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Abstract In artificial neural networks (ANNs), the acti-

vation function most used in practice are the logistic sig-

moid function and the hyperbolic tangent function. The

activation functions used in ANNs have been said to play

an important role in the convergence of the learning

algorithms. In this paper, we evaluate the use of different

activation functions and suggest the use of three new

simple functions, complementary log-log, probit and log-

log, as activation functions in order to improve the per-

formance of neural networks. Financial time series were

used to evaluate the performance of ANNs models using

these new activation functions and to compare their per-

formance with some activation functions existing in the

literature. This evaluation is performed through two

learning algorithms: conjugate gradient backpropagation

with Fletcher–Reeves updates and Levenberg–Marquardt.

Keywords Neural networks � Activation functions �
Complementary log-log � Probit � Log-log �
CGF algorithm � LM algorithm

1 Introduction

Several modeling techniques have been developed in order

to provide a more adequate understanding of complex and

nonlinear systems, for example, the evolution of stock

prices in financial markets. The behavior of such systems is

influenced by factors that can affect the development of the

system over time. For example, the stock price movement

may adjust very quickly to new information when they

become public, making it difficult to forecast this stock

market movement. Hence, the use of techniques such as

artificial neural networks (ANNs) can be a useful alterna-

tive in the modeling of these systems.

Approaching the problems of forecasting time series, for

several decades, many authors have used different statis-

tical methods such as autoregressive (AR) models, moving

averages (MA) models, linear or nonlinear regression

exponential smoothing models for modeling and forecast-

ing. Box and Jenkins [1] developed the autoregressive

integrated moving average (ARIMA) model to predict time

series. The ARIMA model is used, basically, for non-

stationary series, when linearity between variables is

valid. However, there are many series in which supposing

linearity is not valid. Clearly, the ARIMA models do not

produce effective results when used for capturing and

explaining nonlinear relations, causing forecasts errors to

increase. To improve forecasting time series with nonlinear

characteristics, several researchers developed alternative

methods that model such approximations, for example,

autoregressive heteroscedastic models (ARCH) [2].

Although these methods have shown some improvements

over linear methods, they tend to be specific for certain

applications.

ANNs nonlinear models are part of an important

class which has attracted considerable attention in many
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applications. The use of ANNs in many applied works is in

general motivated by empirical results, showing that, under

conditions of regularity, simpler models of ANNs are able

to approximate any measurable function to any decision

degree; some examples may be seen in Cybenko [3],

White [4] or Gallant and White [5]. The central topic in

ANNs related literature, considered in many publications,

revolves around the specification of such model, i.e., to

find good network architecture, the best combination of

parameters and input variables.

ANNs have been widely used in studies of complex time

series forecasting, such as weather, energy consumption,

financial series, among others. There is a long history of

research on modeling financial series, and the traditional

analysis of time series is among the most used. Time series

in finance and economics have the following features:

1. Data intensity

2. Unstructured nature

3. High degree of uncertainty

4. Hidden relationships

Some studies show that financial markets have nonlinear

characteristics [6, 7]. Regarding the stock market, statisti-

cal methods were an alternative for beginning to under-

stand and predict developments in the market. However,

patterns of ANNs have become increasingly attractive in

the study of financial time series (as well as other nonlinear

systems) due to the fact that these models can keep up with

continuous and sudden changes in these systems, which

cannot be described by well-developed statistical methods

[6]. Therefore, the neural networks models have been used

to predict stock market prices because they are able to learn

nonlinear mappings between inputs and outputs.

In general, the performance of neural networks depends

on various factors such as the number of hidden layers, the

number of hidden nodes, the learning algorithm and the

activation function of each node. However, the main

emphasis in neural network research is on learning algo-

rithms and architectures, neglecting the importance of

activation functions. On the other hand, the choice of

activation functions may strongly influence complexity and

performance of neural networks and have been said to play

an important role in the convergence of the learning

algorithms [8, 9, 10, 11].

Some types of activation functions have been proposed.

Pao [12] used a combination of various functions, such as

polynomial, periodic, sigmoidal and Gaussian functions.

Hartman et al. [13] proposed Gaussians bars activation

functions. Hornik [14, 15] and Leshno et al. [16] used non-

polynomial activation functions. Leung and Haykin [17]

used rational transfer functions with very good results.

Giraud et al. [18] used Lorentzian transfer functions. Singh

and Chandra [11] proposed a new class of sigmoidal

functions and proved that they satisfy the requirements of

the universal approximation theorem. Skoundrianos and

Tzafestas [19] proposed a new sigmoidal activation func-

tion with good results for modeling of dynamic, discrete

time systems. Ma and Khorasani [20] used Hermite Poly-

nomial with very satisfactory results. Wen and Ma [21]

proposed a Max-Piecewise-Linear (MPWL) Neural Net-

work for function approximation. Efe [22] introduced two

new activation functions labeled sincos and sinc.

