

System is not BIBO stable

245271 — 4273
(1—2z"H(1 42711 +2271)(1-2271)
05 —1/6 0 8/3

R e S e S By s sy

Y(2) =

yln] = (—0.5 - %(—1)" + 22") uln]

there is no steady-state response.
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Solution of Differential Equations

Example
N d?v.(t)  dve(t)
RLC circuit : e + 0t + ve(t) = ve(t)
ve(t) output, v(t) = u(t), input, ICs =0
Vc(s) - Va(s) - ! !

T 1+s+s2 s(s24+s+1)  s((s+05)2 +3/4)
ve(t) = [A + Be %5 cos(V3/2t + 0)]u(t)

dv.(t) ~ ve(t) — ve(t —T5)

Let i T,
Poo(t) AP d(v(t) = velt — T))/Ts) _ ve(t) — 2v(t — Ty) + ve(t — 2T5)
ez~ dt dt = T?
. . 1 1 2 1 1
difference equation (T_s? + . + 1) ve(nTy) — (JT_;Z + 1—,8) ve((n—1)T%) + (T—sg) ve((n — 2)Ty) = vg(nT

T, =1, 3vc[n| —3vc[n — 1] + v[n — 2| = v4n] n >0, ICs: zero

1

a a1, =2 _
B-32""+2 ]V(,(z)—l_z_1

3

z

Ve?) = oD@z =32 1 1)
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% Solution of differential equation

syms s

vc=ilaplace(1/(s"3+s"2+s)); 7’ exact solution

ezplot(vc, [0,10]) ;grid; hold on % plotting of exact solution
Ts=0.1; 7 sampling period
al=1/Ts"2+1/Ts+1;a2=-2/Ts"2-1/Ts;a3=1/Ts"2; % coefficients
a=[1 a2/al a3/al];b=1;

t=0:Ts:10; N=length(t);

vs=ones(1,N); 7% input

vca=filter(b,a,vs);vca=vca/vca(N); % solution
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Inverse of Two-sided Z-transforms

e Relate poles to causal and anti-causal components

e The region of convergence plays a very important role in making this
determination

e Inverse is found by looking for the causal and the anti-causal partial frac-
tion expansion components in a Z-transform table

Example Inverse Z-transform of

2271
(1—=271)(1—=22"1)2

X(z) = 1<z <2

X(z) zeros z;2 =0, poles z =1, z =2 (double)

associate with pole 2 =1, ROC; =R, : |z| > 1 (causal signal)

. associate with pole z = 2, ROC, = Ry : |z| < 2 (anti-causal signal)
A B Cz!
X -
(2) 1-2-1 * 1—-2z-1 +(1—22—1)gl
———— o — ~

Ri:|z|>1 Ra:|z|<2
1<zl <2=R1NR>

A=X(z)1=2"")|1m =2

1 —22"1)2
C:x(z)(zTH
for 27! =0,X(0)=A4+B=0 = B=-A=-2

z[n] = 2u[n] + [—2("“)'11.[—71 — 1] + 2"y [—n - 1]]
——

z-1=0.5 = ¢

N o
Ve

causal anti-cansal

30



What have we accomplished?

..&.Connection of Laplace and Z-transforms
..&.Signifieance of poles and zeros in z—plane and poles for ROC

..&. Solution of difference and differential equations with initial conditions
..&. Transfer function of recursive and non-recursive filters
Where do we go from here?

..}.Fourier analysis of discrete-time systems

..&. Frequency representation of discrete-time systems

..&. Application of Z-transform to control
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