1Computability, Algorithms and ComplexityNominally 20 lectures' Ian HodkinsonDepartment of ComputingImperial College180 Queen’s GateLondon SW7 2BZUKemail imh@doc.ic.ac.uk)Introduction

This course has three parts:I:computability theory,II:algorithms,III:complexity theory.In Part I we develop a model of computing, and use it to examine thefundamental properties and limitations of computers in principle(notwithstanding future advances in hardware or software). Part II examinessome algorithms of interest and use, and Part III develops a classification ofproblems according to how hard they are to solve.Parts I and III are fairly theoretical in approach, the aim being to fosterunderstanding of the intrinsic capabilities of computers, real and imagined.Some of the material was crucial for the development of modern computers,and all of it has interest beyond its applications. But there are also practicalreasons for teaching it:¥It is a good thing, perhaps sobering for computer scientists, tounderstand more about what computers can and can�t do.¥You can honourably admit defeat if you know a problem is impossibleor hopelessly difficult to solve. It saves your time. E.g., I heard that aprogrammer in a large British company was recently asked to write aprogram to check whether some communications software would�loop� or not. We will see in ⁄5 that this is an impossible task, ingeneral.

2¥The material we cover, especially in Part I, is part of the �computingculture�, and all computer scientists should have at least a noddingacquaintance with it.¥The subject is is of wide, indeed interdisciplinary interest. Popularbooks like Penrose’s (see list above) and Hofstadter’s �G�del, Escher,Bach� cover our subject, and there was quite a famous West End play(�Breaking the Code�) about Turing’s work a few years ago. The�Independent� printed a long article on G�del’s theorem on 20.6.92, inwhich it was said �It is a measure of the achievement of Kurt G�del thathis Incompleteness Theorem, while still not considered the ideal subjectwith which to open a dinner party conversation, is fast becoming oneof those scientific landmarks � like Einstein’s Theory of Relativity andHeisenberg’s Uncertainty Principle � that educated people, even thosewith no scientific training, feel obliged to know something about.�Lucky you: we do G�del’s theorem in ⁄5!

3Part I: Computability theoryFormalising computable problem. Turing machines and Church’s thesis.Examples. Relation of Turing machines to variants (multi-tape, 2-dimensional machines). Comparison of Turing machines with alternativeformalisms. Universal Turing machine. Unsolvable problems, reducibilitytheory.1.What is an algorithm?

We begin Part I with a problem that could pose difficulties for those whothink computers are �all-powerful�. To analyse the problem, we then discussthe general notion of an algorithm (as opposed to particular algorithms), andwhy it is important.

1.1.THEPROBLEMAt root, Part I of this course is about paradoxes, such as:The least number that is not definable by an English sentence having fewer than100 letters.(The paradox is that we have just defined this number by such a sentence.Think about it!) C.C. Chang and H.J. Keisler kindly dedicated their book�Model Theory� to all those people who haven’t got a book dedicated to them.(Is it dedicated to you or not?)Paradoxes like this often arise because of self-reference within thestatement. The first one implicitly refers to all (short) English sentences,including itself. The second refers implicitly to all books, including �ModelTheory�. Now computing also uses languages � formal programminglanguages � that are capable of self-reference (for example, programs canalter, debug, compile or run other programs). Are there similar paradoxes incomputing?Here is a candidate. Take a high-level imperative programming languagesuch as Modula_2. Each program is a string of English characters (letters,numbers, punctuation, etc). So we can list all the syntactically correctprograms in alphabetical order, as P1, P2, P3, �, . Every program occurs inthis list.Each Pn will output some string of symbols, possibly the empty string.We can treat it as outputting a string of binary bits (0 or 1). Most computers

4work this way � if the output appears to us as English text, this is becausethe binary output has been treated as ASCII (for example), and decoded intoEnglish.Now consider the following program P:1 repeat forever

2generate the next program Pn in the list

3run Pn as far as the nth bit of the output

4if Pn terminates or prompts for input before the nth bit is output then

5output 1

6else if the nth bit of Pn’s output is 0 then

7output 1

8else if the nth bit of Pn’s output is 1 then

9output 0

10 end if

11 end repeat

¥This language is not quite Modula_2, but the idea is the same �certainly we could write it formally in Modula_2.¥Generating and running the next program (lines 2 and 3) is easy � wegenerate all strings of text in alphabetical order, and use an interpreterto check each string in turn for syntactic errors. If there are none, thestring is our next program, and the interpreter can run it. This is slow,but it works.¥We assume that we can write an interpreter in our language �certainly we can write a Modula_2 interpreter in Modula_2 (at least ifwe allow a few non-standard features such as dynamic memoryallocation).¥In each trip round the loop, the interpreter is provided with the text ofthe next program, Pn, and the number n. The interpreter runs Pn,halting execution if (a) Pn itself halts, (b) Pn prompts for input or tries toread a file, or (c) Pn has produced n bits of output.¥All other steps of P are easy to implement.So P is a legitimate program. So P is in the list of Pn’s. Which Pn is P?Suppose that P is P7 say. Then P has the same output as P7. Now on theseventh loop of P, P7 (i.e., P) will be generated, and run as far as its seventhoutput bit. The possibilities are:1. P7 halts or prompts for input before it outputs 7 bits (impossible, as thecode for P = P7 has no HALT or READ statement!)2. P7 does output bit 7, and it’s 0. Then P outputs 1 (look at the codeabove). But this 1 will be the 7th output bit of P = P7, a contradiction!3. P7 does output bit 7, and it’s 1. Then P outputs 0 (look at the codeagain). But this 0 will be P’s 7th output bit, and P = P7!

5This is a contradiction: if P7 outputs 0 then P outputs 1, and vice versa; yetP was supposed to be P7. So P is not P7 after all.In the same way we can show that P is not Pn for any n, because P differsfrom Pn at the nth place of its output. So P is not in our list of programs. Thisis impossible, as the list contains all programs of our language![Exercise: what is wrong?]Paradoxes might not be too worrying in a natural language like English.We might suppose that English is vague, or the speaker is talking nonsense.But we think of computing as a precise engineering-mathematical discipline.It is used for safety-critical applications. Certainly it should not admit anyparadoxes. We should therefore examine our �paradox� very carefully.It may be that it comes from some quirk of the programming language.Perhaps a better version of Modula_2 or whatever would avoid it. In Part Iof the course our aim is first to show that the �paradox� above is extremelygeneral and occurs in all reasonable models of computing. We will do thisby examining a very simple model of a computer. In spite of its simplicitywe will give evidence for its being fully general, able to do anything that acomputer � real or imagined � could.We will then rediscover the �paradox� in our simple model. I have to sayat this point that there is no real paradox here. The argument abovecontained an implicit assumption. [What?] Nonetheless, there is still aproblem: the implicit assumption cannot be avoided, because if it could, wereally would have a paradox. So we cannot �patch� our program P to removethe assumption!But now, because our simple model is so general, we are forced to drawfundamental conclusions about the limitations of computing itself. Certainprecisely-stated problems are unsolvable by a computer even in principle.(We cannot write a patch for P.)There are lots of unsolvable problems! They include:¥ checking mechanically whether an arbitrary program will halt on agiven input (the �halting problem�)¥printing out all the true statements about arithmetic and no falseones (G�del’s incompleteness theorem).¥deciding whether a given sentence of first-order predicate logic isvalid or not (Church’s theorem).Undeniably these are problems for which solutions would be very useful.In Part III of the course we will apply the idea of self-reference again inthe area of NP-completeness � not now to the question of what we can

6compute, but to how fast can we compute it. Here our results will be morepositive in tone.