Gomes and Ludermir [23] used complementary log-log and

probit functions to show that when the data follow a

binomial distribution with characteristics of complemen-

tary log-log and probit functions using the logistic sigmoid

function in the neural networks models is inadequate.

None of the studies mentioned earlier make any kind of

comparison based on financial market time series. Some of

these studies only show the theoretical aspect of the

function and others make comparisons with sigmoid

logistic and hyperbolic tangent functions only. This paper

considers twelve activation functions and networks that

contain seven different amounts of hidden nodes. Besides

that, it considers two learning algorithms and evaluates the

performance of all the possible combination of these

components in the prediction of twelve financial time series

with very unusual behavior. Under these conditions, this

study gives us an idea of the situations in which each

activation function is more adequate. The main contribu-

tions of this paper are the following:

• the implementation of new activation functions: com-

plementary log-log, probit and log-log,

• comparison of the performance of the models with the

new functions and also with other functions available in

the literature using financial market data sets,

• evaluation of the performance of the models with these

functions through two learning algorithms,

• demonstration that the models with the new functions

can have good performance with few hidden nodes, and

• demonstration that the models with the available

functions, such as sigmoid and hyperbolic tangent can

perform well too, but they require many hidden nodes

to do so.

Financial time series were chosen to evaluate the per-

formance of twelve activation functions, including the

functions proposed, for not having well-defined behavior—

it sometimes presents a positive trend and other times a

negative trend—characteristic of financial market. In the

experiments, we used two learning algorithms: conjugate

gradient backpropagation with Fletcher–Reeves updates

(CGF) and Levenberg–Marquardt (LM). The CGF is a

network training function that updates weights and bias

values according to the Fletcher–Reeves conjugate gradient

algorithm. It has the smallest storage requirements among
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the conjugate gradient algorithms. See [24] or [25] for

a discussion of the Fletcher–Reeves conjugate gradient

algorithm. The LM algorithm was designed to approach

second-order training speed without using a Hessian matrix

[26]. The original description of the Levenberg–Marquardt

algorithm is given in [27].

The paper is organized as follows: in Sect. 2, we present

the new functions to be used as activation functions in

neural networks, and we describe all activation functions

considered in this work. In Sect. 3, we present the exper-

imental results. We conclude in Sect. 4.

2 Activation functions

ANNs have been successfully applied in a variety of

problems, such as classification, clustering, optimization,

time series forecasting, etc. ANNs are capable of ade-

quately modeling a variety of problems due to their ability

to approximate a variety of nonlinear mappings, tackle

massive parallel processing of information as well as their

ability to learn from and adapt to their environment.

We use multilayer perceptron (MLP) networks with the

typical network connectivity with p input nodes, q hidden

nodes and a single output. The hidden-layer nodes (first-

layer synaptic weights) are represented as shown in Fig. 1a,

while the output-layer nodes (second-layer synaptic

weights) are represented as shown in Fig. 1b. The calcu-

lations made for the hidden layer of are given by

yiðtÞ ¼ /iðuiðtÞÞ ¼ /i

Xp

j¼0

wijðtÞxjðtÞ
 !

¼ /iðw>i ðtÞxðtÞÞ;

i ¼ 1; . . .; q;

ð1Þ

where wi is the weight vector associated with the node i,

xðtÞ is the attribute vector, /i is the activation function and

t represents the iteration where xðtÞ is presented.

In the output layer, the calculation of nodes is expressed

by

okðtÞ ¼ /kðukðtÞÞ ¼ /k

Xq

i¼0

mkiðtÞyiðtÞ
 !

¼ /ðm>k ðtÞyðtÞÞ;

k ¼ 1; . . .;M

where mi is the weight vector associated with the node k

and M indicates the number of output nodes. The activation

function /k in the output layer ok assumes the linear form.

A single hidden layer is sufficient for a MLP to uniformly

approximate any continuous function with support in a unit

hypercube [28] and [3]; based on this fact, we use in this

study only one hidden layer.

A neural network can be characterized by three main

aspects: (1) the pattern of connections between units

(architecture), (2) the method of determining the weights of

the connections (training or learning algorithm) and (3) its

activation function. The main emphasis in research on

neural networks is the learning algorithms and architec-

tures, neglecting the importance of the activation functions

[9, 11], since the structure of neural networks with sigmoid

or hyperbolic tangent type neuronal nonlinearity is proba-

bly the most frequently used connectionist architecture

in many applications. However, in practice, there is a need

to use simple models, for it is not always feasible to use

complex models for optimization of architecture or of

learning algorithms, despite its importance. Flexibility

of contours of activation functions used for estimation of

decision borders is strongly correlated with the number of

functions (and thus with the number of adaptive parameters

available for training) necessary to model complex shapes

of decision borders [9]. The implementation of new acti-

vation functions in learning algorithms is a simple task, just

replace one activation function (and its corresponding

derivative) commonly used in the literature by any of the

new activation functions proposed here. Because of this

simplicity and the important role that the activation func-

tion represents, we consider it relevant to evaluate and

compare the performance of MLP neural network with

different activation functions.

