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Abstract—Numerical integration of second-order Ordinary
Differential Equations (ODEs) is fundamental for accurately
modeling dynamic physical systems, particularly those operating
under transient disturbances and numerical stiffness. However,
existing benchmarks frequently evaluate integrators on generic,
non-stiff equations or rely strictly on execution time without
considering function evaluation overhead and system complexity.
This paper presents a comparative performance evaluation of
three numerical integrators, explicit Euler, fourth-order Runge-
Kutta (RK4), and the implicit Trapezoidal method, applied to
synchronous machine swing equations across three dynamic
scenarios with increasing state-vector dimensions (from two to
six state variables). Implemented in MATLAB and benchmarked
against across extensive runs, the solvers were evaluated on
execution time, function evaluations, absolute error, and global
mean error. Results show that while Euler diverges under high
complexity and RK4 suffers from excessive evaluation overhead,
the implicit Trapezoidal scheme achieves the optimal balance.
It provides superior numerical stability, minimal execution la-
tency, and bounded error growth, establishing it as the most
viable solution for real-time control and fault-sensitive industrial
monitoring applications.

Index Terms—Computational Efficiency, Second-Order ODEs,
Stiff Dynamic Systems, Transient Stability, Numerical Integration

I. INTRODUCTION

Computational modeling of physical phenomena plays a
fundamental role in scientific research and technological de-
velopment. These phenomena are commonly described by
Ordinary Differential Equations (ODEs) and solved using
numerical methods [1], [2]. Among them, first- and second-
order ODEs are widely used to model dynamic systems with
high accuracy and predictive capability [3]. While Artificial
Intelligence (AI) is widely used for system modeling, its
reliability is often limited by incomplete training data, and its
computational overhead introduces significant latency. Even
with recent advances in Physics-Informed Neural Networks
(PINNs) [4], [5], mathematical inefficiencies and latency per-
sist in continuous simulations of highly stiff systems. Thus,
this computational burden may make AI solutions prohibitive
in environments with strict real-time requirements, such as
machine synchronization in factory automation or in highly
interconnected electrical systems.

Numerical methods with high stability and low computa-
tional cost are essential for systems requiring instantaneous
responses and ultra-fast and predictable controls [6]. Select-
ing a method compatible with the system dynamics ensures
convergence and accurate real-time simulation while satisfy-
ing application-specific requirements and error tolerances [7].
Conversely, inaccurate or computationally expensive methods
may introduce delays and numerical errors that compromise
synchronization, large-scale system stability or even lead to
the complete collapse of automated control system. These
issues are especially critical in safety-critical real-time control
systems and highly coupled dynamic systems, such as those
found in aerospace, flight control, robotics, networked control,
and industrial automation. In such applications, numerical in-
accuracies can lead to trajectory deviations, control failures, or
even catastrophic accidents. Therefore, evaluating the stability
and computational efficiency of numerical methods is essential
to ensure reliable and safe system operation.

The application of numerical integration methods to Or-
dinary Differential Equations (ODEs) has been extensively
studied [8]. However, many studies validate new models using
generic ODEs with known exact solutions, overlooking stress
factors that impact complex physical systems. Comparative
efficiency analyses are limited to superficial execution-time
measurements on generic nonlinear equations [9] [10], ignor-
ing the effects of real-world numerical stiffness on perfor-
mance. Moreover, some works compare software environments
without reporting hardware specifications or considering the
error tolerances required to ensure system stability [11].

To address these gaps, this paper presents a systematic
evaluation of numerical integrators for solving second-order
ODEs that describe stiff physical systems. The methods are
benchmarked across three systems with different levels of
complexity and stiffness, assessing reliability, accuracy, and
performance under computational stress. Results show that
Euler diverges from the analytical solution over long sim-
ulations due to truncation error accumulation. Although the
fourth-order Runge-Kutta (RK4) provides high accuracy, its
computational cost is increased by four function evaluations
per iteration. In contrast, the implicit Trapezoidal achieves



the best trade-off between accuracy and efficiency while
maintaining numerical stability for stiff systems.

The remainder of this paper is organized as follows: Section
II reviews related work and its contributions. Section III details
the proposed simulation algorithm and evaluation metrics.
Section IV analyzes the experimental results and their physical
implications. Finally, Section V concludes the paper and
outlines future research directions.