1.2.WHAT

ISANALGORITHM

?To show that our �paradox� is not the fault of bad language design wemust take a very general view of computing. Our view is that computers (ofany kind) implement algorithms. So we will examine what an algorithm is.First a definition from Chambers Dictionary.algorithm, al’go-ridhm, n. a rule for solving a mathematical problem in afinite number of steps. [Root: Late Latin algorismus, from the Arabic name al-Khwa-razmi, the native of Khwa-razm (Khiva), i.e., the 9th centurymathematician Abu Ja’far Mohammed ben Musa.]We will improve on this, as we’ll see.1.2.1.Early algorithmsOne of the earliest algorithms was devised between 400 and 300 B.C. byEuclid: it finds the highest common factor of two numbers, and is still used.The sieve of Erastothenes is another old algorithm. Mohammed al-Khwa-))razmi is credited with devising the well-known rules for addition,subtraction, multiplication and division of ordinary decimal numbers.Later examples of machines controlled by algorithms include weavinglooms (1801, the work of J. M. Jacquard, 1752—1834), the player piano orpiano-roll (the Pianola, 1897 � arguable, as there is an analogue aspect(what?)), and the 1890 census tabulating machine of Herman Hollerith, whois immortalised in the �H� of the Fortran FORMAT statement (eg., FORMAT4Habcd). These machines all used holes punched in card. In the 19thcentury Charles Babbage planned a multi-purpose calculating machine, the�analytical engine�, also controlled by punched cards.1.2.2.Formalising AlgorithmIn 1900 the great mathematician David Hilbert asked whether there is analgorithm that answers every mathematical problem. So people tried to findsuch an algorithm, without success. Soon they began to think it couldn’t bedone! Eventually some asked: can we prove˚that there’s no such algorithm?This question involved issues quite different from those needed to devisealgorithms. It raised the need to be precise about what an algorithm actuallyis: to formalise the notion of �algorithm�.Why did no-one give a precise definition of algorithm in the preceding twothousand years? Perhaps because most questions on algorithms are of theform find one to solve this problem I’ve got. This can be done without a formal

7definition of algorithm, because we know an algorithm when we see one. Justas an elephant is easy to recognise but hard to define, you can write aprogram to sort a list without knowing exactly what an algorithm is. It isenough to invent something that intuitively is an algorithm, and that solvesthe problem in question. We do this all the time.But suppose we had a problem (like Hilbert’s) for which many attempts tofind an algorithmic solution had failed. Then we might suspect that the taskis impossible, so we would like to prove that no algorithm solves theproblem. To have any hope of doing this, it is clearly essential to defineprecisely what an algorithm is, because we’ve got to know what counts as analgorithm. Similarly, to answer questions concerning all algorithms we needto know exactly what an algorithm is. Otherwise, how could we proceed atall?1.2.3.Why formalise Algorithm?As we said, we formalise algorithm so that we can reason about algorithmsin general, and (maybe) prove that some problems have no algorithmicsolution. Any formalisation of the idea of an algorithm should be:¥ precise and unambiguous, with no implicit assumptions, so we knowwhat we are talking about. For maximum precision, it should bephrased in the language of mathematics.¥ simple and without extraneous details, so we can reason easily with it.¥ general, so that all algorithms are covered.Once formalised, an idea can be explored with rigour, using high-powered mathematical techniques. This can pay huge dividends. Oncegravity was formalised by Newton as F = Gm1m2/r2, calculations of orbits,tides etc. became possible, with all that that implies. Pay-offs from theformalisation of algorithm included the modern programmable computeritself.1 This is quite a spectacular pay-off! Others include the answer toHilbert’s question, related work in complexity (see Part III) and more besides.1.2.4.Algorithm formalisedThe notion of an algorithm was not in fact made formal until the mid1930s, by mathematicians such as Alan Turing in England and(independently) Alonzo Church in America. Church and Turing used theirformalisations to show that some mathematical problems have noalgorithmic solution � they are unsolvable. (Turing used our �paradox� todo this.) Thus, after 35 years, Hilbert’s question got the answer NO.

1 This is, of course, an arguable historical point; Hodges’ book examines the historical background.

8Turing invented the primitive computer called (nowadays!) the Turingmachine. The Turing machine first appeared in his paper in the reading list,in 1936, some ten years before �real� computers were invented2. Turing’sformalisation of the notion of an algorithm was: an algorithm is what a Turingmachine implements.We will describe the Turing machine at length below. We will see that itis precise and simple, just as a formalisation should be. However, to claimthat it is fully general � covering all known and indeed all conceivablealgorithms � may seem rash, especially when we see how primitive aTuring machine is. But Turing gave substantial evidence for this in hispaper, evidence which has strengthened over the years, and the usual viewnowadays is that the Turing machine is fully general. For historical reasonsthis view is known as Church’s thesis, or sometimes (better) as the Church-Turing thesis. We will examine the evidence for it after we have seen what aTuring machine is.

1.3.TURING

MACHINESWe, also, will use Turing machines to formalise the concept of algorithm.Here we explain in outline what a Turing machine is; we’ll do it formally in⁄2. As we go through, think about how the Turing machine, ourformalisation of algorithm, fits our requirements of precision and simplicity.Afterwards we’ll say more about its generality and why we use it in thiscourse.1.3.1.Naming of PartsThere are several, mildly different but equally powerful, versions of theTM in the textbooks. We now explain what our chosen version of the TM is,and what it does. In a nutshell, a Turing machine consists of a head thatmoves up and down a tape, reading and writing as it goes. At each stage it’sin one of finitely many �states�. It has an instruction table that tells it what todo at each step, depending on what it’s reading and what state it’s in.

2Turing later became one of the pioneers in their development.

9Turing machinehead

0123456ABA�3Tape

state set Qstarting statefinal states instructiontable d

squarenumber symbols from alphabet �’blank’symbol

(one-way infinite)

�(not visibleto TM head!)1.1A Turing machine1.3.1.1.The tapeThe main memory of a TM is a 1-way-infinite tape, viewed as laid outfrom left to right. The tape goes off to the right, forever. It is divided intosquares , numbered 0, 1, 2, � ; these numbers are for our convenience and are not seen by the Turing machine.1.3.1.2.The alphabetsIn each square of the tape is written a single symbol. These symbols aretaken from some finite alphabet. We will use the Greek letter sigma (�) todenote the alphabet. The alphabet � is part of the Turing machine. � is justa set of symbols, but it will always be finite with at least two symbols, one ofwhich is a special blank symbol which we always write as �. Subject tothese restrictions a Turing machine can have any finite alphabet � we like.A blank in a square really means that the square is empty. Having asymbol for �empty� is convenient � we don’t have to have a special case forempty squares, so things are kept

simple.1.3.1.3.The read/write headThe TM has a single head, as on a tape recorder. The head can read andwrite to the tape.At any given moment the head of the TM is positioned over a particularsquare of the tape � the current square. At the start, the head is over square0.1.3.1.4.The set of statesThe TM has a finite set Q of states. There is a special state q0 in Q, calledthe starting or initial state. The machine begins in the starting state, andchanges state as it goes along. At any given stage, the machine will be �in�some particular state in Q, called the current state. The current state is one of