Table 1 displays a list of activation functions that we

used in this study. In the first column, we give the label

associated with each activation function. In the second

column, we have the activation function and in the last

column we have the first derivative of each activation

function. Briefly, on the first line we have the logistic

sigmoid function called logsig. The second line

describes the hyperbolic tangent labeled as tanh, and on

the third line we have the first function proposed in this

study, which is the function complementary log-log labeled

cloglog. On the fourth line, we have a modified function

of cloglog, which we call cloglogm. In the fifth line,

we have the second proposed function, which is the probit

function labeled as probit, and in the sixth line we haveFig. 1 a Nodes in the hidden layer and b Nodes in the output layer
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the third proposed function that is the log-log function is

labeled as loglog, these new functions proposals will be

better defined in Section 2.1. In the seventh row in Table 1,

we have the hyperbolic secant function labeled sech. On

the eighth and tenth lines, we have functions labeled the

sinc and sincos proposed by Efe [22], whereas on

the ninth line we have the function inspired by wavelets

proposed by Hara and Nakayamma [29] labeled wave. On

the 11th line, we have a sigmoid function with roots shown

by Duch and Jankowski [9], which we call rootsig, and

on the last line we have the modified logistic sigmoid

function proposed by Singh and Chandra [11] labeled

logsigm.

2.1 New activation functions

The aim of our work is to implement sigmoid functions

commonly used in binomial regression models in the pro-

cessing units of neural networks and evaluate the perfor-

mance of neural network models. The binomial regression

models is a special case of generalized linear models

(GLM) [30, 31]. The general structure of a GLM is formed

by a random component, a systematic component and a

monotonic differentiable function, known as link function

g(�), which relates the random and systematic components.

The link functions commonly used in a binomial model are

given below

g ¼ gðsÞ ¼ logð� logð1� sÞÞ; ð2Þ

g ¼ gðsÞ ¼ U�1ðsÞ and ð3Þ
g ¼ gðsÞ ¼ � logð� logðsÞÞ: ð4Þ

representing the complementary log-log, probit and log-log

link functions, respectively. U(�) denotes the cumulative

probability function for the normal distribution. Bliss [32]

introduced modeling proportion data using a binomial

model with the probit link function. On the other hand,

the complementary log-log link function is recommended

by Collett when the distribution of proportions is very

asymmetric [33]. Logistic and probit link functions are

appropriate if the distribution is symmetric [34]. In binomial

regression, the response variable of interest is always a

probability. Thus, the use of cumulative distribution functions

for generating new links and, consequently, new models can

be a viable alternative. The proposed functions are the inverse

link functions given by

s ¼ f ðgÞ ¼ 1� expð� expðgÞÞ; ð5Þ

s ¼ f ðgÞ ¼ UðgÞ ¼ 1ffiffiffiffiffiffi
2p
p

Zg

�1

e�g2=2dg and ð6Þ

s ¼ f ðgÞ ¼ expð� expð�gÞÞ: ð7Þ

representing, equivalently, the complementary log-log,

probit and log-log activation functions, respectively.

Figure 2 compares the shape of the inverse logistic, com-

plementary log-log, probit and log-log link functions. The

four functions are almost linearly related over the interval

0.1 B f(g) B 0.9. The complementary log-log function is

very similar to the logistic, for small values of f(g) and the

log-log function is very similar to the logistic, for large

values of f(g). As f(g) approaches 1, the complementary

log-log function approaches infinity much more slowly

than either the logistic or the probit function [35], the

opposite occur with the log-log function.

The universal approximation theorem (UAT) gives a

mathematical justification for the approximation of an

arbitrary continuous function opposed to its exact repre-

sentation [36]. Our next step is to show how these new

functions satisfy the TAU.