II. RELATED WORK

Analyzing physical systems through second-order Ordi-
nary Differential Equations (ODEs) is essential for effective
planning and control. However, systems with widely varying
time scales often exhibit numerical stiffness, demanding high
computational cost and execution time of numerical integration
to accurately reflect these phenomena and motivating extensive
performance evaluation studies [9], [11], [12]. To address this
trade-off, recent studies have proposed optimized integration
methods. For instance, [13] introduced an adaptive spec-
tral method for linear oscillatory ODEs using a Chebyshev-
approximated correction step to reduce residual proportion-
ally to the local frequency, while [14] proposed a four-step
trigonometric method for stiff equations, which interpolates
basis functions at key points, to improve stability, accuracy,
and convergence with lower computational cost.

In addition to the algorithm design, the literature broadly
addresses the classical integrators under two aspects: rigorous
theoretical foundations and comparative benchmarks. Regard-
ing the former, [15] investigated the convergence properties of
deterministic probability-flow samplers, establishing bounds
on distribution variance. From a mechanical stability per-
spective, [16] applied the Picard–Lindelöf and Banach fixed-
point theorems to assess system sensitivity to initial conditions
and external forces. In the second perspective, many studies
emphasize computational cost-efficiency. For instance, [9] and
[10] compared traditional methods, such as Euler and fourth-
order Runge-Kutta (RK4), with adaptive solvers (e.g., MAT-
LAB’s ode45) for nonlinear initial value problems, demon-
strating how error and CPU consumption scale over time. Ex-
tending these benchmarks across computational environments
(MATLAB vs. Python), [11] correlated convergence rates
with runtime efficiency. For higher-complexity applications,
[12] underscored the critical choice of numerical scheme by
evaluating six integrators on gravitational perturbations, using
the number of function evaluations required for convergence
as the primary performance metric.

Despite these contributions and advantages, applying nu-
merical integration methods to second-order ODEs in stiff
physical systems still requires deeper investigation, leaving
critical gaps in the literature. First, even when proposing
novel solvers, studies including [13] and [14] validate their
approaches on generic ODEs with known exact solutions,
ignoring the dynamic complexities of real-world physical
systems. Second, comparative benchmarks of established in-
tegrators [9], [10] also rely on generic nonlinear equations,
evaluating performance almost exclusively through execution

time. This yields a superficial assessment, as efficiency ob-
served in controlled settings may degrade when exposed to
the severe numerical stiffness of real physical systems. Finally,
current benchmarks lack rigorous control parameters: cross-
software comparisons (e.g., Python vs. MATLAB), such as
[11], frequently omit hardware specifications and continuous
computational stress parameters.

III. SYSTEM MODEL

To evaluate the accuracy and computational efficiency of nu-
merical integrators, a comprehensive evaluation environment
was designed, where each solver was initially implemented
independently and validated separately to ensure accurate
system function evaluations. By using the proposed frame-
work, we analyzed three numerical integrators: Euler, fourth-
order Runge-Kutta (RK4), and Trapezoidal. To assess the
schemes robustness and how system complexity impacts on
solver performance, the governing ODEs were derived from
three physical systems, categorized by their complexity level
(Case 1, Case 2, and Case 3). The following sections detail
the problem formulation (Section III-A), evaluation pipeline
(Section III-B), and adopted performance metrics.

A. System Modeling and Dynamics

The systems investigated in this study consist of inter-
connected synchronous generators designed for continuous
power generation, though subject to sudden interruptions from
faults or disturbances, exhibit physical complexity and in-
herent numerical stiffness as the number of machines and
their interconnections increases. Their dynamics are governed
by the synchronous machine swing equation, given in Eq.
(1), which is reformulated into a state-space representation to
obtain an equivalent system of first-order ordinary differential
equations, as shown in Eq. (2), where ωs, ωi, Hi, Pmi, Pei,
and Di denote, respectively, the system synchronous speed,
the rotor speed, the inertia constant, the mechanical power, the
electrical power, and the damping factor of i−th machine. The
resulting state vector, comprising the rotor angle and angular
velocity [angle, angular velocity]T , contains the minimum
information required to fully describe the system state at
any given time. This state-space formulation directly supports
Industry 4.0 applications, providing the essential data layer
required by digital twins for high-frequency edge computing.

