14211Reduction in p-time

We now use Turing machines to formalise the technique we saw in ⁄8.6 ofreducing one problem to another in p-time. This p-time reduction gives fastnon-deterministic solutions to new yes/no problems from known fast non-deterministic solutions to old ones. We’ll study its properties.

11.1DEFINITION

OFP-TIME

REDUCTIONLet A, B be any two yes/no problems (not necessarily in NP or evensolvable by a Turing machine).1.Let X be a deterministic1 Turing machine. We say that X reduces A to Bif:¥for every yes-instance w of A, fX(w) is defined and is a yes-instance of B¥for every no-instance w of A, fX(w) is defined and is a no-instanceof B.2.We say that A reduces to B in polynomial time (or p-time) if there exists adeterministic Turing machine X running in p-time that reduces A to B.3.We write A £ B if A reduces to B in polynomial time.4.We write A ~ B if A £ B and B £ A.If A£B then as in ⁄8.6 we can use a fast solution to B to solve A quickly, byfirst reducing the instance of A to an instance of B of the same �parity� (yes orno), and then applying the fast solution to B.TM toreduceA to BTM tosolve B

TM that solves A

11.1If A£B, and we are given a solution to B, then we can solve A

1 We want X to be deterministic because it should be �genuinely fast�, and have anoutput.

14311.1.1.WarningA£B implies that, but is not the same as, any fast solution to B can be used tosolve A quickly.

11.2EXAMPLES11.2.1ExampleBy ⁄8.6, HCP reduces to TSP, and the reduction can easily done by adeterministic Turing machine running in p-time. So HCP £ TSP.11.2.1.1Warning

Don’t try to reduce HCP to TSP in p-time as follows: given an instance Gof HCP,¥If G is a yes-instance of HCP, output

111d=3

¥If G is a no-instance of HCP, output

395d=1This involves determining whether G is a yes- or a no-instance. This ishard to do. There is no known p-time way to do it, so this reduction is(probably) not p-time.A machine reducing a problem A to another, B, need not be able to solveA; and its design does not necessarily take account of whether it is given ayes- or a no-instance of A. It may be very hard to solve A, and yet quite easyto reduce A to B, by making simple changes to the instances in a way thatpreserves their yes—no parity.For an apparent exception, see ⁄11.5.2 below.11.2.2Example: change of baseLet a,b‡2. We can design a deterministic Turing machine Xa,b running inp-time, such that for any number n, if w represents n in base a then fXa,b(w)represents n in base b.

Change of base of arithmetic can be done in polynomial time.For any number a‡2, let Ca be the yes/no problem �is w the representationin base a of a prime number?�. Then for any a, b ‡ 2, Xa,b reduces Ca to Cb.(Exercise: check this.) So Ca£Cb (and by symmetry, Cb£Ca) for any a, b‡2.So Ca~Cb.So with respect to the ordering £ of difficulty, changing the base makes nodifference at all.

144Why do we not allow a=1 here � unary notation? Unary is a special case;the exercise below shows why.11.2.2.1ExerciseThere is a deterministic Turing machine BU that, given the binaryrepresentation of a number as input, outputs the unary representation. Showthat BU can’t have polynomial time complexity. [Hint: how long does BUtake to output the answer if the input is the binary representation of n?]

11.3£ISAPRE-ORDERWe saw that if A£B then we can use a fast solution to B to solve A quickly.So if A£B then in effect A is no harder than B. Thus the relation £ orders theyes/no problems by increasing difficulty. But is £ really an ordering at all? Infact it’s what’s called a pre-order: a reflexive, transitive (see ⁄7.1.1) binaryrelation. Other pre-orders include the ordering on numbers: x£x for all x,and x£y£z implies x£z. The well-known binary relation likes(x,y) may be apre-order, if everyone likes themselves (so Bob likes Bob, for example), andwhenever (say) Bob likes Chris and Chris likes Keith then also Bob likesKeith.11.3.1TheoremThe relation £ defined above is a pre-order on the class of yes/noproblems.Proof (i): £ is reflexive. To prove this we must show that for any yes/noproblem A, A£A holds. To prove A£A we must find a deterministic p-timeTuring machine reducing A to A.Let I be a finite alphabet in which all instances of A can be written. Let Xbe the deterministic Turing machine ({q0},I¨{�},I,q0,fl,{q0}). (Cf. Y of fig. 9.1.)X just halts & succeeds without action, so its output is the same as its input.Hence if w is a yes-instance of A then fX(w) = w is a yes-instance of A; andsimilarly for no-instances. So X reduces A to A. Moreover, X runs inpolynomial time, since timeX(n) = 0 for all n.(ii): £ is transitive. Let A, B, C be yes/no problems and assume that A£Band B£C. We show that A£C.As A£B, there is a deterministic p-time Turing machine X that reduces Ato B. Similarly, as B£C there is another deterministic p-time Turing machineY reducing B to C. Then X*Y obtained by running X then Y (Fig. 11.2) isdeterministic. (We have to return to square 0 after X because Y expects tobegin there.)