10the two factors that determine, at each stage, what it does next (the other isthe character in the square where the head is). The state of the TMcorresponds roughly to the current instruction together with the contents ofthe registers in a conventional computer. It gives our �current position�within the algorithm.1.3.2.Starting a TM; inputA Turing machine begins a run in the initial state, with its head oversquare 0. At the beginning, the tape will contain a finite number (possibly 0)of non-blank symbols, left-justified; this string of non-blank symbolsconstitutes the input to the Turing machine. The rest of the tape squares willbe blank (i.e., they contain �).1.3.3.The run of the TMA run is a step-by-step computation of the TM. At each step of a run:(a)the head reads the symbol on the current tape square (the squarewhere the head now is).Then the TM does three things.(b) First the head writes some symbol from � to the current tape square.Then:(c) the TM may move its head left or right along the tape by one square(d)the TM goes into a new state.Now the next step begins: it does (a)-(d) again, perhaps making differentchoices in (b)-(d) this time. And so on, step by step.Note that:¥The TM writes

before moving the head.¥In (b), the TM could write the same symbol as it just read. So in thiscase the tape contents will not change.¥Similarly, in (d) the state of the TM may not change (as perhaps in aloop). In (c), the head may not move.Also notice that the tape will always contain only finitely many non-blanksymbols, because at the start only finitely many squares are not blank, and atmost one square is altered at each step.1.3.3.1.The instruction tableAt each step (b)-(d) above there are �choices� to be made. Which symbol towrite? Which way to move? And which state to enter? The answers depend only on:(i)which symbol the machine reads from the current tape square;(ii)the current state of the machine.The machine has an instruction table, telling it what to do when, in anygiven state, a given symbol is read. We write the instruction table as d, the

11Greek letter delta. d corresponds to the

program of a conventional computer.It is in effect just a list with five columns:current_state; current_symbol; new_state; new_symbol; move current_state; current_symbol; new_state; new_symbol; move

.................... .....

Knowing the current state and symbol, the Turing machine can readdown the list to find the relevant line, and take action according to what itfinds. To avoid ambiguity, no pair <current_state; current_symbol> shouldoccur in more than one line of the list3. (You might think that every such pairshould occur somewhere in the list, but in fact we don’t insist on this: seeHalting below.)Clearly the �programming language� is very low-level, like assembler.This fits our wish to keep things simple. But we will see some higher-levelconstructs for TMs later.1.3.4.Stopping a TM; outputThe run of a TM can terminate in just three different ways.1. Some states of Q are designated special states, called final or haltingstates. We write F for the set of final states. F is a subset of Q. If themachine gets into a state in F, then it stops there and then. In this casewe say it halts and succeeds, and the output is whatever is left on thetape, from square 0 up to (but not including) the first blank.2. Sometimes there may be no applicable instruction in a given state when aparticular symbol is read, because the pair <current_state;current_symbol> does not occur in the instruction table d. If so, the TMis stuck: we say that it halts and fails. The output is undefined.3. If the head is over square 0 of the tape and tries to move left along thetape, we count it as �no applicable instruction� (because there is no tapesquare to the left of square 0, so the TM is stuck again). So in this casethe machine also halts and fails. Again, the output is undefined.Of course the machine may never halt � it may go on running forever. Ifso, the output is again undefined. Eg., it may be writing the decimalexpansion of p on the tape �to the last place� (there is a Turing machine thatdoes this). Or it may get into a loop: i.e., at some point of the run, its�configuration� (state, tape and head position) are exactly the same as at someearlier point, so that from then on, the same configurations will recycle again,forever. (A machine computing p never does this, as the tape keeps changingas more digits are printed. It never halts, but it doesn’t loop, either.)

3In Part III we drop this condition!

121.3.5.SummaryThe Turing machine has a 1-way infinite tape, a read/write head, and afinite set of states. It looks at its state and reads the current square, and thenwrites, moves and changes state according to its instruction table.

Get-State,

Read, Write, Move, Next-State. It does this over and over again, until it halts,if at all. And that’s it!

1.4.WHYUSE

TURING

MACHINES

?Although the Turing machine is based on 1930s technology, we will use itin this course because:¥It fits the requirements that the formalisation of algorithm should be precise and simple. (We’ll make it even more precise in ⁄2.) Its generality will be discussed when we come to Church’s thesis � thearchitecture of the Turing machine allows strong intuitive argumentshere.¥It remains the most common formalisation of algorithm. Researchers,research literature and textbooks usually use Turing machines when aformal definition of computability is needed, so after this course you’llbe able to understand them better.¥It is the standard benchmark for reasoning about the time or spaceused by an algorithm (see part III).¥It crops up in popular material such as articles in New Scientist andScientific American, and books by the likes of D. Hofstadter.¥It is now part of the computing culture. Its historical importance isgreat and every computer scientist should be familiar with it.Why not adopt (say) a Cray YMP as our model? We could, but it wouldbe too complex for our work. Our aim here is to study the concept ofcomputability. We are concerned with which problems can be solved inprinciple, and not (yet) with practicality. So a very simple model of acomputer, whose workings can be explained fully in a page or two, is betterfor us than one that takes many manuals to describe, and may haveunknown bugs in it. And one can prove that a TM can solve exactly thesame problems as an idealised Cray with unlimited memory!1.4.1.How and why is a TM idealised?A TM is an idealised computer, because the amounts of time and tapememory that it is allowed to use are unbounded. This is not to say that it canuse infinitely much time or memory. It can’t (unless it runs forever, eg. whenit �loops�). Think of a computer with infinitely many disk drives and RAMchips, which we allow to work on a problem for many years or even

13centuries. However long it runs for, at the end it will have executed onlyfinitely many instructions. Because it can access only a finite amount ofmemory per instruction, on termination it will only have used a finiteamount of disk space and RAM. But if we only gave it a fixed finite numberof disks, if it ran for long enough it might fill them all up and run out ofmemory.So our idealisation is this: only finitely much memory and time will get tobe used in any given calculation, or run; but we set no limit on how much canbe used.We make these idealisations because our notion of algorithm should notdepend on the state of technology, or on our budgets. For example, thefunction f(x) = x2 on integers is intuitively computable by al-Khwa-razmi’smultiplication algorithm, although no existing computer could compute it forx > 101020 (say). A TM can compute x2˚for all integers x, because it can use asmuch time and memory as it needs for the x in question. So idealising givesus a better model.Nonetheless, the notion of being computable using only so much time orspace is an important refinement of the notion of computable. It gives us aformal measure of the complexity (difficulty) of a problem. In Part III we willexamine this in detail.

1.5.CHURCH

’STHESISWhy should we believe � with Church and Turing � that such aprimitive device is a good formalisation of algorithm and could calculate notonly all that a modern computer can, but anything that is in principlecalculable?First, is there anything to formalise at all? Maybe any definition ofalgorithm has exceptions, and there are exceptions to the exceptions, and soon. In fact, this seems not to be so. Though the Turing machine looks verydifferent to Church’s alternative formalisation of algorithm4, exactly the same things turned out to be algorithms under either definition! Their definitionswere equivalent.Now if two people independently put forward different-lookingdefinitions of algorithm that turn out to be equivalent, we can take it asevidence for the correctness of both. Such a �coincidence� hints that there isin nature a genuine class of things that are algorithms, one that fits mostdefinitions we offer.