Table 1 Activation functions

and their derivatives
Label Activation function Corresponding derivative function

logsig /iðuiðtÞÞ ¼ 1
1þexpð�uiðtÞÞ /0i(ui(t)) = /i(ui(t))� (1 - /i(ui(t)))

tanh /iðuiðtÞÞ ¼ 2
1þexpð�2�uiðtÞÞ � 1 /0iðuiðtÞÞ ¼ 1� ð/iðuiðtÞÞ2

cloglog /iðuiðtÞÞ ¼ 1� expð� expðuiðtÞÞÞ /0iðuiðtÞÞ ¼ expðuiðtÞÞ � ð1� /iðuiðtÞÞÞ
cloglogm /iðuiðtÞÞ ¼ 1� 2 � expð�0:7 � expðuiðtÞÞÞ /0iðuiðtÞÞ ¼ 1:4 � expðuiðtÞÞ � expð�0:7 � expðuiðtÞÞÞ
probit /i(ui(t)) = U(ui(t)) /0iðuiðtÞÞ ¼ 1ffiffiffiffi

2p
p expð�uiðtÞ2=2Þ

loglog /iðuiðtÞÞ ¼ expð� expð�uiðtÞÞÞ /0iðuiðtÞÞ ¼ expð�uiðtÞÞ � /iðuiðtÞÞ
sech /iðuiðtÞÞ ¼ 2

expðuiðtÞÞþexpð�uiðtÞÞ /0iðuiðtÞÞ ¼ �/iðuiðtÞÞ � tanh

sinc [22] /iðuiðtÞÞ ¼
sinðpuiðtÞÞ

puiðtÞ ; uiðtÞ 6¼ 0

1; uiðtÞ ¼ 0

(
/0iðuiðtÞÞ ¼

cosðpuiðtÞÞ�sincðuiðtÞÞ
uiðtÞ ; uiðtÞ 6¼ 0

0; uiðtÞ ¼ 0

(

wave [29] /iðuiðtÞÞ ¼ ð1� u2
i ðtÞÞ � expð�u2

i ðtÞÞ /0iðuiðtÞÞ ¼ 2 � uiðtÞ � expð�u2
i ðtÞÞ � ð�2þ u2

i ðtÞÞ
sincos [22] /iðuiðtÞÞ ¼ sinðuiðtÞÞ þ cosðuiðtÞÞ /iðuiðtÞÞ ¼ cosðuiðtÞÞ � sinðuiðtÞÞ
rootsig [9] /iðuiðtÞÞ ¼ uiðtÞ

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þu2

i ðtÞÞ
p /0iðuiðtÞÞ ¼ 1

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þu2

i ðtÞ
p� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þu2

i ðtÞÞ
p

Þ

logsigm [11] /iðuiðtÞÞ ¼ 1
1þexpð�uiðtÞÞ

� �2

/0iðuiðtÞÞ ¼ 2 expð�uiðtÞÞ
1þexpð�uiðtÞÞð Þ3
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The following propositions require the new functions to

be monotonically increasing, limited and non-constant.

Proposition 1 The complementary log-log, probit and

log-log functions are monotonically increasing (MI).

Proof Hypothesis: g2 [ g1.

COMPLEMENTARY LOG-LOG FUNCTION: By hypothesis,

exp(g2) [ exp(g1), because Vg, exp(g) [ 0, then

� expðg2Þ\� expðg1Þ
expð� expðg2ÞÞ\ expð� expðg1ÞÞ
� expð� expðg2ÞÞ[ � expð� expðg1ÞÞ
1� expð� expðg2ÞÞ[ 1� expð� expðg1ÞÞ:

Therefore, the complementary log-log function is MI.

PROBIT FUNCTION: The function U(g) is the cumulative

distribution function of the standard normal, as previously

said, therefore, the function U(g) constitutes a probability,

then, U(g) [ 0. As g2 [ g1, it follows that U(g2) [ U(g1).

Therefore, the probit function is MI.

LOG-LOG FUNCTION: By hypothesis, -g2 \ - g1, then

expð�g2Þ\ expð�g1Þ
� expð�g2Þ[ � expð�g1Þ

expð� expð�g2ÞÞ[ expð� expð�g1ÞÞ:

Therefore, the log-log function is MI. h

Proposition 2 The complementary log-log, probit and

log-log functions are limited by 1 when g? ? ? and by 0

when g? - ?.

Proof COMPLEMENTARY LOG-LOG FUNCTION: For the upper

limit, we have, by the properties of limit,

lim
g!þ1

f ðgÞ ¼ lim
g!þ1

1� expð� expðgÞÞ ¼ 1� 0 ¼ 1;

for the bottom limit, we have

lim
g!�1

f ðgÞ ¼ lim
g!�1

1� expð� expðgÞÞ ¼ 1� 1 ¼ 0:

PROBIT FUNCTION: For the probit function, the proof is

direct, since U(g) is a probability and therefore limited to

the interval [0, 1].

LOG-LOG FUNCTION: For the upper limit we have,

lim
g!þ1

f ðgÞ ¼ lim
g!þ1

expð� expð�gÞÞ ¼ 1;

for the bottom limit, we have

lim
g!�1

f ðgÞ ¼ lim
g!�1

expð� expð�gÞÞ ¼ 0:

h

Proposition 3 Complementary log-log, probit and log-

log are continuous differentiable functions, i.e., these

functions are non-constant, because the derivatives, given

in Eqs. 8–10, respectively, are non-zero.