{
d2δi
dt2

=
ωs

2Hi
[Pmi − Pei(t)−Di(ωi(t)− ωs)] (1)

dδi
dt

= ωi(t)− ωs

dωi

dt
=

ωs

2Hi
[Pmi − Pei(t)−Di(ωi(t)− ωs)]

(2)

The complexity of the analyzed systems increases pro-
gressively across the test cases, with the dimension of the
state vector growing from two variables in the single-machine
Case 1, to four variables in the two-machine infinite bus
system of Case 2, up to six variables in the three-machine,



nine-bus configuration of Case 3. In terms of computational
implementation, the system equation is formulated adopting a
vector state-space representation, as defined in Eq. (3).

ẏ =
d

dt

[
δi
ωi

]
=

[
ωi

ωs

2Hi
· (Pmi − Pei · sin(δi)−Di · ωi)

]
(3)

Simulations follow a sequence that mirrors the occurrence
of real-world system events. To achieve this, the model is
divided into two operational stages: a function governing
the disturbance period and another for the post-fault period.
Fault clearance occurs when the fault duration elapses, after
which the post-fault function dictates the continuous dynamic
behavior of the system. During initialization, the starting state
vector is applied to the fault equation.

B. Evaluation Pipeline

The system architecture relies on an orchestrator (illustrated
in Fig. 1), which manages executions by calling each integra-
tion algorithm as an external function. The evaluation pipeline
employs a vectorized implementation, handling system state
variables as matrices and updating them in block operations
per iteration. Its operational workflow is illustrated in Fig.
2. Upon initialization, the system parameters are setting,
including step size (h), time switch for the post-fault period,
and the total simulation time. During the system solution and
dynamics calculation phases, the implementations compute
derivatives and generate a predictor step, applying a corrector
step where applicable. Operating within iterative loops, the
algorithm advances in increments of step size h until the
fault period concludes at t = Tswitch, then transitions to
the post-fault formulation and continues iterating until the
total simulation time is reached. For implicit solvers utilizing
predictor-corrector schemes, each step evaluates the system
until the convergence criterion is met, ultimately checking
whether state variables have stabilized or the total simulation
time has expired.
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Fig. 1. Solution Architecture Framework

Regarding the orchestrator introduced above, it manages
manages executions by calling each integration algorithm as
an external function to conduct scalable evaluations. This or-
chestrator defines the sequence and iteration frequency across
a suite of algorithms, each evaluating a specific level of
system complexity over a designated duration and number of
runs. Upon completing the routine orchestration, the script
automatically generates solution plots and populates result
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Fig. 2. System Solver Flowchart

tables with computational effort and performance metrics in a
results summary.

C. Performance Metrics

The performance analysis of numerical integration meth-
ods applied to stiff systems, relies on the trade-off between
solution accuracy and computational cost. In this work, the
local precision of each method is evaluated using the Absolute
Error, defined as the absolute difference between the numerical
solution delivered by the algorithm and the reference solution
(provided by ode45 in MATLAB) at the final point of
each interval. Because a method may reach the final point
despite experiencing trajectory deviations along the solution
curve, the Global Mean Error is also analyzed to reflect the
overall stability of the method throughout the evaluation. It
is calculated as the arithmetic mean of absolute deviations
collected across all integration steps. Regarding execution
performance two metrics are considered, Computational Time
and Computational Effort. The former represents the total CPU
processing time (in milliseconds) required to complete the
evaluation pipeline. However, as runtime can be influenced
by hardware specifications and software versions, the compu-
tational effort is adopted alongside execution time to assess
the final performance. Computational effort is quantified by
the total number of derivative function evaluations f(t, y)
performed during the simulation. Although this study adopts
the previous presented metrics, our evaluation framework is
easily extensible to encoumpass new ones.

IV. RESULTS AND DISCUSSION

The proposed framework is implemented MATLAB and the
methods are benchmarked against MATLAB’s native solver,



ode45, configured with an absolute tolerance of 10−6 to serve
as a high-precision baseline. The evaluations were structured
around four primary metrics (see III-C): execution time and
number of function evaluations to quantify computational
effort and absolute error and global mean error to measure
numerical accuracy and convergence stability.