4 Alonzo Church (c. 1935) used the lambda calculus � the basis of LISP.

14This and other considerations (below) made Church put forward hisfamous Thesis, which says that the definition is the correct one.This is also known as the

Church-Turing thesis, and, when phrased interms of Turing machines, it is certainly argued for in Turing’s 1936 paper,which was written without knowing Church’s work. But the shorter title ismore common, though less just.1.5.1.What does Church’s thesis say?Roughly, it says:

A problem can be solved by an algorithm if and only if it can be solved by a Turing machine. More formally, it says that a function is computable if and only if it is computable by a Turing machine.1.5.2.What does it mean?When we see Turing machines in action below, it will be clear that eachone implements an algorithm (because we know an algorithm when we seeone)5. So few people would reject the if direction (‹) of the thesis. The heartof the thesis lies in the only if (fi) direction:

every algorithmically-solvable problem can be solved by a Turing machine.It is important to understand the status of this statement. It is not a theorem. It cannot be proved: that’s why it’s called a thesis.Why can’t we prove it? Is it that there are infinitely many algorithms(obviously), so to check that each of them can be implemented by a Turingmachine would take infinitely long and so is impossible? No! I agree that ifthere were finitely many algorithms, we could in principle check that eachone can be implemented by a Turing machine. But the fact that there areinfinitely many is not of itself a fatal problem, as there might be other waysof showing that every algorithm can be implemented by a Turing machinethan just checking them one by one.

It is not impossible to reason about infinite collections. Compare: there are infinitely many right triangles; butwe have little difficulty in showing (some!) properties of all of them, such as"the square of the hypotenuse is equal to the sum of the squares of the othertwo sides".No; the real problem is that, although the notion of a Turing machine iscompletely precise (we will give a mathematical definition below), we haveseen that the notion of an algorithm is an intuitive, informal one, with rootsgoing back two thousand years. We can’t prove Church’s thesis, because it isnot � cannot be � stated precisely enough.

5Some would say that a Turing machine only implements an algorithm if we can be sure that itscomputation will terminate, or even that we know how long it will take.

15Instead, Church’s thesis is more like a definition of algorithm. It says:�Here is a mathematical model�, and it asks us to accept � and in this coursewe do accept this � that any algorithm that we could possibly imagine fitsthe model and could be implemented by a Turing machine.So Church’s thesis is the claim that the Turing machine is a fully generalformalisation of algorithm.This is rather analogous to a scientific theory. For example, Newton’stheory of gravity says that gravity is an attractive force that acts between anytwo bodies and depends on their masses and the square of the distanceseparating them. This formalises our intuitive idea of gravity, and theformalisation has been immensely useful. But we could not prove it correct.Of course, Newton’s theory of gravity was falsified by experiment. In thesame way, Church’s thesis could in a sense be disproved, if we foundsomething that intuitively was an algorithm but that we could prove was notimplementable by a Turing machine. We would then have to revise thethesis.1.5.3.Evidence for the thesisGiven a new scientific theory, we would check its predictions byexperimenting, and conduct �thought experiments� to study its consequences.Since Church’s thesis formalises the notion of algorithm, which is absolutelycentral to computer science, we had better examine carefully the evidence forits correctness. This evidence also depends on �observations� and �thoughtexperiments�. In Turing’s original paper, three kinds of evidence aresuggested:(a)Giving examples of large classes of numbers which are computable.(b)A proof of the equivalence of two definitions (in case the new definitionhas a greater intuitive appeal).(c)A direct appeal to intuition.Let us examine these.(a).Turing machines can do a wide range of algorithmic-likeactivities. They can compute arithmetical and logical functions, partialderivatives, do recursion, etc. In fact, no-one has yet found an algorithm thatcannot be implemented by a Turing machine.(b).All other suggested definitions of algorithm have turned out tobe equivalent (in a precise sense) to Turing machines. These include:¥Software: the lambda-calculus (due to Church), productionsystems (Emil Post), partial recursive functions (Stephen Kleene),present-day computer languages

16¥Hardware: register or counter machines, idealisations of ourpresent-day computers, idealised parallel machines, andidealised neural nets.They all look very different, but can solve (at best) precisely the sameproblems as Turing machines. As we will see, various souped-up versions ofthe Turing machine itself � even non-deterministic variants � are alsoequivalent to the basic model.The essential features of the Turing machine are:¥its computations work in a discrete way, step by step, acting ononly a finite amount of information at each stage¥it uses finite but unbounded storage.Any model with these two features leads to an equivalent definition ofalgorithm.(c).There are intuitive arguments that any algorithm could beimplemented by a Turing machine. In his paper, Turing imagines someonecalculating (computing) by hand. �It is always possible for the computer to break off from his work, to goaway and forget all about it, and later to come back and go on with it. If hedoes this he must leave a note of instructions (written in some standard form)explaining how the work is to be continued. � We will suppose that thecomputer works in such a desultory manner that he never does more than onestep at a sitting. The note of instructions must enable him to carry out one stepand write the next note. Thus the state of progress of the computation at anystage is completely determined by the note of instructions and the symbols onthe tape. � This [combination] may be called the �state formula�. We knowthat the state formula at any given stage is determined by the state formulabefore the last step was made, and we assume that the relation of these twoformulae is expressible. In other words we assume that there is an axiom Awhich expresses the rules governing the behaviour of the computer, in terms ofthe relation of the state formula at any stage to the state formula at thepreceding stage. If this is so, we can construct a machine to write down thesuccessive state formulae, and hence to compute the required number.� (p.253-4).So for Turing, any calculation that a person can do on paper could bedone by a Turing machine: type (c) (ie. intuitive) evidence for Church’sthesis. He also showed that p, e, etc. can be printed out by a TM (type (a)evidence), and in an appendix proved the equivalence to Church’s l-calculusformalisation (type (b)).

171.5.4.Other paradigms of computingWe can vary the notion of algorithm by dropping the requirement that itmust take only finitely many steps. This leads to new notions of a problem,such as the �problem� an operating system or word processor tries to solve,and has given rise to work on reactive systems. These are not supposed toterminate with an answer, but to keep running forever; their behaviour overtime is what is of interest.Is Church’s thesis really true then? Can Turing machines do interactivework? Well, as the �specification� for an interactive system corresponds to afunction whose input and output are �infinite� (as the interaction can go onforever), the Turing machine model needs modifying.

But the basic Turing machine hardware is still adequate � it’s only how we use it that changes.For example, every time the Turing machine reaches a halting state, wemight look at its output, overwrite it with a new input of our choice(depending on the previous output), and set it off again from the initial state.We could model a word processor like this. The collection of all the inputsand outputs (the �behaviour over time/at infinity�) is what counts now. Thisis research material and is beyond the scope of the course. See Harel’s bookfor more information on reactive systems.

1.6.SUMMARY

OFSECTIONWe viewed computers as implementing (running) algorithms. We gave aworrying �paradox� in a Modula_2-like language. To find out how serious itis for computing, we needed to make the notion of algorithm completelyprecise (formal). We discussed early algorithms, and Hilbert’s questionwhich prompted the formalising of the vague, intuitive notion of algorithm.Turing’s formalisation was via Turing machines, and we explained what aTuring machine is. We finally discussed Church’s thesis, saying that Turingmachines can implement any algorithm. Since this is really a definition socan’t be proved, we looked at evidence for it.2.Turing machines and examples

We must now define Turing machines more precisely, using mathematicalnotation. Then we will see some examples and programming tricks.