145 w (input word: an instance of A)

YXoutput of Xon w is an instanceof BdeterministicTuring machinereducing A to B in p-timeResult: a deterministic Turing machine X*Yreducing A to C in p-timertn to sq. 0 mark square0 deterministicTuring machinereducing B to C in p-time output f (f (w)), an instance of CYX

11.2Reducing A to C (so £ is transitive)First we check that X*Y reduces A to C. If w is a yes-instance of A thenfX(w) is a yes-instance of B, and so fY(fX(w)) is a yes-instance of C. Similarly ifw is a no-instance of A, fY(fX(w)) is a no-instance of C. So X*Y reduces A toC, as required.Now we check that X*Y runs in p-time. Let p(n), q(n) be polynomials withpositive coefficients such that timeX(n) £ p(n) and timeY(n) £ q(n) for all n‡0.If the input word w to X*Y has length n, then:1.Marking square 0 takes time 1.2.Running X on w takes time £ p(n).3.Returning to and unmarking square 0 takes time k, where X’s head is insquare k when X halts. How big could k be? Well, X’s head began in square0, and moves at most 1 square per move. So k is at most the number ofmoves X made. But X made at most p(n) moves. So k £ p(n).4.Running Y takes time £ q(length of fX(w)). What is the length of fX(w)?As above, X can write at most 1 output symbol per move. So(a) (length of fX(w)) £ (no. of moves of X on input w) £ p(n).But q has positive coefficients, so if n increases then q(n) can’t decrease.2Thus(b) q(length of fX(w)) £ q(p(n)).Hence Y takes time £ q(p(n)).The total run time of X*Y is thus at most 1 + p(n) + p(n) + q(p(n)), whichworks out to a polynomial.For example, if p(n) = 2n2 + n3 and q(n) = 4 + 5n, then the expression is 1 +2(2n2+n3) + 4 + 5(2n2+n3), which works out to 5 + 14n2+7n3, a polynomial.QED.

2E.g., because dqdn

‡ 0 if n‡0.

14611.3.2Remarks¥Steps 3 and 4 above are important.¥We cannot just say: the symbol £ looks like the usual ordering 1£2£3�on numbers (it has a line under it: it is not <, but £), so therefore A£A (etc).The symbol £ may look like the ordering of numbers, but it has a quitedifferent meaning.

To prove that £ is reflexive and transitive we must use the definition of £. No other way will do.¥To prove that A reduces to A in p-time may seem a silly thing to do. Itis not silly. It is just trivial.11.3.3ExerciseShow that the relation A~B given by �A£B and B£A� (Definition 11.1) is anequivalence relation (see ⁄7.1.1) on the class of all yes/no problems. (Use thetheorem.)

11.4CLOSURE

OFNPUNDER

P-TIME

REDUCTIONWe said that if A£B then we can use any given fast solution to B to solve Arapidly. What if the fast �solution� to B is by a p-time NDTM? We’d expectthe resulting solution to A also to be a (hopefully p-time) NDTM. Thus weexpect that if B is in NP then so is A. Let’s check this.11.4.1TheoremSuppose A and B are yes/no problems, and A £ B. If B is in NP, then A isalso in NP.Proof: Similar to before. As B is in NP, there is a non-deterministicTuring machine N that solves B. As A£B, there is a deterministic Turingmachine X reducing A to B. We want to join up X to N as in Fig. 11.3 below(cf. Fig 11.2).

147w (input word for yes/no problem A)

NXoutput of Xis an instanceof B deterministicTuring machinereducing A to B in p-time non-deterministicTuring machinesolving yes/no problem B in NP-time

Result: a non-deterministic Turing machine X*Nsolving yes/no problemA in NP-time rtn to sq. 0 mark square0

X*N11.3Using solution to B to solve ALet us call the joined-up machine X*N. Then X*N is a NDTM that solvesA. For if w is a yes-instance of A, then fX(w), the input to N, is a yes-instanceof B. So N accepts fX(w). Hence X*N accepts w. Similarly, if w is a no-instance of A then X*N rejects w.So to show that A is in NP, it is enough to show:

Claim: The non-deterministic TM X*N runs in p-time.