Across all test scenarios, the system equations were eval-
uated according to power system stability criteria, which
dictates the continuous operational integrity of synchronous
machines over time. The algorithms solve the swing equations
to model both the application and clearance of a disturbance.
This clearing must occur within the Critical Time, which
represents the physical limit the system can tolerate before
losing synchronism and collapsing. Therefore, the adopted
switching times are set below this limit to promote stability,
allowing the system to return to a stable operating point or
a new equilibrium state. The simulation time parameters are
summarized in Table I, which follow studies as [17] [18] [19].
The metrics are apresented in terms of average results obtained
considering more than 1,000 independent runs, executed both
locally and remotely via the MATLAB web platform.1

TABLE I
TIMES PRAMETERS

Case Critical
Time

Switching Time
(Tswitch)

Simulated
Time

States

1 0.432 s 0.3 s 1 s 2
2 0.225 s 0.2 s 1 s 4
3 0.132 s 0.083 s 2 s 6

A. Computational Effort Analysis

This section examines the impact of system complexity on
the execution time of the three methods. Figure 3a illustrates
that higher system complexity increases processing time when
transitioning from Case 1 to Case 2. For the first case, which
involves only two state variables, the Euler and Trapezoidal
implementations yield execution times near 10−2 s with a step
size of h = 0.01. Decreasing the step size to h = 0.001
increases these times to 0.1025 s and 0.1333 s, respectively.
As expected, the fourth-order Runge-Kutta (RK4) code is the
most computationally demanding, registering 0.0664 s for the
larger step size and 0.7135 s for the smaller step size in
Case 1. Although all solvers operate within similar orders of
magnitude, their evaluation counts differ significantly: RK4
requires nearly 7 times more function evaluations than Euler
code for the smaller step size and almost 3 times more for the
larger step size in Case 1. Similar discrepancies are observed
in the Case 2.

When solving a system expanded to four state variables
(Case 2), the Trapezoidal code proves to be eight times
faster than RK4 and 245% faster than Euler code. Interest-
ingly, despite its architectural advantage in execution speed,
the Trapezoidal code performs twice as many evaluations

1https://matlab.mathworks.com/

as Euler code in Case 2. This highlights the trade-off be-
tween theoretical convergence effort and actual processing
cost across different complexity levels. In terms of algorithmic
overhead, Figure 3b reveals that while the Trapezoidal code
achieves the shortest runtime, it demands more evaluations
than Euler code. Generally, transitioning from Case 1 to
Case 2 causes all solvers to increase their evaluation counts
almost proportionally to the increase in state variables. This
behavior underscores the efficiency of these solvers during
integration, ensuring computational predictability and prompt
responsiveness during system fault conditions.

Contrary to expectations, the solvers exhibit tighter con-
trol over function evaluations in Case 3. From a computa-
tional standpoint, an increase in vector dimensionality would
typically suggest higher computational effort and a greater
number of evaluations. However, while the per-step algebraic
complexity rises, the overall computational burden decreases.
Physically, the multi-machine system exhibits a higher equiv-
alent inertia H , which constrains abrupt variations and leads
to smaller angular oscillations ∆δ. These reduced oscillations
damp the system dynamics, thereby mitigating numerical
stiffness and decreasing the required function evaluations by
optimizing the performance of the numerical methods [19].
For instance, using the same step size, the Trapezoidal code
requires only 61.2% of the evaluations needed in Case 2
and 76.55% of those in Case 1. This optimization effect
stems from the system’s structural arrangement, specifically
the coupling of machine angles and angular velocities, and
how the algorithms handle variable correlations during itera-
tion. Despite expanding to a six-component state vector, the
methods no longer contend with severe numerical oscillations
previously caused by weak component interdependence; the
smoother trajectories facilitate rapid convergence. The Euler
implementation, for example, requires only 60% of its Case 1
evaluations to reach a solution. This self-regulating capability
is particularly valuable in systems modeled by second-order
ODEs, where the complex interactions among state variables
can uniquely influence system dynamics during both fault and
steady-state conditions.

B. Accuracy Analysis: Absolute and Mean Errors

This section investigates the influence of varying mathe-
matical complexity levels on the attained numerical accuracy.
Fig. 4a shows the limitations of Euler implementation become
evident when transitioning from Case 1 to Case 2, where
the state variables display greater independence and signif-
icantly different oscillation patterns. Conversely, the fourth-
order Runge-Kutta (RK4) implementation shows the lowest
sensitivity to system expansion, maintaining superior stability
in absolute error. For instance, in Case 3, RK4 remained stable
with errors on the order of 10−6 for a step size of h = 0.001,
two orders of magnitude smaller than those of the Trapezoidal
implementation under the same conditions.

Figure 4b also displays the mean error, illustrating the
global stability of each method. The RK4 code once again
yields the lowest mean error among the three, particularly in
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Fig. 3. Comparative analysis of computational effort for numerical integration
methods under different levels of system complexity (h = 0.001).