182.1.WHAT

EXACTLY

ISATURING

MACHINE

?Definition: A Turing machine is a 6-tuple M = (Q,�,I,q0,d,F), where:Q is a finite non-empty set. The elements of Q are called states.� is a finite set of at least two elements or symbols. � is called the alphabetof M. We require that � ˛ �.I is a non-empty subset of �, with �˚ˇ˚I. I is called the input alphabet of M.q0˚˛˚Q. q0 is called the starting state, or initial state.d˚:˚(Q\F)x�fi˚Qx�x{-1,0,1} is a partial function, called the instruction tableof M. (Q\F is the set of all states in Q but not in F.)F˚is a subset of˚Q. F is called the set of final or halting states of M.2.1.1.ExplanationQ, �, q0 and F are self-explanatory, and we’ll explain I in ⁄2.2.2 below. Letus examine the instruction table d. If q is the current state and s the characterof � in the current square, d(q,s) (if defined) will be a triple (q’,s’,d) ˛Qx�x{0,–1}. This represents the

instruction to make q’ the next state of M, towrite s’ in the old square and to move the head in direction d: -1 for left, 0 forno move, +1 for right.So the lineqsq’s’dof the �instruction table� of ⁄1.3.3.1 is represented formally asd(q,s) = (q’,s’,d).We can represent the entire table as a partial function d in this way, byletting d(first two symbols) = last three symbols, for each line of the table.The table and d carry the same information. Functions are more familiarmathematical objects than �tables�, so it is now standard to use a function forthe instruction table. But it is not essential: Turing used tables in his originalpaper.Note that d(q,s) is undefined if q˚˛ F (why?). Also, d is a partial function:it is undefined for those arguments (q,s) that didn’t occur in the table. So it’sOK to write d˚:˚Qx�fi˚Qx�x{-1,0,1}, rather than d˚:˚(Q\F)x�fi˚Qx�x{-1,0,1},since d is partial anyway.

2.2.INPUT

AND

OUTPUT

OFATURING

MACHINEWe now have to discuss the tape contents of a TM. First some notation tohelp us.2.2.1.WordsA word is a finite string of symbols. Example: w = abaa�aab� is a word.The length of w is 10 (note that the blanks � count as part of the word and

19contribute to its length). If � is a set, a word of � is a finite string of elementsof �. We write �* for the set of all words of �. So the above word w is in{a,b,c,�}*, even though c is not used. Remember:

aword of � is an element of�*. There is a unique word of length 0, and it lies in any �*; we write thisempty word as e. Also, each symbol in � is already a word of �, of length 1.Clearly if w, w’ are words of � then we can form a new word of � bywriting w’ straight after w. We denote this concatenation by ww’, or, when itis clearer, w.w’. We also define well-known functions head:˚�*˚fi˚�¨{e} andtail˚:˚�*˚fi˚�* by: if s˚˛ � and w˚˛˚�* thenhead(s.w) = s tail(s.w) = w head(e) = tail(e) = eSo eg.,head(abaa�aab�) = atail(abaa�aab�) = baa�aab�2.2.2.The input wordA Turing machine M = (Q,�,I,q0,d,F) starts a run with its head positionedover square 0 of the tape. Left-justified on the tape is some word w of I.Recall that I is the input alphabet of M, and does not contain �. So wcontains no blanks.So for example, if the word is w = w0w1w2�wn-1˚˛ I*, then w0 goes insquare 0, w1 in square 1, and so on, up to square n-1. The rest of the tape(squares n, n+1, n+2, �) contains only blanks. The contents of the tape are:

012n-1nn+1www�w�Tape n-1

012�2.1Tape with contents wThe word w is the input of M for the coming run. It is the initial data thatwe have provided for M.Note that w can have any finite length ‡0. M will probably want to readall of w. How does M know where w ends? Well, M can just move its headrightwards until its head reads a blank � on the tape. Then it knows it hasreached the end of the input. This is why w must contain no blanks, andwhy the remainder of the tape is filled up with blanks (�). If w were allowedto have blanks in it, M could not tell whether it had reached the end of w.Effectively, � is the �end-of-data� character for the input.Of course, M might put blanks anywhere on the tape when it is running.In fact it can write any letters from �. The extra letters of �\I are used forscratch work, and we call them scratch characters.

202.2.3.Output of a Turing machineLike the input, the output of a Turing machine M = (Q,�,I,q0,d,F) is a wordin �*. The output depends on the input. Just as the input is what is on thetape to begin with, so the output is what is on the tape at the end of the run,up to but not including the first blank on the tape �

assuming M halts successfully. If, on a certain input, M halts and fails, or does not halt, thenthe output for that input is undefined.Recall that at each stage, only finitely many characters on the tape arenon-blank. So the output is a finite word of �* . It can be the empty word, orinvolve symbols from � that are not in I, but it never contains �.2.2.3.1.ExerciseConsider the Turing machine M = ({q0,q1,q2},{1,�},{1},q0,d,{q2}), withinstruction table:q01q1�1q0�q2�0q11q011So d is given by: d(q0,1) = (q1,�,1), d(q0,�) = (q2,�,0), d(q1,1) = (q0,1,1).List the successive configurations of the machine and tape until M halts,for inputs 1111, 11111 respectively. What is the output of M in each case?2.2.4.Definition: the input-output function of MGiven a Turing machine M = (Q,�,I,q0,d,F), we can define a partialfunction fM : I*˚fi˚�* by:fM(w) is the output of M when given input w. The function fM is calledthe input-output function of M, or the function computed by M.fM is a partial function. It is not defined on any word w of I* such that Mhalts and fails or does not halt when given input w.2.2.4.1.ExerciseLet M be in the previous exercise. Let 1n abbreviate 111�1 (n times). Forwhich n is fM(1n) defined?2.2.5.Church’s thesis formallyLet I, J be any alphabets (finite and non-empty). Let A be some algorithmall of whose inputs come from I* and whose outputs are always in J*. (Forexample, if A is al-Khwa-razmi’s decimal addition algorithm, then we cantake I and J to be {0,1,�,9}.) Consider a Turing machine M = (Q,�,I,q0,d,F),for some � containing I and J. We say that M implements A if for any word w˛ I*, if w is given to A and to M as input, then A has an output if and only ifM does, and in that case their output is the same. If you like, M computes thesame function as A.

21We can now state Church’s thesis formally as follows:�Given any algorithm, there is some Turing machine that implementsit.� Or: �Any algorithmically computable function is Turing-computable � computable by some Turing machine.� Or: �for anyfinite � and any function f : �*fi�*, f is computable iff there is a Turingmachine M such that f=fM�.This is formal, but it is still vague, as the intuitive notion of �algorithm� isstill (has to be) involved.

2.3.REPRESENTING

TURING

MACHINES2.3.1.Flowcharts of Turing machinesWritten as a list of 5-tuples, the instruction table d of a TM M can be hardto understand. We will often find it easier to represent M as a graph orflowchart. The nodes of the flowchart are the states of M. We use squareboxes for the final states, and round ones for other states.

qq’(a,a’,d)

(b,c,1)2.2part of a flowchart of a TMThe arrows between states represent the instruction table d. Each arrow islabelled with one or more triples from �x�x{-1,0,1}. If one of the labels onthe arrow from state q to state q’ is (a,a’,d), this means that if M reads a fromthe current square while in state q, it must write a’, then take q’ as its newstate, and move the head by d (+1 for right, 0 for �no move�, and -1 for left).Thus, for each (q,a)˚˛˚Qx�, if d(q,a) = (q’,a’,d) then we draw an arrow fromstate q to state q’, labelled with (a,a’,d).By allowing multiple labels on an arrow, as in Fig. 2.2, we can combine allarrows from q to q’ into one. We can attach more than one label to an arroweither by listing them all, or (shorthand) by using a variable (s,t,x,y,z, etc.),and perhaps attaching conditions. So for example, the label �(x,a,1) if x „ �, a�from state q to state q’ in Fig. 2.3 below means that when in state q, if anysymbol other than � or a is read, then the head writes a and moves right, andthe state changes to q’. It is equivalent to adding lots of labels (b,a,1), one foreach b˚˛˚� with b „ �, a.