Proof of Claim: We must show timeX*N(n) £ r(n) for some polynomial r(and for all n). The count goes much as before. Let w be an instance of A.We calculate how long X*N can run for on input w. Assume timeX(n) £ p(n)and timeN(n) £ q(n) for polynomials p, q with positive coefficients. Letlength(w) = n. Then as in ⁄11.3.1:¥Marking square 0 takes a single instruction: time 1.¥X runs for time at most p(n) on input w. X halts with output fX(w).¥Returning to square 0 takes time at most p(n), as before.¥Then the output fX(w) of X is given as input to N. As before, fX(w) haslength £ p(n), so no run of N is longer than q(p(n)).So no run of X*N is longer than r(n) = 1+2p(n) + q(p(n)). This is apolynomial in n. Hence X*N runs in p-time. This proves the claim.As X*N is a p-time Turing machine solving A, A is in NP. QED.11.4.1.1RemarkWe’ve showed that the concatenation (joining up) of p-time Turingmachines X, Y by sending the output of X into Y as input, gives another p-time Turing machine X*Y. Y can be non-deterministic, in which case so isX*Y.11.4.2CorollaryHCP is an NP problem.

148Proof TSP is in NP, by ⁄10.2.2. A simple formalisation of ⁄8.6 usingTuring machines shows that HCP £˚TSP. So by the theorem, HCP is in NPalso. QED.We already knew this (⁄10.2.4), but reduction is useful in other cases �see especially NP-complete problems in ⁄12. Some 1,000 other p-timereductions of problems to NP problems are known.

11.5THEP-PROBLEMS

ARE£-EASIESTWhat are the easiest yes/no problems, with respect to our difficultyordering £ of problems? In fact they are those in P � the yes/no problemssolvable deterministically in polynomial time.First, we show that the £-easiest problems are in P. This is similar to theproof of 11.4.1, above. Essentially it shows that, like NP, P is closeddownwards under £.11.5.1TheoremIf A is a yes-no problem, and A£B for all yes-no problems B, then A˛P.Proof: Choose any B˛P. Then there is a deterministic Turing machine Msolving B in p-time. Also, there’s a deterministic p-time Turing machine Xreducing A to B. Then the machine shown in figure 11.4 below solves A in p-time. This shows that A˛P, as required.

w (input word for yes/no problem A)

Xoutput of Xis an instanceof B deterministicTuring machinereducing A to B in p-time deterministicTuring machinesolving yes/no problem B in p-time

Result: a deterministic Turing machine X*Msolving yes/no problemA in p-time rtn to sq. 0 mark square0

X*MM11.4Solving A in p-time, if A£B˛P.Now we show the other half, that t he problems in P are £-easiest. This is anew argument for us, and one that seems like a trick.11.5.2TheoremIf A is any problem in P, and B is any yes/no problem at all, then A£B.

149Proof: Crudely, the idea is this. We want to show that we can find a fastsolution to A if we are allowed to use one for B. But we’re told A is solvablein p-time, so we can solve A directly, without using the solution for B! Thisis crude because we have to show that A reduces to B in p-time, which is notquite the same (see ⁄11.1.1). But the same trick works.Let M be a deterministic p-time Turing machine solving A. Choose anyyes-instance w1 and no-instance w2 of B. Then let X be the machine offigure˚11.5:M’inputwXif M accepts wif M rejects w output w1output w2M’ solves Ain p-time rtn tosq. 0marksq. 0 rtn tosq. 011.5Reducing a P-problem to any problemIn the figure, output w1 is a Turing machine that outputs the word w1 asfixed text (as in the �hello world� example). The Turing machine output w2 issimilar. X contains a likeness M’ of M, slightly modified so that:¥if M halts and succeeds then control passes to output w1,¥if M halts and fails then control passes to output w2.We require that M’ eventually passes control to the rest of X, so that fX(w)is defined for any instance w of A. This is true because as M runs in p-time,it always halts (see ⁄9.2.2.3).Clearly X is deterministic. By counting steps, as in ⁄11.3.1 and ⁄11.4.1, wecan check that M runs in p-time.We show that X reduces A to B. If the input to X is a yes-instance w of A,then M will halt and succeed on w, so X outputs w1, a yes-instance of B.Alternatively, if the input is a no-instance of A, then M halts and fails, and Xoutputs w2, a no-instance of B. So by Definition 8.2.1(1), X reduces A to B.So A£B as required. QED.11.5.3ConclusionA yes-no problem A is in P iff A£B for all yes-no problems B. Thus, P isindeed the class of £-minimal, or easiest, problems.11.5.4ExerciseLet ~ be the equivalence relation of Definition 11.1(4). Let A be anyyes/no problem in P. Show that for any yes/no problem B, A~B iff B ˛ P.