Proof Taking the derivative of functions Eqs. 5–7, we

have the forms of the complementary log-log, probit and

log-log derivatives functions, respectively,

f 0ðgÞ ¼ expðgÞ � expf� expðgÞg ð8Þ

f 0ðgÞ ¼ 1ffiffiffiffiffiffi
2p
p exp � g2

2

� �
ð9Þ

f 0ðgÞ ¼ expð�gÞ � expð� expð�gÞÞ: ð10Þ

h

From the propositions 1–3, we can see that the com-

plementary log-log, probit and log-log functions are

non-constant, limited and monotonically increasing. The

modified complementary log-log function, cloglogm, is

also a non-constant function, monotonically increasing and

−6 −4 −2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

π

g−1
(π

)

Logit
Complementary log−log
Probit
Log−log

Fig. 2 A graphical comparison

of four link functions
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limited by 1 when g? ? ? and by -1 when g? - ?.

So, these functions satisfy the properties required by the

TAU, and therefore they can be used as activation func-

tions of a neural network.

It is known that when activation functions are changed,

their derivatives also change, so they must be replaced in

the equations for the calculation of the local gradients in

the learning rules of the weights. Due to the fact that the

learning rule has a direct impact on the convergence of

learning algorithms, appropriate changes were made to use

new activation functions.

3 Experimental results

In this section, the experimental results obtained with the

implementation of the new activation functions, comple-

mentary log-log, probit and log-log, and also the other

functions exposed in Table 1, will be presented. The

experiments were conducted with twelve different time

series data bases referring to financial market, whose

description is presented in Table 2. These time series were

obtained from http://www.finance.yahoo.com/. All the

experiments were executed using the Matlab platform.

We used six small bases of monthly series, which were

‘‘Vale do Rio Doce’’, ‘‘Apple’’, ‘‘Yahoo’’, ‘‘Microsoft’’,

‘‘Motorola’’, ‘‘GM’’ (these are represented in Fig. 3), and

six larger bases of daily series, which were ‘‘Wal-Mart’’,

‘‘HSBC’’, ‘‘TAM’’, ‘‘Itau’’, ‘‘Brasil Telecom’’ and ‘‘Pet-

robras’’, represented in Fig. 4. Through Figs. 3 and 4, it is

observable that each series has a unique behavior.

Table 3 shows descriptive statistics regarding the bases

used in this study. Through the coefficient of asymmetry it

is possible to see which series behave asymmetrically just

by following one rule: symmetric data ? skewness = 0;

positive asymmetric data ? skewness [ 0; negative

asymmetric data ? skewness\0. We are going to analyze

the results of this study based on observations of the Collet

[33], according to which, the use of complementary log-log

function is most appropriate when the data are very

asymmetric.

For all the series, we executed AR models to select the

number of lags. The selected amount was used as input in

the neural networks model (see Table 4). For example, for

the ‘‘Vale do Rio Doce’’ series, the amount of lags selected

was equal to 1, as in its neural network model, so for the

neural network model we use 1 input node. Therefore, the

amount of lags showed in Table 4 represents p input nodes.

We built models based in MLP networks built with one

hidden layer, q hidden nodes, with q varying as follows,

q = {2, 4, 6, 8, 12, 16, 20}, and one node in the output

layer, with linear function. For forecasting (using the test

set), we used 12 steps ahead for the monthly series and 30

steps ahead for daily series. On the validation set, we used

the same amount of values as the test set and the remaining

values were used on the training set. To evaluate the

results, we used two learning algorithms, the conjugate

gradient backpropagation with Fletcher–Reeves updates

(CGF) and the LM. The neural network models were

evaluated using twelve different activation functions in the

hidden layer shown in Table 1. A hundred different ini-

tializations were executed for the weights and bias from a

uniform distribution U(- 1,1). Computing the first 100

experiments for each amount of hidden nodes, we can see

that 700 experiments were executed for each model, in

each algorithm used in the training process and in each data

base, leading to a total of 201,600 experiments. Every

individual training trial is terminated after the completion

of 5,000 epochs or if the epoch error increases by five

consecutive epochs.

The criteria used to choose the best model is the criteria

of mean absolute percentage error of forecast (MAPE). The

MAPE is a measure of accuracy in a fitted time series value

in statistics, which usually expresses accuracy as a per-

centage, and is found by the formula

MAPEð%Þ ¼ 1

n

Xn

t¼1

At � Ft

At

				

				� 100 ð11Þ

where At is the actual value and Ft is the forecast value.