Case 3, where it reaches 2.3860 × 10−7 for Machine 1. At
this complexity level, the method converges smoothly without
numerical oscillations, effectively minimizing residual errors.
In contrast, Euler code exhibits the highest error accumulation
over time, even at the smallest step size, reaching 2.4980 ×
104 for Machine 1 in Case 2. When complexity exceeds
the method’s stabilization capability, errors lose uniformity
and begin to fluctuate. This stands in stark contrast to the
Trapezoidal code, which remained stable with a maximum
error of 4.7576 × 101 for Machine 1 in Case 2. While the
RK4 ensures superior stability by mitigating mean residual
errors and eliminating peak absolute errors, its high accu-
racy sharply contrasts with Euler. The rapid accumulation of
numerical divergence in Euler renders it unviable for fault-
sensitive systems—in control loops or aerospace applications,
such continuous fluctuations can induce phase-shifted torques,
destructive oscillations, and structural failures. Conversely, the
Trapezoidal consistently keeps both absolute and mean errors
bounded, ensuring high predictability and stability.

C. Efficiency vs. Accuracy Trade-Off

Combining efficiency and accuracy evaluation, Fig. 5a
indicates that pursuing the lowest absolute error inevitably
requires longer execution times and a higher number of
function evaluations. This trade-off is particularly clear in the
fourth-order Runge-Kutta (RK4) code, where achieving errors
on the order of 10−6 requires up to four times more evaluations
than the simplest method. In Case 3, where the ODE features
greater complexity among state variables, RK4’s robust con-
vergence rate highlights the method’s capability to effectively
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Fig. 4. Performance analysis of numerical accuracy and convergence stability
(h = 0.001).

manage strong system coupling. This analysis underscores the
importance of balancing solver selection according to system
constraints. RK4 demonstrates superior solution stability by
mitigating mean errors and eliminating peaks in absolute
error. Despite its numerical accuracy, RK4 incurs higher
computational overhead and latency, making it less suitable for
time-critical power systems where temporal synchronization
demands millisecond-level responses for protection schemes.

Conversely, Euler code exhibits acceptable execution times,
but its rapid error accumulation precludes its application in
fault-sensitive systems. Within a feedback loop, this accu-
mulated error can cause actuators or motors to deliver out-
of-phase torque, leading to severe mechanical damage. Simi-
larly, in aerospace applications, such drift could induce Pilot-
Induced Oscillations (PIO), leading to structural failure.

On the other hand, the Trapezoidal code provides the
optimal trade-off between computational cost and accuracy for
control applications, as can be seen in Figure 5b, by delivering
high predictability with low processing overhead. Its reduced
execution time and lower evaluation count confirm that it
satisfies real-time requirements without introducing response
delays. Furthermore, its consistently minimized mean and
absolute errors guarantee the stability of closed-loop dynamic
systems.

V. CONCLUSIONS AND FUTURE DIRECTIONS

This work presented a comparative evaluation of numerical
integrators applied to solving dynamic systems modeled by
second-order ordinary differential equations (ODEs), mapping
solution behavior in terms of computational effort and stability
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Fig. 5. Trade-off between computational efficiency and numerical accuracy.

as system complexity and stiffness increase. The findings
confirm that the pursuit of maximum accuracy using the
fourth-order Runge-Kutta (RK4) implementation encounters
a severe execution bottleneck due to requiring four function
evaluations per iteration, thereby limiting its feasibility under
high computational load. Conversely, the initial low cost of
the explicit Euler implementation leads to numerical instabil-
ity and divergence, underscoring the inherent limitations of
first-order algorithms in suppressing error propagation within
coupled oscillatory systems.

Given the limitations of these extremes, the Trapezoidal im-
plementation proved to be the most computationally efficient
solution. As an implicit scheme, it guaranteed the numeri-
cal stability required to handle stiff systems while keeping
errors strictly bounded. Despite introducing additional over-
head within its iterative convergence loop, the code achieved
minimal execution times and maintained high fidelity to the
analytical solution across the most complex scenarios. Con-
sequently, for monitoring and control applications in dynamic
systems, the Trapezoidal excels by delivering high-response
fidelity with low computational demand.

In summary, this study demonstrates that selecting an ap-
propriate numerical integrator extends beyond the isolated
pursuit of mathematical precision. For real-world physical
simulations, balancing reliability, stability, and performance,
as provided by the Trapezoidal solver, is the key to ensuring
not only model robustness under stress, but also resource effi-

ciency and computational reliability for practical deployment.
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