15011.6SUMMARYWe defined the relation £ of p-time reduction between yes/no problems.The ordering £ is a pre-order, and we think of it as an ordering of difficulty:if A£B then A is no harder than B. We write A~B if A£B and B£A � they areof the same difficulty.Figure 11.6 sketches the yes/no problems.easiestproblemshardproblems£yes/no problems unsolvable

P (tractable)intractable

NPPSATHCPTSPHPG�del11.6A view of y/n problems (if P„NP)Each ~-class consist of all problems of a certain £-difficulty (of A, B suchthat A£B and B£A). By ⁄11.5, P is an entire ~-class, the £-easiest problems. IfA˛NP then any £-easier problem is also in NP. So NP is a union of classes:no ~-class overlaps NP on both sides. Of course the shaded area in NP butoutside P may be empty, so that PSAT et. al. are all in P! Whether this is so isthe question P=NP, which is unsolved.You will probably survive if you remember that:¥£ is reflexive and transitive¥NP is closed downwards with respect to £¥P is the class of £-minimal problemsThe problems in P are the £-easiest. Is there is a £-hardest problem? Wewill investigate this � at least within NP � in the final section.12NP-completeness

Cheer up � this is the last section. The holiday approaches.

12.1INTRODUCTIONIs there is a £-hardest problem? The answer is not at all obvious, evenwithin NP. Could it be that for any NP-problem, there’s always a harder one(still in NP)? If so, there’d be harder and harder problems in NP (withrespect to £), forming an infinite sequence of increasingly hard problems,

151never stopping. Or maybe there are many different £-hardest NP-problems,all unrelated by £. (Of course if P=NP then our question is irrelevant. Butmost likely, P„NP. Ladner showed in 1975 that if P„NP then there areinfinitely many ~-classes within NP.)In fact this doesn’t happen, at least within NP (and also within severalother complexity classes which we won’t discuss). In a famous paper of 1971,Stephen Cook proved that there are £-hardest problems in NP. Suchproblems are called NP-complete problems.What do we mean by a £-hardest problem?12.1.1Definition (Cook3)A yes/no problem A is said to be NP-complete if(i)A ˛ NP(ii)B£A for all problems B ˛ NP.The class of all NP-complete problems is denoted by NPC.12.1.1.1ExerciseShow that if A, B are NP-complete then A~B. Show that if A is NP-complete and A~B then B is also NP-complete. So the NP-completeproblems form a single ~-class.But are there any NP-complete problems? Answer: yes.12.1.2Theorem (Cook, same paper)NPC˚„˚fl. In particular, PSAT is NP-complete. We prove it in ⁄12.3.Some 1,000 examples of NP-complete problems are now known. Theyinclude PSAT, the Hamiltonian circuit problem (HCP), the travellingsalesman problem (TSP), partition (given a set of integers, can it be dividedinto two sets with equal sum?) scheduling (can a given set of tasks of varyinglength be done on two identical machines to meet a given deadline?) andmany other problems of great practical importance. See texts, e.g., Garey &Johnson, for a longer list. Non-primality and primality testing are in NP, butare

not known to be NP-complete.12.1.3Significance of NP-completeness1.At first sight, TSP and PSAT have little in common. But by Ex. 12.1.1.1,any NP-complete problem is reducible in polynomial time to any other.

3 S.A. Cook, The complexity of theorem proving procedures, Proceedings of Third AnnualACM Symposium on the Theory of Computing, 1971, pp. 151-158.

152Hence any solution to TSP can be converted into a solution to PSAT that runsin about the same time � and vice versa.This means that we can regard an algorithm solving TSP as the same � ina sense � as one that solves PSAT. To identify algorithms that are p-timereducible to each other gives us a higher level view of algorithms.2.If your boss gives you a hard-looking problem to solve, and you arefeeling lazy, one way to avoid solving it is to show that it can’t be solved by aTuring machine at all (⁄5). Few bosses would then persist.If this is not possible, it’s almost as good to show that it is NP-complete.NPC problems are usually considered intractable, being the hardest in NP. Ifthe boss insists that you write a program to solve it, you could respond thatmost boffins believe no such program would run in a reasonable time evenfor small inputs. You could produce the graph in Fig. 6.1.So the boss says: �You’re from Imperial College! You ought to be able tofind a really clever search strategy, giving a program that runs in polynomialtime � even n5 or so!� But as NP-complete problems are the £-hardest inNP, not only would a clever program immediately give fast solutions to the1,000 or so known