Table 4 presents the results of MAPE for forecasting,

obtained by AR model to serve as a reference when we

present the results forecasting of the neural network mod-

els. In Tables 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, we

present the results of the average performance predicted by

the experiments with ANNs models, but due to the large

volume of data, we will not present the results of the

average performance for the training set. In these tables, we

Table 2 Characteristics of each time series

Time series From Until Type Size

Vale do Rio Doce 09-Oct-03 24-Apr-09 Monthly 67

Apple 01-Jan-03 24-Apr-09 Monthly 76

Yahoo 12-Apr-96 02-Mar-09 Monthly 156

Microsoft 13-Mar-86 01-Apr-09 Monthly 278

Motorola 03-Jan-77 23-Apr-09 Monthly 388

GM 02-Jan-62 01-Apr-09 Monthly 562

Wal-Mart 21-Feb-06 24-Apr-09 Daily 800

HSBC 03-Mar-03 24-Apr-09 Daily 1,549

TAM 01-Jan-03 24-Apr-09 Daily 1,634

Itau 28-Feb-02 06-Mar-09 Daily 1,826

Brasil Telecom 19-Nov-01 24-Apr-09 Daily 1,868

Petrobras 03-Jan-00 30-Mar-09 Diary 2,400

422 Neural Comput & Applic (2011) 20:417–439
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present the average MAPE from the 100 initialization for

each model, which averages,

MAPEð%Þ ¼ 1

100

X100

i¼1

MAPEi; ð12Þ

having its confidence interval in a level of 95% (95% CI)

and the average number of epochs for each amount of

hidden nodes in the different learning algorithms. The

average number of epochs for the models with different

activation functions was equivalent for all of them. The

95% CI is presented with the goal of evaluating the sta-

tistical hypothesis that the average performance of the

selected models on these real stock market time series are

the same (or not). The best results are emphasized in bold.

In some situations, the average result is equal, but was

emphasized the model with less variability, which averages

the one with the smaller CI.

In Table 5, we present the results for the ‘‘Vale do Rio

Doce’’ stock market series. Through these results, we can

see that all the results of ANNs were better than the results

for the AR model (Table 4). For this series, the degree of

asymmetry is almost undetectable, because the value of the

coefficient is almost zero (skewness = -0.02, see Table 3),

so we can consider the series to be symmetric. The model

with the probit activation function got the best average

result with the use of the CGF algorithm and with 2 hidden

nodes. The 95% CI for the MAPE corroborates this fact,

because its superior limit was smaller than the inferior limit

of any other interval, except for the tanh model with

presented equivalent average result with the use of 12

hidden nodes. With the use of the LM algorithm, the

average result of the models with the tanh, cloglogm

and sech were equivalent for the networks with two hid-

den nodes. However, it is worth pointing out that the result

for the model with the probit function was equivalent to

the previous result, which averages that the reduction on the

average performance using the LM algorithm compared to

the use of the CGF was 3.6%. This shows that the use of the

LM algorithm did not influence the result so much when

using the probit activation function. The model with the

logsig function reaches equivalent results with six hid-

den nodes, using the LM algorithm.
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Table 6 contains the results of the ‘‘Apple’’ stock market

series. For this series, not all the ANNs models presented

average performance better than the AR model. This hap-

pened for the models with the sech, sinc and wave

activation functions, especially with the use of the CGF

algorithm. The models with the cloglogm function

presented the best results for networks with smaller

architectures (two and four hidden nodes) independent of

the algorithm used, and this series presents a small degree

of positive asymmetry (skewness = 0.52), which is an

important fact to consider in the analysis of the cloglog

and cloglogm functions. The function logsigm
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Fig. 4 Daily time series

Table 3 Descriptive statistics

of time series

SD standard deviation

Time series Average SD Kurtosis Skewness Minimum Maximum

Vale do Rio Doce 30.18 10.78 -0.81 -0.02 10.65 51.51

Apple 56.92 33.26 -0.64 0.52 12.50 136.37

Yahoo 56.75 66.51 9.61 2.79 8.81 432.69

Microsoft 66.50 34.03 -0.51 0.46 16.15 175.00

Motorola 50.61 30.58 0.89 0.85 3.52 172.00

GM 58.21 19.43 -0.26 -0.23 1.69 105.00

Wal-Mart 34.40 6.58 -0.79 -0.50 17.79 45.15

HSBC 24.84 2.32 5.89 -2.31 11.77 27.45

TAM 30.07 21.92 -1.26 0.21 1.00 75.00

Itau 8.53 5.14 -1.24 0.34 1.49 19.98

Brasil Telecom 16.42 6.85 1.25 1.49 7.80 37.80

Petrobras 32.67 26.02 2.74 1.75 8.02 128.75
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presented better results with networks containing 8, 12 and

16 hidden nodes using the CGF algorithm and with net-

works containing 8 and 12 hidden nodes using the LM

algorithm. In networks with larger architecture (20 hidden

nodes), the models with logsig activation function pre-

sented the best performance, not only with the use of CGF

algorithm but also with the LM algorithm.

