161, Winter, 20056
Homework 4, Due Feb 8

Exercise 1 (2.1 (Chapt. 3) (15 points))Letn € N. Show that there is nb € N such
thatn < k <n+ 1.

Exercise 2 (2.2 (Chapt. 3) (15 points)) Use the previous exercise to prove for all
m,n € N: if m < n, thenm 4+ 1 < n. Conclude thatn < n impliesm +1 <n+1
and that therefore the successgn) = n + 1 defines a one-to-one function dh

Exercise 3 (2.4 (Chapt. 3) (20 points))Prove that for every. € N, n #£ 0, 1, there is
auniquek € Nsuchthatr = (k +1) + 1.

Exercise 4 (3.1 (Chapt. 3) (25 points)) Let f be an infinite sequence of elements of
A, whereA is ordered by<. Assume thaf,, < f,+1 for all n € N. Prove that: < m
implies f(n) < f(m) for all n,m € N. [Hint: Use induction onn in the form of
Exercise 2.11 of the textbook, with=n + 1.]

Exercise 5 (3.2 (Chapt. 3) (25 points))Let (A, <) be alinearly ordered setapdg €
A. We say that is asuccessoof p if p < gandthereisne € A suchtthap < r < q.
Note that eaclp € A can have at most one successor. Assumethak) is nonempty
and has the following properties:

(a) Everyp € A has a successor.
(b) Every nonempty subset af has a<-least element.
(c) If p € Ais not the<-least element ofi, thenp is a successor of somgec A.

Prove that(A, <) is isomorphic toN, <). Show that the conclusion need not hold if
one of the conditions (a)—(c) is omitted.