NP-complete problems � a huge range including TSP,PSAT, college timetabling problems, map colouring problems, planningproblems from AI, etc. etc, in totally different application areas � but to allproblems in NP (e.g., primality and non-primality testing). Different groupsof people have been looking for fast solutions to these for years, withoutsuccess.4 Some applications (e.g., in cryptography) even rely on theassumption that their pet problem has no fast solution. So you would upsetmany apple-carts if you found a polynomial time solution. With the militaryafter you, you might have to become a traveller, never visiting any city morethan once.No joy? You could hint that a p-time solution would solve P=NP and somake you more famous than your boss. If that doesn’t work, you really arestuck, and if a fast solution is essential you should consider:¥optimising your algorithm as far as possible;¥restricting the problem to certain special simpler inputs;¥hoping for the best in the average case;¥looking for a sub-optimal, probabilistic or genetic �solution�;¥finding heuristics (an AI-style approach).See Harel’s or Sedgewick’s book for these. For example, for the �flat�version of TSP where the map is �real� � for any 3 cities x,y,z, the distancefrom x to z is at most the sum of the distances from x to y and y to z � there

4 But they haven’t proved there’s no fast solution. Maybe this failure indicates thereis a fast solution!

153is a p-time algorithm that delivers a route round the cities of at most twicethe optimal length. But for the general version of TSP, the existence of such apolynomial time algorithm would imply P=NP.

12.2PROVING

NP-COMPLETENESS

BYREDUCTIONThe best way to prove that a yes/no problem A is NP-complete is usuallyto show that:(a)A is in NP, and(b)A is ‡-harder than a known NP-complete problem B (i.e., A‡B).For if A is ‡-harder than a ‡-hardest problem in NP, but is still in NP, thenA must also be ‡-hardest in NP: i.e., NP-complete.(a) is usually easy, but must not be forgotten. (For example, there are unsolvable problems A that satisfy (b). Satisfiability for predicate logic isunsolvable, but is clearly ‡ PSAT since PSAT is a special case. Such problemsare not NP-complete, being outside NP.) One can either prove (a) directly, asin ⁄10.2, or else show that A˚£˚C for some C known to be in NP, and then use⁄11.4.1.To show (b) you must reduce a known NP-complete problem B to A in p-time. Any B in NPC will do. There are now about 1000 B’s to choose from.A popular choice is 3SAT:¥3SAT: Given: a propositional formula F that is a conjunction of clausesof the form X�Y�Z where X, Y, Z are atoms or their negations. E.g., F =(p�q�´r)�(´s�x�w).5 Question: is there a valuation v such that v(F) =true?Cook showed that 3SAT ˛ NPC in his 1971 paper. Because the instancesof 3SAT are more limited than those of PSAT, it is often simpler to reduce3SAT to the original problem A than to reduce PSAT to it. 12.2.1Exercise/problemRecall the definition of the class co-NP (⁄9.3.3.1). Show that NP = co-NPiff NPC ˙ co-NP „ fl.6[Quite hard; for mathematicians] Show PSAT~ 3SAT, and HCP ~ PSAT.You can assume Cook’s theorem (below).

5The �3� refers to there being 3 disjuncts (X,Y,Z above) in each clause. The formula Fmay use many more than 3 atoms.6By ⁄9.3.5.1, if P=NP then NP = co-NP. It might be true that NP = co-NP and stillP„NP, but this is thought unlikely. Cf. the discussion in ⁄9.3.5.

15412.3COOK

’STHEOREMOf course, the first-discovered NP-complete problem, PSAT, wasn’tshown NP-complete by reduction � no NPC problems to reduce to it wereknown! So to end, we’ll sketch Stephen Cook’s beautiful proof that PSAT isNP-complete. We already showed (i) PSAT ˛ NP in ⁄10.2.3. So it’s enoughto show (ii) if A ˛ NP then A £ PSAT. Fix any A ˛ NP; we want to build adeterministic p-time Turing machine X such that:¥Given a yes-instance w of A, X outputs a satisfiable formula Fw ofpropositional logic;¥Given a no-instance w of A, X outputs an unsatisfiable formula Fw ofpropositional logic.X

yes-instancew of Asatisfiable formula FwX no-instancew of Aunsatisfiable formula Fw12.1hoped-for X reducing A to PSATX must construct Fw from w deterministically, and in p-time.All we know is that A ˛ NP. So there’s a non-deterministic Turingmachine N = (Q,�,I,q0,d,F) solving A, and a polynomial p(n) such that no runof N on any input of length n takes longer than p(n) steps.As N solves A, the yes-instances of A are exactly those w for which N hasan accepting run (one that ends in a halting state for N). Roughly, the formulaFw will directly express conditions for there to be an accepting run of N oninput w! Fw will be satisfiable iff there is such a run. Compare G�del’stheorem (⁄5.4), where we said there was a formula R(x) of arithmetic thatsaid x coded an accepting run of a Turing machine M on an input w. Thisshowed that we can describe Turing machines by logical formulas, and wasknown before Cook. But here we must use propositional logic, notarithmetic. Propositional logic is not usually powerful enough to cope, butCook’s insight was that it’s OK here, as N is �simple� (it runs in p-time, soessentially we can bound x in R(x)).12.3.1Table to represent a run of N on wWhen does N have an accepting run on w? We can easily (but verbosely)represent a run of N on w of length n by a table:

155 p(n) columns segment 1 |Q| rows(current state)segment 2 |�| rows(tape contents)

01....p(n)segment 3(head position)Box number (time)

12.2Table representing a run of N on w of length nThe table has p(n)+1 big boxes, labelled �time�: 0,1,�,p(n). They willrepresent the configuration of N at each step: its state, head position, and thetape contents. Box 0 (magnified in Fig 12.3 below) will represent N’sconfiguration at time 0: initially. Box 1 will represent the configuration attime 1, and so on. We know N halts by time p(n), so we don’t need any moreboxes than 0,1,�,p(n).How does the table record a run of N on w? Each box is dividedhorizontally into three segments, to describe the configuration of N at the timethat concerns the box (the �current time�). The first segment indicates thestate of N at that time. It’s divided into as many rows as there are states, onerow for each state. We shade the row of the current state. So if Q = {q0,..,qs}and the current state is qi, row i alone will be shaded. In Fig 12.3 (time 0)row 0 is shaded because initially N is in state q0.The second segment describes the current tape contents. Now as N onlyhas at most p(n) moves, its head can never get beyond square p(n). So alltape squares after p(n) will always be blank, and we need only describe thecontents up to square p(n). We do it by chopping the segment up into rowsand columns. The rows correspond to symbols from � = {a0,�,ar} say, wherear = �, and the columns correspond to squares 0,1,�,p(n) of the tape. Weshade the intersection of row i, column j iff ai is currently the character insquare j. So the shading for time 0 describes the initial tape contents: witself7. We can read off w from Fig. 12.3: it is a0a1a4a3a4. The rest of the tapeis ar = �.

7 Technical point: by replacing p(n) by p(n)+n if need be, we can assume that p(n)‡n.We still have timeM(n) £ p(n). So we’ve room to record w itself.

156Finally the third segment describes N’s current head position. We divideit into columns 0,1,�,p(n), and shade the column where the head is. Thehead never moves more than p(n) away from square 0 in any run (it hasn’ttime), so we only need p(n)+1 columns for this. For the time 0 box (Fig. 12.3)we shade column 0, as N’s head begins in square 0.If N halts before p(n) we can leave all later boxes blank.

time 0 q0q1::qsa0a1a2::head positionar = �::::0 12...p(n)12.3Box 0 represents config(q0,a0a1a4a3a4,0) (cf. ⁄10.4.1)Will a table like that of Fig. 12.2 but with random shading correspond to areal accepting run of N? No: there are four kinds of constraint.(i)

For each t £ p(n), the box for time t must represent a genuine configuration C(t) of N. So exactly one row of segment 1 in each box shouldbe shaded (because N is in exactly one state at each time). Similarly, just onecolumn of segment 3 should be shaded, as the head is always in a uniqueposition. And each column of segment 2 should have exactly one shadedrow (as each tape square always has a single character).(ii)

C(0) must be the initial configuration of N. So the box for time 0should say that the head is in square 0 and the state is q0, as in Fig. 12.3.Moreover, it should say that the initial tape contents are w.(iii)

The whole table must represent a run of N. The successiveconfigurations C(t) represented by the boxes should be related, as we have tobe able to get from C(t) to C(t+1) by a single step of N. So there’ll be furtherconstraints. Only one tape character can change at a time; and the headposition can vary by at most 1. Compare boxes 0 and 1 of Fig. 12.2. And thenew character and position, and new state, are related to the old by d. E.g.,we can read off from Fig 12.2 that (q0, a0, q2, a2, 1) is an instruction of N.

157(iv)

