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Γ x : σ x
σ Γ

x

Γ, x : σ Γ ∪ {x : σ} x
Γ



Γ " M : τ Γ M
τ Γ " M : τ M τ

Γ

x : τ " x : τ

→ E
Γ " M : σ → τ, Γ " N : σ

Γ " MN : τ
→ I

Γ, x : σ " M : τ

Γ " λx : σ.M : σ → τ

Γ " M : τ

Γ, x : σ " M : τ

Γ " M : σ Γ
M

λx : σ.x ∅"λx : σ.x : σ → σ

Γ " M = N : τ

Γ " M : τ Γ " N : τ

Γ " M = N Γ " M = N : τ

α, β, η

α y /∈ FV (M)

Γ " λx : σ.M = λy : σ[y/x].M



β
Γ " (λx : σ.M)N = [N/x].M

η x /∈ FV (M)
Γ " λx : σ.Mx = M

Γ " M = M : σ

sym
Γ " M = N : σ

Γ " N = M : σ

trans
Γ " M = N : σ,Γ " N = P : σ

Γ " M = P : σ

cong
Γ " M1 = M2 : σ → τ, Γ " N1 = N2 : σ

Γ " M1N1 = M2N2 : τ

ξ
Γ, x : σ " M = N : τ

Γ " λx : σ.M = λx : σ.N : σ → τ

Γ " M = N : τ

Γ, x : σ " M = N : τ

Γ " M = N : σ E

E % Γ " M = N : σ.



〈
W,≤, {Aσ

w} , {Appσ,τ
w } ,

{
iσw,w′

}〉
,

• W

• ≤ W

• {Aσ
w} σ w

w
σ

• {Appσ,τ
w } Appσ,τ

w : Aσ→τ
w ×Aσ

w → Aτ
w

σ, τ w

τ σ → τ
σ

• {iσw,w′} iσw,w′ : Aσ
w → Aσ

w′ σ
w, w′ w ≤ w′

w′

iσw,w

iσw,w : Aσ
w → Aσ

w is the identity.

iσw,w′

iσw′,w′′ ◦ iσw,w′ = iσw,w′′ for all w ≤ w′ ≤ w′′.

iσw,w′ (Appσ,τ
w (f, a)) = Appσ,τ

w′

(
iσw,w′(f), iσw,w′(a)

)
.



Aσ→σ
w

λx : σ.x

λx : σ.M

w ∈ W f, g ∈ Aσ→τ
w

f = g whenever ∀w′ ≥ w.∀a ∈ Aσ
w′ .(iσ→τ

w,w′f)a = (iσ→τ
w,w′g)a.

a : σ

aw ∈ Aσ
w

w ≤ w′ iσw,w′aw = aw′

ρ,σ, τ

Appτ,σ
w (Appσ,τ→σ

w (Kw, a), b) = a.

Aσ
w Aτ

w Kw



Appρ,τ
w (Appρ→σ,ρ→τ

w (Appρ→σ→τ,(ρ→σ)→ρ→τ
w (Sw, s), t), u) = Appσ,τ

w (Appρ,σ→τ
w (s, u), Appρ,σ

w (t, u))

Aρ→σ→τ
w Aρσ

w Aρ
w

Sw

η

If ηxw ∈ Aσ
w and w′ ≥ w, then ηxw′ = iσw,w′(ηxw).

η[a/x] η
w′ ≥ w

(η[a/x])xw′ = iσw,w′a.

w |= Γ[η]

ηxw ∈ Aσ
w for all x : σ ∈ Γ.

w |= Γ[η] w′ |= Γ[η] w′ ≥ w

η w |= Γ[η]
Γ"M : σ ηw Γ"M : σ η

‖Γ " x : σ‖ ηw = ηxw

‖Γ " MN : τ‖ ηw = Appσ,τ
w (‖Γ " M : σ → τ‖ ηw)(‖Γ " N : σ‖ ηw)

‖Γ " λx : σ.M : σ → τ‖ ηw = the unique d ∈ Aσ→τ
w



such that for all a ∈ Aσ
w′ and w′ ≥ w,

Appσ,τ
w′ (iσ→τ

w,w′d)a = ‖Γ, x : σ " M : τ‖ η[a/x]w′

w |= (Γ " M = N : σ)[η]

whenever w |= Γ[η],

‖Γ " M : σ‖ ηw = ‖Γ " N : σ‖ ηw.

A |= Γ " M = N : σ
η w |= (Γ " M = N : σ)[η]

η
Γ w ≥ w′

‖Γ " M : σ‖ ηw′ = iσw,w′(‖Γ " M : σ‖ ηw).

η
Γ Γ"N : σ Γ, x : σ"M : τ

‖Γ " [N/x]M : τ‖ ηw = ‖Γ, x : σ " M : τ‖ (η[‖Γ " N : σ‖ ηw/x])w.

E % Γ " M = N : σ
Γ " M = N : σ



% A |= Γ"M = N : σ
Γ " M = N : σ

〈
W,≤, {Aσ

w} , {Appσ,τ
w } ,

{
iσw,w′

}〉

• Γ
Γ

• Aσ
Γ Γ " M : σ Γ " M : σ

Γ " M : σ Γ " N : σ E % Γ " M = N : σ

• Appσ,τ
Γ ([Γ " M : σ → τ ], [Γ " N : σ]) = [Γ " MN : τ ]

• iσΓ,Γ′([Γ " M : σ]) = [Γ′ " Mσ] Γ ⊆ Γ′.

K = [λx : σ.λy : τ.x]

S = [λx : σ.λy : τ.λz : ρ.xz(yz)]

Γ " M : σ → τ
Γ " N : σ → τ Γ′ ≥ Γ
Γ′ " P : σ

[Γ′ " MP : τ ] = [Γ′ " NP : τ ].

Γ′ ≡ Γ, x : σ Γ

[Γ, x : σ " Mx : τ ] = [Γ, x : σ " Nx : τ ]

ξ η [Γ " M : σ → τ ] = [Γ " N : σ → τ ]

⇒

Γ η

ηxΓ =
{

[Γ′ " x : σ] if x : σ ∈ Γ ⊆ Γ′
undefined otherwise

Γ

||Γ " M : σ||ηΓ = [Γ " M : σ].



Γ " M = N : σ Γ |= Γ[η]
η

[Γ " M : σ] = [Γ " N : σ].

Γ

⇐

∅ " λx1 : σ1...λxk : σk.M = λx1 : σ1...λxk : σk.N.

x1 : σ1, ..., xk : σk " M = N

cong ξ

∅ " M = N : τ

E % Γ " M = N : τ

Γ
Γ Γ"M : τ Γ"N : τ

||Γ"M : σ||ηΓ = [Γ"M : σ].
η′

||∅ " M : σ||η∅ = [∅ " M : σ]. iσ∅,Γ
∅ " M : τ Γ Γ " M : τ
∅ " N : τ ∅ " M = N : τ