22qq’(x,a,1) if x˚„˚�, a2.3labels having variablesThe starting state is indicated by an (unlabelled) arrow leading to it fromnowhere (so q is the initial state in Fig. 2.3). All other arrows must havelabels.2.3.1.1.Exercises1.No arrows leave any final state. How does this follow from thedefinition in ⁄2.1? Can there be a non-final (ie. round) state from which noarrows come, and what would happen if the TM got into such a state?2.Fig. 2.4 is a flowchart of the Turing machine of the exercises (⁄⁄2.2.3.1,2.2.4.1) above. Try doing the exercises using the flowchart. Is it easier?2.3.1.2.WarningBecause d is a function, each state of a flowchart should have

no more than one arrow labelled (a,?,?), for any a ˛ �. And if you forget an arrow orlabel, the machine might halt and fail wrongly.

(1,�,1)(�,�,0)

(1,1,1)q0q1q2

2.4Simple TM as a flowchart2.3.2.Turing machines as pseudo-codeAnother way of representing a Turing machine is in an imperative pseudo-computer language. The language is not a formal one: its syntax is usuallymade up as appropriate for the problem in hand. The permitted basicoperations are only Turing machine reads, writes and head movements.However, rather complicated control structures are allowed, such as if-thenstatements and while and until loops. A Turing machine usually implementsif-then statements by using different states. It implements loops byrepeatedly returning to the same state.

232.3.2.1.WarningPseudo-code makes programming Turing machines less repetitive, as if-then structures etc. are needed very frequently. Many-track and many-tapemachines (see later) are represented more easily.However, there is a risk when writing pseudo-code that we depart too farfrom the basic state-changing idea of the Turing machine. The code mustrepresent a real Turing machine. Whatever code we write, we must alwaysbe sure that it can easily be turned into an actual Turing machine. AssumingChurch’s thesis, this will always be possible; but it should always be obvious how to do it. For example,solve the problemhalt & succeedis not acceptable pseudocode, nor iscount the number of input squaresif it is even then halt and succeed else halt and failNested loops should also be watched for � how are they implemented?Halting: include a statement for halt & succeed, as above. For halt & fail,include a �halt & fail� statement explicitly, or just arrange that no instructionis applicable.2.3.3.Example: deleting charactersFix an alphabet I. Let us define a TM M with:fM(w) = head(w) for each w˚˛˚I*,where the function head is as in ⁄2.2.1. M will have three states: skip, erase,and stop. So Q = {skip, erase, stop}. Skip is the start state, and stop is the onlyhalting state. We can take the alphabet � to be I¨{�}. d is given by:d(skip,x) = (erase, x, 1) for all x˚˛˚�d(erase,x) = (stop, �, 0) for all x˚˛˚ISo M = (Q,�,I,skip,d,{stop}). M can be pictured like this:skiperasestop

(x,x,1)(x,�,0)

2.5machine for head(w)The names of the states are not really needed in a flowchart, but they canmake it more readable.

24In pseudo-code:move rightwrite �halt & succeedNote the close correspondence between the two versions.We did not need to erase the entire input word, because the output of aTuring machine is defined (⁄1.3.4, 2.2.3) to be the characters on the tape up to one square before the first blank. Here, we made square 1 blank, so theoutput will consist of the symbol in square 0, if it is not blank, or e if it is.2.3.3.1.Exercise: Unary notation, unary additionWe can represent the number n on the tape by 111�1 (n times). This isunary notation. So 0 is represented by a blank tape, 2 by two 1’s followed byblanks, etc. For short, we write the string 111�1 of n 1’s as 1n. In this course,1n will NOT mean 1x1x1�x1 (n times). Note: 10 is e.Suppose I = {1,+}. Draw a flowchart for a Turing machine M with inputalphabet I, such that fM(1n.+.1m) = 1n+m. (Eg., if the input is �111+11�, theoutput is �11111�.) So M adds unary numbers. (There is a suitable machinewith 4 states. Beware of the case n = m = 0.) Write a pseudo-code version ofM.

2.4.EXAMPLES

OFTURING

MACHINESWe will now see more examples of Turing machines. Because a Turingmachine is so simple, programming one can be a tedious matter.Fortunately, over the years TM hackers have hit upon several usefulshorthand devices. The examples will illustrate some of these �programmingtechniques� for TMs. They are:¥storing finite amounts of data in the state¥multi-track tapes¥subroutinesWarning: These devices are to help the programmer.

They involve no change to the definition of a TM. (In ⁄3 we will consider genuine variants ofthe TM that make for even easier programming � though these are no morepowerful in theory, as we would expect from Church’s thesis.)2.4.1.Storing a finite amount of information in the stateThis is a very useful technique. First an example.

252.4.1.1.Shifting a word to the right

(0,0,1)(0,1,1)(1,1,1)(�,0,0)(�,�,0)(�,1,0)(0,0,1)(1,1,1)

(1,0,1)seen_0seen_1q0q12.6a shifter: fM(w) = head(w).wWe want a Turing machine M such that fM = head(w).w for all w˚˛˚{0,1}*.So M shifts its input one square to the right, leaving the first character alone.See Fig. 2.6 for a solution.2.4.1.2.Generalising the shifting machineThe M above only works for inputs in {0,1}*, but we could design a similarmachine MI = (QI,I¨{�},I,q0,dI,FI) to shift a word of I* to the right, where I is

any finite alphabet. If I has more than 2 symbols then MI would need morestates than M above (how many?). But the idea will be the same for each I, sowe would like to express MI uniformly in I.

Suppose we could introduce into QI a special state seen(x) with a parameter,x that can take any value in I. We could then use x to remember the symboljust read. Using seen(x), the table dI can be given very simply as follows:dI(q0,a) = (seen(a),a,1) for all a in IdI(seen(a),b) = (seen(b),a,1) for all a, b in IdI(seen(a),�) = (q1,a,0) for all a in I.Or, in a flowchart:

26q0seen(x)q1(s,s,1;x:=s) if s„� (�,x,0)(s,x,1;x:=s)

(�,�,0)2.7the �shifter� TM drawn using parameters in statesEach arrow leading to seen(x) is labelled with one or more 4-tuples. Thelast entry of each 4-tuple is an �assignment statement�, saying what xbecomes when seen(x) is entered.The pseudo-code will use a variable x. x can take only finitely manyvalues. We need not mention the initial write, as we only need specify writesthat actually alter the tape.read current symbol & put it into xmove rightrepeat until x = �swap current symbol with xmove rightend repeathalt & succeedThis will work for any I.