The run indicated by the table must be accepting. This is a constrainton the final state, as shown in segment 1 of the last non-empty box. If theshaded state is in F, the run is accepting; otherwise, not.Any accepting run of N on w meets these constraints and we can fill in atable for it. Conversely, if we fill in the table so as to meet the fourconstraints, we do get an accepting run of N on w. So the question does Naccept w is the same as can we fill in the table subject to the four constraints?12.3.2Describing the table with logicFilling in squares of the table is really a logical Boolean operation � eithera square is shaded (1), or not (0). Let’s introduce a propositional atom foreach little square of the table. The atom’s being true will mean that its squareis filled in. So a valuation v of the atoms corresponds exactly (in a 1—1 way)to a completed table (though it may not meet the constraints).12.3.3Describing the constraints with logicThe constraints (i)—(iv) can be written as constraints on the truth values ofthe atoms. It is possible to write a propositional formula Fw that expressesthese constraints. Fw does not say which squares are filled in: it onlyexpresses the constraints. Given any valuation v of the atoms that makes Fwtrue, we can read off from v a shading for the table that meets the fourconstraints. And from any validly-completed table we can read off avaluation v to the atoms such that v(Fw) = true.So the question can we fill in the table subject to the four constraints? is thesame as the question is there a valuation v making Fw true?12.3.4Writing FwHow do we write Fw? See Rayward-Smith for details. For example,suppose the atoms corresponding to the little squares in the first column ofsegment 2 of box 0 are P0, P1, �, Pr. If the first symbol of w is a0, as it wasabove, then only the first little square is shaded, so of the Pi, P0 should be theonly true atom. Therefore we include the clause P0�´P1�´P2�´Pr in Fw.Writing Fw in full is tedious, but clearly it’s an algorithmic process. Andin fact, if we know the parameters Q,�,I,q0,d, and F of N, we can design adeterministic Turing machine X running in polynomial time8 that writes outFw when run on input w!

8 To make this more plausible, let’s ask how many atoms we need. There are p(n)boxes, and in each box, segment 1 has |Q| = s rows, segment 2 has p(n)x|�| = r.p(n)little squares, and segment 3 has p(n) little squares. The total is p(n)[(r+1).p(n)+s] � apolynomial!! So the number of atoms we need is a polynomial in n.

15812.3.5The endWe have fX(w) = Fw.But now we’re finished. For w is a yes-instance of A iff N accepts w, iffthere’s some valuation v making fX(w) = Fw true, iff Fw is a yes-instance ofPSAT. Hence X reduces A to PSAT. Since X is deterministic and runs in p-time, we have A £ PSAT. But this holds for any A in NP. So PSAT is NP-complete. QED and goodnight.Sample exam questions on parts II,III

1.(a)Explain the underlined terms:(i) connected graph(ii) spanning tree (of a connected graph)(iii)the

Hamiltonian circuit problem(iv)the travelling salesman problem.(b)A maximal spanning tree of a connected weighted graph G is aspanning tree T of G, such that the sum of the weights of the edges in Tis as large as possible (i.e., no spanning tree of G has larger totalweight).(i)Suggest an algorithm to find a maximal spanning tree of a connectedweighted graph. (Do not prove your algorithm correct.)(ii)Use your algorithm to find a maximal spanning tree of the followingweighted graph:

19121410888139611ABCDEF3aBriefly explain the difference between the depth-first and breadth-firstmethods of constructing a spanning tree of a connected graph.bi)List the edges of a spanning tree of the following graph, using thedepth-first method.

159ABCDEii) Repeat b(i), using the breadth-first method.cExplain the meaning of the underlined terms:i)A

Hamiltonian circuit of a graph;ii)A minimal spanning tree (MST) of a connected weighted graph.dLet G be a connected weighted graph. Explain why any Hamiltoniancircuit of G must have greater total weight than the total weight of anyminimal spanning tree of G.[Hint: transform a Hamiltonian circuit into a spanning tree.]3.Let A and B be yes/no problems.(a)Explain what is meant when we say that:(i)A reduces to B in p-time (in symbols, A £ B)(ii)A is in P(iii)A is an NP-problem(iv)A is NP-complete.For each of (i)-(iv), give an example of a problem A (or in (i), problemsA and B) satisfying the condition.(b)Show that the p-time reduction ordering £ of (a(i)) above istransitive on yes/no problems.(c)(i)Show that if A is an NP-problem, B is NP-complete and A ‡ Bthen A is also NP-complete.(ii) If A, B are both NP-complete, does it follow that A ‡ B? Justifyyour answer.4aLet A and B be arbitrary yes-no problems. Define what it means to saythat A reduces to B in p-time (in symbols, A £ B). bLet £ be the relation of part a. Prove that if A £ B and B ˛ NP then A ˛NP. cLet £ be the relation of part a.

160i)Define the class NPC of NP-complete yes-no problems.ii)Let HCP, PSAT be the Hamiltonian circuit and propositionalsatisfaction problems, respectively. Let A be a yes-no problem, andsuppose that HCP £ A and A £ PSAT. Prove directly from yourdefinition in part c(i) that A is NP-complete.[You can assume that HCP and PSAT are NP-complete.]Part III in a nutshell