Table 7 presents the results of the ‘‘Yahoo’’ stock

market series, this series has a very high degree of

positive asymmetry (skewness = 2.79). In this case, all

the results of ANNs models were better than the result

obtained with the AR model. In general, the best average

result reached was through the cloglogm activation

function model, using the CGF algorithm with four hid-

den nodes. This fact can be confirmed by the confidence

interval in which the upper limit is smaller than most of

the average results from other models. Besides, the

average number of epochs was smaller with the CGF

algorithm than with the LM algorithm.

The results of the ANNs models for the ‘‘Microsoft’’

stock market series are presented in Table 8. This series

presents a small degree of positive asymmetry (skewness =

0.46). With the use of the CGF algorithm, the best average

performance was obtained by the models with the proposed

activation functions, cloglogm, probit and loglog

in almost all the variations on the number of hidden nodes.

We can see that with the use of the LM algorithm, the

models with the functions usually found in literature,

logsig and tanh, presented good results with few hid-

den nodes. However, these results are equivalent to the

results obtained with the new proposed functions, using

both the learning algorithms CGF and LM. Besides, the

average number of epochs needed to achieve convergence

with the LM algorithm was larger than the number needed

for the CGF algorithm. All the results of ANNs models

were better than the results from the AR model, except for

the model with the logsig activation function with two

hidden nodes using CGF algorithm.

The results of the ANNs models for the ‘‘Motorola’’

stock market series are presented in Table 9. This series

presents a little higher degree of positive asymmetry

(skewness = 0.85). All the results of ANNs models were

better than the result of the AR model, except the model

with the sech activation function with two hidden nodes

that used the CGF algorithm. The average results for the

models with the new functions, cloglog, cloglogm

and loglog, with until six hidden nodes presented good

results compared to average performance of other models

using the CGF algorithm. Using the LM algorithm, the best

performance was observed in the models with sincos

and sech activation functions. However, no significant

statistical difference was observed regarding the models

with the cloglog, cloglogm and loglog activation

functions. It was also observed that the average number of

epochs necessary to achieve convergence with the LM

algorithm was larger than the number needed for the CGF

algorithm.

In Table 10, we present the results for the ‘‘GM’’ stock

market series. It was observed that for this case, all the

results of ANNs models were better than the results of the

AR model. Just like the series ‘‘Vale do Rio Doce’’, this

series presents a very small and negative degree of asym-

metry (skewness = -0.23). Still, the best result of the

network with two hidden nodes was with the cloglogm

model with the CGF algorithm, a fact that can be proved by

95% CI. With four hidden nodes, the best result was

obtained by the probit model using the LM algorithm.

With six and eight hidden nodes, the best result was

obtained by the cloglogm model with the LM algorithm.

From 12 hidden nodes or more, good results were obtained

by the logsigm, rootsig, logsig and probit

activation functions as well.

The results of the ANNs models for the ‘‘Wal-Mart’’

stock market series are presented in Table 11. This series

presents a small degree of negative asymmetry (skewness =

-0.50). Almost all the average performances of ANNs

models observed were better than those of the AR model,

except in the following cases: the models with sinc and

wave activation functions containing two hidden nodes

and the model with sincos activation function containing

16 and 20 hidden nodes, using the CGF algorithm. We

could observe that with the CGF algorithm, the networks of

small size, two and four hidden nodes, presented the best

results with the cloglogm, probit and loglog. From

6 to 16 hidden nodes, the best results were observed with

the rootsig and logsigm models. Using the LM

algorithm, we observed that the average performance was

very similar for most of the models studied.

Table 4 Result of selecting the lags through the AR model and test

MAPE

Time series Lags Test MAPE (%)

Vale do Rio Doce 1 110.6

Apple 1 27.2

Yahoo 3 174.8

Microsoft 2 71.6

Motorola 2 270.9

GM 3 285.7

Wal-Mart 3 16.2

HSBC 19 11.9

TAM 18 19.0

Itau 8 7.7

Brasil Telecom 7 4.6

Petrobras 2 6.9
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The ‘‘HSBC’’ stock market series, presents a very high

degree of negative asymmetry (skewness = -2.31), and the

results of the performance for this series are presented in

Table 12. In many situations, the use of the CGF algorithm

did not improve the results compared with the results

obtained by the AR model. However, with an architecture

of six hidden nodes or less, the best results were obtained

by the model with cloglogm activation function, using 8

and 12 hidden nodes, the best performance observed was

by the model with probit activation function. The 95%

CI for the MAPE corroborates with these facts. Using the

LM algorithm, the best results were verified for the models

with rootsig, sincos and logsigm activation func-

tions. However, the results for the other models were very

close to these.