In fact we can use states like seen(x) without changing the formal definition of the Turing machine at all! We just observe that whilst it’sconvenient to view seen(x) as a single state with a parameter x, we couldequally get away with the collection seen(a), seen(b),� of states, one for eachletter in I, if we are prepared to draw them all in and connect all the arrowscorrectly. This is a bit like multiplication: 3x4 is convenient, but if we onlyhave addition we can view this as shorthand for 3+3+3+3.What we do is this. For each letter a of I we introduce a single state, calledseen(a), or if you prefer, seen_a.6 Because I is finite, this introduces onlyfinitely many states. So the resulting state set is finite, and so is allowed bythe definition of a Turing machine. In fact, if I = {a1,�,an} then QI = {q0, q1,seen(a1), �, seen(an)}: ie. n+2 states in all. Then dI as above is just a partialfunction from QI˚x˚(I¨{�}) into QI x (I¨{�}) x {0,–1}. So our machine is MI =(QI,I,(I¨{�}),q0,dI,F) � a genuine Turing machine!

6 I prefer the notation (seen,a), since then we can simply define QI = {q0,q1} ¨ {seen}xI.

27So although seen(x) is conveniently viewed by us as a single state with a parameter ranging over I, for the Turing machine it is really many states,namely seen(a1), seen(a2), � seen(an), one for each element of I.So we can in effect allow parameters x in the states of Turing machines, solong as x can take only finitely many values. Doing so is just a useful piece ofnotation, to help us write programs. This notation represents the idea ofstoring a finite amount of information in the state (as in the registers on acomputer).NOTE: we cannot store any parameter x that can take infinitely manyvalues, for that would force the underlying genuine state set Q to be infinite,in contravention of the definition of a Turing machine. So, e.g, for any I weget a Turing machine MI that works for I. MI is built in a uniform way, butwe do not (can’t) get a single Turing machine M that works for any I!2.4.1.3.Harder example: testing whether two strings are equalWe design a Turing machine M with input alphabet I, such that fM(w1,w2)is defined if w1 = w2 (but we don’t care what value it has), and undefinedotherwise.First, how can a TM take more than one argument as input? We saw in(⁄2.3.3.1) a TM to calculate n+m in unary. Its arguments were 1n and 1m,separated by �+�. So here we assume that I contains a delimiter, �*�, say, andw1, w2 are words of I not containing �*�. I.e., the input tape to M looks likethis:

�*w2w1

�...2.8initial tape of MWe will use a parameter to remember the last character seen. We will alsoneed to tick off characters once we have checked them. So we let M have fullalphabet � = I¨{�,�}, where � (�tick�) is a new character not in I. We willoverwrite each character with �, once we’ve checked it. So we get:

28seen(x)

(a,�,0,x:= a) if a„*(*,*,0, x:= *)(b,b,1) ifb„ *

test(y)

(*,*,1,y:= x)(*,*,1)

(a,*,0) if a„* and a=y(a,a,-1) if a „ �

(�,�,1)

(�,�,0) if y = * returnbeginhaltM

2.9TM to check if w1 = w2M overwrites the leftmost unchecked character of w1 with �, passing tostate seen(x) and remembering what it was using the parameter x of �seen�.(But if x is *, this means it has checked all of w1, so it only remains to makesure there are no more uncompared characters of w2.) Then it moves rightuntil it sees *, when it jumps to state test(y), remembering x as y. In this stateit moves past all *’s (which are the checked characters of w2). It stops when itfinds a character � a, say � that isn’t * (i.e., a is the first unchecked characterof w2). It compares a with y, the remembered character of w1. There arethree possibilities:¥a = � and y = *. So all characters of w1 have been checked ahgainst w2without finding a difference, and w2 has the same length as w1. Hence w1 =w2, so M hals and succeeds (state halt).¥a „ y. M has found a difference, so it halts & fails (there’s no applicableinstruction in state test(y)).¥a=y and y „ *. So the characters match. M overwrites the currentcharacter (a) with *, and returns left until it sees a �. One move right thenputs it over the next character of w1 to check, and the process repeats.Questions: Try M on the inputs 123*123, 12*13, 1*11, 12*1, *1, 1* and * (inthe last three, w1, w2 or both are empty (e)). What is the output of M in eachcase? What would go wrong if the �begin fi seen� arrow was just labelled(a,�,0,x:= a)?Please don’t worry if you found that hard; Turing machines that need asmany as 5 states (not counting any parameters) are fairly rare, and anywaywe’ll soon see ways to make things easier. By the way, it’s a good idea towrite your Turing machines using as few states as you can.2.4.1.4.Exercises for states with parameters1.Design a Turing machine TI to calculate the function tail˚:˚I*˚fi˚I*.

292.Design a Turing machine M that checks that the first character of itsinput does not appear elsewhere in the input. How will you make M outputthe answer?2.4.2.Multiple tracksAbove, we found it convenient to put (finite amounts of) data in the stateof a Turing machine. So a state took the form q(x) or (q,x), where x couldtake any of finitely many values. Then we could specify the instruction tablemore easily. In the same way, many problems would be simpler to solvewith Turing machines if we were allowed to use a tape with more than onetrack � as on a stereo cassette, which has four tracks all told.The string comparison example shows how useful this can be. The �M� ofFig 2.9 above was pretty complex. Wouldn’t it be easier to use two tracks?As before, let’s cheat for a moment and do this.We would like the tape of M to have two tracks, with w1 on the first trackand w2 on the second track:

�w2w1

�........

tapetrack 1track 2�2.10two-track tape for word-comparison TM, MThen M can simply move its head along the tape, testing at each stagewhether the characters in tracks 1 and 2 are the same:

((x,x),�,1)if x˚„˚�q0((�,�),�,1)halt

2.11flowchart for MIn Fig 2.10 we write (x,y) as notation for a square having x in track 1 and yin track 2. M halts and fails if it finds a square with different symbols intracks 1 and 2.The two-track M is much easier to design. So it might be useful forTuring machines in general to be able to have a multi-track tape. In fact, as

30with states, we can effectively divide the tape into tracks without modifying the formal definition of the Turing machine.To divide the tape into n tracks we add a finite number of new individualsymbols of the form (a1,a2,�,an) to �, where a1,�, an are any symbols. Each(a1,a2,�,an) is a single symbol, in �, and may be written to and read from thetape as usual. But whenever (a1,a2,�,an)is in a square, we can view thissquare as divided into n parts, the ith part containing the �single� symbol ai.So if n=2 say, and many squares have pairs of the form (x,y) in them, the tapebegins to look as though it is divided into two tracks:

(a,b)(a,a)�(1,a)(2,b)a�(�,�)aa12�baab

a�The real tapeWe view it as:Track 1Track 2�2.12tracks on tapeIf the only symbols on the tape are � and symbols of the form (a1,a2,�,an),we can consider the tape as actually divided into n tracks. Note that � „(�,�).2.4.2.1.WARNING:The tuples (a1,a2,�,an) are just single symbols in the Turing machine’s

alphabet. The tracks only help us to think about Turing machine operations

� they exist only in the mind of the programmer. No change to the definition of a Turing machine has been made.

Compare arrays in an ordinary computer. The array A(5,6) will usually beimplemented as a 1-dimensional memory area of 30 contiguous cells. Thedivision into a 2-dimensional array is done in software.Note that we cannot divide the tape into infinitely many tracks � thiswould violate the requirement that � be finite. (But see 2-dimensionalTuring machines in ⁄3.)2.4.2.2.What we can do with tracksBecause a Turing machine can write and move according to exactly whatit reads, it can effectively read from and write to the tracks independently.