⁄9: We want to analyse the complexity of solvable problems in terms ofhow long they take to solve. We introduce yes/no problems to simplify ourdiscussion. A Turing machine can solve such a problem by accepting (=halting & succeeding on) precisely the yes-instances, and rejecting (= halting& failing on) the no-instances. So we don’t need to consider its output. Wedefine the run time function timeM(n) of a Turing machine M to be the longestit can run for on any input of size n. A Turing machine runs in p-time if itsrun time function is bounded by some polynomial. P is the class of�tractable� yes/no problems solvable by some Turing machine running in p-time. Whilst no-one has proved it, many problems such as HCP (⁄7), TSP(⁄8) and PSAT (propositional satisfaction) do appear intractable, althoughthey are solvable by exhaustively searching for a solution. We are lacking anefficient search strategy.⁄10: Whilst waiting for a strategy to be devised (though most think thereisn’t one) we can examine which problems would yield to such a strategy. Todo this we use the non-deterministic Turing machine (NDTM), which canmake choices during a run. More than one instruction may be applicable in asingle configuration. (A strategy could be plugged into such a machine,narrowing the choice to one again.) A NDTM N accepts its input iff it has atleast one accepting run on that input. It rejects an input if all its runs on thatinput end in failure. It solves a yes/no problem if it accepts the yes-instancesand rejects the rest, as before. Its run time function timeN(n) is the length ofthe longest run of N on any input of size n. The definition of N running in p-time is as before.NDTMs can solve yes/no problems like PSAT, HCP, TSP etc. in p-time, asthey simply guess a possible solution x to the input instance w, accepting wif x is in fact a solution. Checking that x is a solution to w (e.g., x is a round

161trip of length £d in TSP, or in PSAT, x is a valuation making thepropositional formula A true) can be done in p-time. We let NP be the classof all yes/no problems solvable by some NDTM in p-time. So TSP, HCP andPSAT are all in NP. As deterministic Turing machines are a special case ofNDTMs, any P problem is in NP.However, though faster than deterministic Turing machines, NDTMs cansolve no more yes/no problems. This gives more evidence for Church’sthesis. A deterministic Turing machine can simulate any NDTM byconstructing all possible runs in a breadth-first manner, and seeing if any isaccepting. That is, it does a full exhaustive search of the tree of runs of theNDTM.⁄11:We can formalise the notion of a yes/no problem A being noharder than another, B, by p-time reduction. To reduce A to B in p-time(�A£B�) is to find a (deterministic) p-time Turing machine X that converts yes-instances of A into yes-instances of B, and similarly for no-instances. Since Xis fast, any given fast solution F to B can be used to solve A: first apply X,then F. If F solves B non-deterministically, the solution we get to A is alsonon-deterministic, so if B ˛ NP and A£B then also A ˛ NP: that is, £-easierproblems than NP-problems are also in NP.It’s easy to convert yes-instances of A into yes-instances of A in p-time(leave them alone!), so A£A and £ is reflexive. £ is transitive, as if X convertsA-instances to B-instances in p-time, and Y converts B-instances to C-instances in p-time, then running X then Y converts A-instances to C-instances (always preserving parity: yes goes to yes, no to no). Carefulcounting shows that this takes only p-time (remember to return heads tosquare 0, and that the length of input to Y may be longer than the originalinput to X). Hence A£B£C implies A£C, so £ is transitive. £ is thus a pre-order.Problems in P are £-easiest of all. For if A ˛ P and B is arbitrary, we canconvert instances w of A to instances of B in p-time and preserving parity) bythe following trick. As we can solve A completely in p-time, we find out inp-time whether w is yes or no for A. Then we hand over a fixed instance of Bof appropriate parity.⁄12: The ‡-hardest problems in NP are called NP-complete. A yes/noproblem A is NP-complete if A is in NP but A ‡ B for all NP-problems B.Cook proved in 1971 that PSAT is NP-complete, so NP-complete problemsexist. His proof went like this. We know PSAT ˛ NP. If A ˛ NP, there’s a p-time NDTM N solving A. There’s a deterministic p-time Turing machine Xthat given an instance w of A, outputs a propositional formula Fw expressingthe constraints that must be met if N is to have an accepting run on w. Anyvaluation making Fw true shows that the constraints can be met, and gives an

162accepting run of N on w. Thus w is a yes-instance of A iff Fw is satisfiable.Hence X reduces A to PSAT in p-time, and so A £ PSAT. This holds for allA˛NP. Thus PSAT is NP-complete.As well as PSAT the NP-complete problems include 3SAT, HCP, TSP andsome 1,000 other common problems. As they are all equally £-hard, a p-timesolution to any would yield p-time solutions for all. But as many of themhave been attacked seriously for years without success, it’s probably notworth the effort trying to write a fast algorithm for any of them.Perhaps through frustration, people believe all NP-complete problems tobe intractable: the famous question P=NP? is thought almost universally tobe false. However, no-one has proved it (or at least published a proof) eitherway. Unlike Church’s thesis, which is by its nature unprovable, one day aproof of P=NP or P„NP may appear.