The ‘‘TAM’’ and ‘‘Itau’’ stock market series presented a

small degree of positive asymmetry, 0.21 and 0.34

respectively (Table 3). The results of the performance for

these time series are presented in Tables 13 and 14. For the

‘‘TAM’’ time series, just the result from the model with

sinc activation function and two hidden nodes, using the

CGF algorithm presented a higher average performance

than the AR model (Table 4). For the ‘‘Itau’’ series, most

results using the same algorithm were higher than the AR

model. In Table 13, we can observe that for networks with

smaller structure (six hidden nodes or less), the best results

were obtained by the models with cloglogm, probit

and cloglog activation functions, using the algorithm

CGF. Using the LM algorithm, the results are equivalent

and very close to the results found with the model that used

the cloglogm activation function with two hidden nodes

using the algorithm CGF. In Table 14, we can see that the

model with cloglogm activation function, with two and

six hidden nodes, using the CGF algorithm, is still the one

with better performance. Using the LM algorithm, the best

results among the networks with just two hidden nodes are

obtained by the models with cloglog, cloglogm and

logsigm activation functions. Other results are similar

with increasing numbers of hidden nodes in the neural

network.

The ‘‘Brasil Telecom’’ and ‘‘Petrobras’’ stock market

series presented a higher degree of positive asymmetry,

1.49 and 1.75, respectively. The results for these series are

presented in Tables 15 and 16. For the ‘‘Brasil Telecom’’

time series, the model with cloglogm activation function

was the only one that presented better results than the AR

model for all the configurations of networks used. For the

‘‘Petrobras’’ time series, in some situations, the results

obtained by the AR model was better than the results

obtained by the models with logsig, clolog, loglog,

sinc, wave, sincos and logitm activation functions.

In Table 15, we can see that the model with cloglogm

activation function presented better results with smaller

networks. Using the CGF algorithm, the model with tanh

activation function also presented good results with six

hidden nodes and the models with cloglog and loglog

activation functions presented the best results for networks

with 12 and 16 hidden nodes. Using the LM algorithm, the

results were equivalent to the ones described previously. In

Table 16, we can observe that, using the CGF algorithm,

the model with cloglogm activation function presented

the best results through networks with two hidden nodes,

the model with logsigm activation function also pre-

sented good results with four hidden nodes and the model

with tanh activation function, presented good results with

networks of six hidden nodes. Using the LM algorithm, the

results obtained were equivalent to the ones obtained with

the CGF algorithm.

4 Conclusions

This paper presents a comparison between the average

performance of neural networks models with different

activation functions and two different learning algorithms.

Besides, it compares these results with the results obtained

by AR models. To validate the results we executed

exhaustive experiments. In general, the average perfor-

mances obtained by the neural networks models are better

than those obtained by the AR models. However, the

models in which the performance was inferior, some acti-

vation functions were observed more constantly, which is

the case of the following functions: sech, sinc, wave

and sincos.

The first conclusion we can take from this study is that,

using CGF algorithm, the activation functions proposed in

this study, i.e., cloglog, cloglogm, probit and

loglog, obtained the best average performance with

smaller networks, q = {2, 4, 6}. We can also conclude that

the models with the cloglog and cloglogm activation

functions improved significantly their performances,

especially with the series known to be asymmetric and

through simple descriptive measures we could identify

such characteristic. The models with logsig, tanh and

rootsig activation functions showed better performance

with larger networks, q = {8, 12, 16, 20}.

The second conclusion is that, using LM algorithm, the

models with logsig activation function reached better

results due to the use of this particular algorithm. The

proposed activation functions also showed good perfor-

mance. However, it is important to say that these good

results had already been observed when using the CGF

algorithm. The importance of this fact is that the LM

algorithm is more expensive than the CGF algorithm.

Moreover, the good performance of the models with the

new activation functions are not as much influenced by
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changing of the training algorithm as the other functions in

literature. This fact was specially noticed in the larger

bases used in this study. The fact is that having more

examples (patterns) available is enough for obtaining the

desired performance through LM algorithm.

Therefore, in this paper, from these results, we recom-

mend using the new activation functions, cloglog,

cloglogm, probit and loglog, especially for finan-

cial time series and networks with small structure, if this is

an important factor to be considered by the specialist. By

identifying the type of asymmetry, through descriptive

statistics of time series, we can choose the activation

function suitable for every situation. For symmetrical data,

we recommend that the activation function probit and

for asymmetric data the activation function cloglogm.

We also strongly recommend the use of these functions in

the models of neural networks that use the CGF algorithm,

due to the fact that the LM algorithm is computationally

too expensive, requires more memory space and requires

great programming skills from the specialist for its correct

implementation.
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