31Thus eg. it can shift a single track right by one square (cf. ⁄2.4.1.1). In fact,anything we can do with a 1-track machine we can also do on any giventrack of a multi-track machine.Cross-track operations are also possible. For example, this Turingmachine copies track 1 as far as its first blank to track 2:

((a,b),(a,a),1)if a„�((�,b),(�,�),0)

2.13track copier2.4.2.3.String comparison revisitedNow let’s see in detail how to solve the string comparison problem using 2tracks. The input is w1*w2 as before: all on one track.

w2w1

�....*2.14Initial tape contentsThe Turing machine we want will have three stages:¥Stage 1: replace the 1-track input by 2 tracks, with w1 left-justified ontrack 1, and w2 , with len(w1)+1 blanks before it, on track 2). This part can bedone much as in Fig 2.13 (how exactly?) Then return to square 0. Theresulting tape has 2 tracks as far as the input went; after that, it has only one.Also, while we’re at it, we mark square 0 with a �*� in track 2:

�w2w1

�....track 1track 2�...�

�*....2.15Tape after Stage 1¥Stage 2: shift w2 left to align it with w1. E.g., use some version of tail(Ex. 2.1.4.3) repeatedly, until the * is gone.

32�w2w1�

....track 1track 2�

�....�....�2.16Tape after Stage 2¥Stage 3: compare the tracks as far as their first �’s, halting & failing if adifference is found. This is easy.Exercise: work out the details.So compring two words is easier with 2 tracks. But tapes with more thanone track are useful even if there’s only one input. Here’s an example (¥¥below); we’ll see others in ⁄3.2.4.3.Implicit marking of square 0 of the tapeAs our Turing machines halt and fail if they leave the left hand end of thetape, it helps when programming to be able to tell when the head is in square0. We have seen the need for this in the examples. We want to mark square0 with a special symbol, �*�, say. Then when the head reads �*�, we know it isin square 0.But square 0 may contain an important symbol already, which would belost if we overwrote it with �*�.There are several ways to manage here:¥¥Create an

extra track, with �*� in square 0 and blanks in the remainingsquares. To see if the head is in square 0, just read the new track.¥For each a in � add a new character a* (or (a,*)) to �. To initialise,replace the character b in square 0 by b*. From then on, write a starredcharacter iff you read one. So square 0 is always the only square with astarred character. This is much the same as adding an extra track.¥Include * as a special character of �. To initialise, shift the input rightone place and insert * in square 0. Then carry out all operations onsquares 1,2,.., using * as a left end marker. This involves some tediouscopying but works OK. Not recommended!¥Write your TM carefully so it doesn’t need to return to square 0. This ispossible surprisingly often, but few can be bothered to do it.2.4.3.1.CONVENTIONBecause we can always know when in square 0 (by using one of theseways), we will assume that a Turing machine always knows when the head is oversquare 0 of the tape. Square 0 is assumed to be implicitly marked. This saves ushaving to mention the extra track explicitly when describing the machine,and so keeps things simple.

332.4.3.2.Examples of implicit marking ( fragments of TMs)repeat until read a or square 0 reachedwrite amove leftend repeathalt & succeedOr in a flowchart:

(x,a,-1) if x„ aand not in sq. 0(x,x,0) if x=a or head in sq. 02.17implicit marking of sq. 0 in flowcharts2.4.3.3.Setting up and removing tracksIn the string comparison example (⁄2.4.2.3) above, the two arguments w1,w2 were provided on a 1-track tape, one after the other (Fig. 2.8). We thenput them on different tracks (Fig. 2.14). If there were 16 arguments, we couldput them left-justified on a 16-track tape in a similar way (think about how todo it).But often it is best to set up tracks dynamically: i.e., as we go along. Thissaves doing it all at the beginning. (Besides, however much of the tape weset up as 2 tracks initially, we might want to use even more of the tape later,so every so often we’d have to divide more of the tape into tracks, which ismessy.) So, each time our machine enters a square that is not divided into 2tracks (i.e., doesn’t have a symbol of the form (a,b) in it), it immediatelyreplaces the symbol found � a, say � by the pair (a,�), and then carries on.This is so easy to do (just add instructions of the form (q,a,q,(a,�),0) to d, forall non-pairs a˛�) that we won’t often mention the setting up of tracksexplicitly.Similarly, when M has finished its calculations using many tracks, theoutput will have to be presented on a single track tape, as per the definitionof output in ⁄2.2.3. Assuming that the answer is on track 1, M will erase alltracks but the first, so that the tape on termination has a single track thatlooks like track 1 of the �scratch� tape. It need only do this as far as the first �in track 1. Eg. for a three-track scratch tape, assuming M has its head insquare 0:

34((x,y,z),x,1) if x„�((�,y,z),�,0)

2.18returning to a single track2.4.4.SubroutinesIt is quite in order to string several Turing machines together. Informally,when a final state of one is reached, the state changes to the initial state of thenext in the chain.This can be done formally by collecting up the states and instructiontables of all the machines in the chain, and for each final state of onemachine, adding a new instruction that changes the state to the initial state ofthe next machine in the chain, without altering the tape or moving the head.The number of states in the �chain� machine is the sum of the numbers ofstates for the individual machines, so is finite. Thus we obtain a singleTuring machine from the machines in the chain; again we have not changedthe basic definition of the Turing machine. We will use this techniquerepeatedly.WARNING: when control passes to the next Turing machine in the chain,the head may not be over square 0. Moreover, the tape following the �input�may contain the previous machine’s scratchwork and so not be entirelyblank. Each machine’s design should allow for these possibilities, eg. byreturning the head to square 0 before starting, or otherwise.2.4.5.ProblemsWe end this section with some problems that illustrate the techniques ofthis section.2.4.5.1.Exercise: Unary subtractionSuppose I = {1,-}. Design a Turing machine M = (Q,�,I,q0,d,F) such thatfM(1n.-.1m) = 1n-m if n‡m and e otherwise. M performs subtraction on unarynumbers.2.4.5.2.Exercise: Unary multiplicationSuppose I = {1,*}. Design a Turing machine M such that fM(1n.*.1m) = 1nm.Hint: use 3 tracks and repeated addition and subtraction.

35Design a TM that given an input some binary number, tests whether it isprime. Here again, a 3-track machine is useful [see Hopcroft & Ullman,p154].2.4.5.3.Exercise: Inverting wordsLet I be an alphabet. Find a Turing machine M = (Q,�,I,q0,d,F) such thatfM(w) is the reverse of w. Eg: use storage in states and marking of square 0.2.4.5.4.Exercise: Unary-binary conversionDesign a machine M to add 1 to a binary number (much easier than indecimal!). That is, if if n>0 is a number let ’n’ ˛˚{0,1}* be the binary expansionof n, without leading zeros, written with the least significant digits on the left(say). Define ’0’ = 0. We then require fM(’n’) = ’n+1’ for all n‡0.Extend M to a machine that converts a unary number to its binaryequivalent. Hint: use two tracks.Design a Turing machine that converts a binary number to unary.

2.5.SUMMAR

YOFSECTIONWe defined a Turing machine formally, as a finite state machine with afinite symbol alphabet and a 1-way infinite tape. We explained why wechose it as our formalisation of algorithm, and how it is idealised from a realcomputer. We discussed Church’s thesis.We explained input and output for Turing machines and defined theinput-output function fM for a Turing machine M. We saw that a Turingmachine can be represented as a flowchart or by pseudo-code. We gaveexamples of Turing machines that solve particular problems: unary-binaryconversion, arithmetical operations, etc. We considered ways ofprogramming Turing machines more easily: storing finite amounts of data inthe state set (cf. registers), using many tracks on the tape (cf. arrays), andchaining Turing machines (cf. subroutines).